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Preface 


Geometry is one of a series of five mathematics textbooks for 
junior and senior high schools. It is designed for a one-year course 
for students with a background of informal geometry and elementary 
algebra such as that included in Mathematics I, Mathematics IT, and 
Algebra of this series. 

In its formal development of Euclidean geometry, this textbook 
features an integrated treatment of plane and solid geometry with 
an early introduction of coordinates. Coordinates on a line, in a 
plane, and in space relate numbers and points. They are used to 
gain knowledge of geometrical figures and to simplify the develop- 
ment of formal geometry. 

Students use their knowledge of elementary algebra throughout 
the book to help them learn geometry. In doing this they maintain 
and strengthen their competence in algebra. 

The postulates in this book form the basis of a rigorous, yet 
plausible, development of a first course in formal Euclidean geometry, 
In some instances, staternents that are proved in more advanced 
treatments are accepted as postulates here. This has been done to 
decrease the length of the development and to make the develop- 
ment appropriate for high school students. 

Geometry is an important subject because it is practical and 
useful and at the same time abstract and theoretical. There are two 
main objectives in this geometry textbook. One is to help students 
learn a body of important facts about geometrical figures. These 
facts, interpreted physically, are facts about the space in which we 
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live. These facts are important for intelligent citizenship and for suc- 
cess in many careers. The other main objective is to help students 
attain a degree of mathematical maturity. In the elementary and 
junior high schools, students are encouraged to learn by observing 
and manipulating physical objects. There is considerable emphasis 
on intuitive and inductive reasoning. The power and beauty of 
mathematics, however, is due primarily to its abstractness. The 
generality of its theorems makes possible a variety of applications. 
Understanding mathematics “in the abstract” is tantamount to 
understanding the deductive method in mathematics. In studying 
this book students will develop their capacity to reason deductively 
and hence their ability to read and write proofs. 
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1.1 INFORMAL GEOMETRY 


Geometry began informally more than 2000 years ago in Babylon 
and Egypt. The meaning of geometry is, literally, “earth measure- 
ment”; hence it is not surprising that early knowledge of the subject 
was concerned largely with measurements of lengths, areas, and vol- 
umes. Such knowledge was a necessity, especially to the ancient Egyp- 
tians who almost annually were forced to restore to their river-side 
farms the boundary markers which were washed away by heavy flood- 
ing of the River Nile. 

Then, as well as now, men learned by experience. The ancient 
Egyptians developed many rules-of-thumb for surveying fields and 
roads and for making calculations related to building dwellings and 
pyramids, These rules were based on many observations, intuition, and 
reasoning. As long ago as 500 8.c. men knew how to find the areas of 
rectangles, triangles, and trapezoids, but they had made little progress 
in formal geometry, that is, in developing geometry as a system that 
explains why the rules worked. 
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As a school subject today geometry is both informal and formal, 
In the elementary schools geometry is largely informal. It is physical 
geometry, Students work with physical objects or with pictures that 
represent physical objects, General statements or rules are based on 
intuitive reasoning and inductive reasoning. Intuitive reasoning is what 
might be called common sense, or, as some might say, reasoning in a 
hurry. Inductive reasoning is reasoning based on numerous examples, 
We discuss an example of each. 


Intuitive Reasoning 


Let us take for granted that we know what is meant by a triangle. 
Figure 1-1 shows a right triangle AABC with right angle at C. 


A 
‘Mase 
c - Β 


Figure 1.1 


Suppose that the lengths of the sides AC and BC are b inches and 
a inches, respectively. What is the area of the triangle? We say “‘area 
of the triangle,” but we really mean the area of the figure or region 
that consists of the triangle and its interior. In earlier mathematics 
classes we have learned that the area is 4ab square inches. Suppose 
someone asks why. One answer might be: “Tt is intuitively obvious. 
You can see it by looking at a picture of a rectangle with sides of lengths 
aand b and with one diagonal drawn.” (See Figure 1-2.) If the person 
who asked why responds with “Now I see why,” he is responding to 
an intuitive feeling of the “rightness” of things rather than to a logical 
argument or to inductive reasoning. This is an example of intuitive 
reasoning. 
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Inductive Reasoning 


Let us take for granted that we know what is meant by an angle 
and its measure. We record the measures of angles as numbers, omit- 
ting the degree symbol, This is consistent with our formal point of view 
regarding measure developed later. Suppose that each student in an 
elementary geometry class is given a set of plastic triangles numbered 
1, 2,3, 4, as suggested by Figure 1-3, and a protractor. The instructions 
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Figure 1.8 


direct the students to find and record the measures of the angles of the 
triangles and then to find the sum of the measures for each triangle as 
in the following table. The object of the lesson is to make it plausible 
that the sum of the measures of the angles of a triangle is 180, If the 
students reason that this is a correct conclusion on the basis of the 
measurements they have made, this is an example of inductive 
reasoning. 


Triangle 1 90 32 35 180 
5 ΤΆ 26 78 179 
3 95 25 62 152 
4 65 25 90 180 
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1.2 THE IDEA OF FORMAL GEOMETRY 


Suppose that as a result of inductive reasoning we have made a 
general statement about ull triangles, or about all rectangles, or about 
all circles, We think that the statement is true, but how can we know 
for certain? Is it possible to know something for certain about all tri- 
angles? It would seem necessary to test every triangle, which is clearly 
impossible. Therefore a different approach is required, the formal 
approach, 

The formal approach involves deductive reasoning, that is, logical 
arguments by which general statements are obtained from previously 
accepted statements. Two examples follow. 


Deductive Reasoning 


Example Suppose that you are given a set of plastic convex quadri- 
laterals numbered 1, 2, 3,..., 10 as suggested by Figure 1-4. Suppose 
that there are really ten of them, although only four of them are shown. 


7-2 


Figure 1-4 


Suppose also that you know that the sum of the measures of the angles 
of every triangle is 180, Perhaps you know this through the example 
of inductive reasoning in Section 1,1, At any rate you know or are told 
this. This knowledge about all triangles is considered as “given” in the 
situation of this example. The instructions are to find the sum of the 
measures of the angles of each quadrilateral without making any meas- 
urements using a protractor. 

A quadrilateral is convex only if it has the property that if either 
pair of its opposite vertices is joined by a segment, called a diagonal 
of the quadrilateral, then all of that diagonal except its endpoints lies 
inside the quadrilateral, Figure 1- δα shows a convex quadrilateral, In 
Figure 1-Sb the segment PR, except for the points P and R, lies outside 
the quadrilateral. Hence PORS is not a convex quadrilateral, 

A picture of a quadrilateral and one of its diagonals provides a clue 
for finding the sum of the measures of the angles, (See Figure 1-6.) 
Quadrilateral ABCD may be considered representative of any convex 
quadrilateral. From this figure we see that the sum of the measures of 
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the angles of a quadrilateral is the sum of the measures of the angles 
of two triangles. Therefore the sum of the measures of the angles of a 
quadrilateral is 2 - 180 or 360. Without using a protractor we decide 
that the sum of the measures of the angles of each quadrilateral is 360. 
We arrive at this conclusion by deductive reasoning, 

Let us examine this example carefully so that we may understand 
more clearly the nature of deductive reasoning. We took some things 
for granted or as given. From these we deduced the answer, or con- 
clusion. The given statements are called hypotheses, or collectively, 
the hypothesis. Thus the essence of deductive reasoning is to obtain a 
conclusion from a hypothesis. The hypothesis may or may not be true. 
If it is true in a given situation and if the reasoning involved in reaching 
the conclusion is correct, then the conclusion is true in that situation. 

Let us look at this idea expressed in symbols, Suppose that we are 
given the hypothesis, denoted by H, and we want to establish the con- 
clusion, denoted by C. What we want to prove is not “C” but “Tf H, 
then C.” Many statements in mathematics are in this “If H, then C” 
form. How can such a statement be useful? It is useful in any situation 
where the “Ἢ ” is true, Because if we know “H”’ is true and if we know 
“If H, then Ο δ is true, we also know that “Cis true. In the problem 
about quadrilaterals, the hypothesis and the conclusion may be identi- 
fied as follows: 


H: ABCD is a convex quadrilateral. 
C: The sum of the measures of the angles of ABCD is 360. 
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If ABCD is a quadrilateral like the one in Figure 1-5a, then “Ἢ "ἢ is 
true, and since “If ἢ, then “ἡ is true, itis correct to conclude that “C” 
is true. If ABCD is a quadrilateral like the one in Figure 1-5b, then 
“H” is false, and although “Tf H, then C” is true, it is incorrect to con- 
clude that “C”’ is true. 


Example This example in which deductive reasoning is used to es- 
tablish a general statement concerns a property of the natural numbers, 
1,2,3,.... Undoubtedly, you know an even number is a number that 
is 2 times an integer. Thus x is an even number if there is an integer y 
such that x = 2y. Some even numbers are 2, 16, 168, and 2466. If you 
add any two of these numbers, you get an even number, Is it then true 
that the sum of any two even numbers is an even number? Of course 
itis. Let us prove it, however, by using deductive reasoning, 


A: =x and y are even numbers. 
C: x + y is an even number. 


Our task is to prove: If H, then C. 


Proof: Since x is even, there is an integer u such that x = 2u. Since 
y is even, there is an integer ἡ such that y = 2c. Then 


x+y = 2u + ὃν 
and, using the distributive property, we get 
x+ y = Zu + υἱ. 


But u + vis an integer. Therefore, since x + y is 2 times an integer, 
x + y is an even number. 

Notice that we did not prove that x is even or that y is even, We 
proved that if x and y are even numbers, then x+ yis an even number. 


As we said, formal geometry involves deductive reasoning, An im- 
portant feature of a formal geometry is its structure or arrangement. 
The geometry of this book is elementary Euclidean eeometry, carefully 
arranged so that we can see how the various parts fit together and how 
some things depend on other things. Formal geometry might be 
thought of as geometry for the lazy person. In formal geometry we 
prefer a general statement that tells something significant about all 
triangles rather than a hundred statements about a hundred triangles. 

Our starting point in formal geometry is a set of statements about 
some of the simplest objects of geometry. We do not try to tell what 
these objects are by definitions. Definitions would involve other words 
that we would need to define in turn, and so we accept some concepts 
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as basic and undefined, We might decide, for example, to start with 
triangles because almost everyone has an idea of what a triangle is. But 
do we actually know what a triangle is? A triangle is made up of three 
segments. The notion of segment is more basic than the notion of tri- 
angle. Every segment is a set of points. The idea of a point is more 
fundamental than the idea of a segment. Every segment is a part of 
some line, Perhaps a line is simpler to think about than a segment. 

In formal geometry we usually consider points, lines, and planes 
as the basic building blocks. We do not define these words. How then 
can we be sure that we know anything at all about them? On the basis 
of our experience with physical objects we identify the most basic 
properties that points, lines, and planes have in relation to one an- 
other. We formulate these as statements that we accept without proof. 
We call these statements postulates. 

The foundation for formal geometry, then, is a set of statements, 
the postulates, which we accept without proof. The postulates are 
statements about the basic objects in geometry. We agree that what 
we know about these objects is what the postulates say, and nothing 
more, at least at the start. What else can we possibly know about these 
objects? We can know what we formally assume in the definitions and 
what we deduce by logical reasoning, 

As an example suppose that we start with the following six postu- 
lates and one definition. (This is not for keeps—just for this example!) 
Our notations are self-explanatory. 


POSTULATE α Every line isa set of points and contains at least 
two distinct points. 

POSTULATE B Every segment is a subset of a line and contains 
(besides other points perhaps) exactly two distinct points called its 
endpoints. 

POSTULATE C_ If A and B are any two distinct points, there is 
exactly one line AB containing A and B, and exactly one segment AB 
with A and B as endpoints. 


POSTULATE ἢ) Every plane is a set of points and contains at 
least three points that do not all lie on one line, that is, three noncol- 
linear points. 

POSTULATE E If A, B, C are three noncollinear points, then 
there is exactly one plane containing A, B, and C. 

POSTULATE F Ifa plane contains two distinct points A and B, 
then it contains the segment AB, 
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Definition If A, B, C are any three noncollinear points, then 
the union of the three segments AB, BC, and CA is a triangle: 
we denote it by AABC. 


In this example, what do we know for sure? We know what is said 
in these seven statements, the six postulates and the definition. What 
else do we know? We know anything else that we deduce by logical 
reasoning from them. We shall deduce one statement and call it a 
theorem. 


THEOREM Every plane contains at least one triangle. 


Proof: Let α (read “alpha”) be any plane. Then ἃ contains three non- 
collinear points (Postulate D); call them A, B, C. Then there is exactly 
one segment AB with endpoints A and B, ame! one segment BC with 
endpoints B and C, and exactly one segment CA with endpoints C and 
A (Postulate C}. Then there is a triangle AABC (by our definition). 
Each of the segments AB, BC, CA lies in a (Postulate F). Therefore 
AABC, which is their union, lies in αὶ and the proof is complete. 


In proving a theorem it is usually a good idea to include one or more 
figures to suggest the given situation. In this situation we start with a 
plane ἃ as suggested in Figure 1-7. Next we reason deductively to get 
three noncollinear points A, B, C in ἃ as suggested in Figure 1-8. 
Finally, we reason deductively to show that there is a triangle AABC 
and that it lies in a as suggested in Figure 1-9. 


Fleae LT Figure 1-8 Figure 1. 


Ow theorem may seem trivial to you. Our goal, however, was sim- 
ply to show an easy example of a theorem obtained by deductive rea- 
soning from a set of postulates. 
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EXERCISES 1.2 


@ In Exercises 1-6, a situation is given and a question is asked. Obtain an an- 
swer in each case using intuitive reasoning, 


1. Given the two numbers 
x= 21.3 + 27.4 ancl y= 28.5 + 16.2 + 5.9, 
which is larger, x or y? 
2. Given the two numbers 
p = (16754) and gq = (1.6896), 


is pq greater than, equal to, or less than (2)(765)(896)? 

3. The following figure shows a square and a parallelogram with side 
lengths und angle measures as labeled, Do these figures have equal 
areas? If not, which one has the larger area? 


4, The figure below shows two parallel lines. Is there a plane containing 
these two lines? 


ae , 
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5. The figure shows a rectangular box with the vertices labeled. Is there a 
plane containing the four points E, ὦ, C, A? 


6. Given the situation of Exercise 5, is there a plane containing the four 
points A, B, C, H? 


10 
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In Exercises 7-12, a hypothesis H and a conclusion C are given. State 
whether you think the conclusion follows logically from the hypothesis. Be 
prepared to defend your answer. 


7. ΗΠ: xis an odd number. 
C: 2? is an odd number. 
8. H: xis a multiple of 3. 
C: 2° is a multiple of 6. 
9, H: xis a multiple of 3, 
C: 2 is a multiple of 9. 
10. Η: AABCis a right triangle with sides of lengths 3 in., 4 in., and 5 in. 
C: The drea of AABC is 6 sq. in. 
11, A: pand q are two distinct intersecting planes. 
C: The intersection of p and ἢ is a line. 
12. H: Sis asphere and p is a plane that intersects 5. 
C: The intersection of $ and p is a circle or a point. 


13 THE IDEAS OF POINT, LINE, AND PLANE 


Every day in the world around us we observe objects of different 
sizes and shapes. We notice that some of these objects have corners, 
edges, and sides, and that some of their parts are “straight,” some are 
“flat,” and some are “round.” Touching and seeing certain objects help 
us to classify them according to their characteristics. 

In arithmetic the idea of a number is a mathematical idea that grew 
out of a need to classify certain sets according to how many objects 
they contained. But no one has ever seen or touched a number. In ge- 
ometry the ideas of point, line, and plane are mathematical ideas that 
grew out of a need to classify certain sets of figures and to measure their 
boundaries or the regions bounded by the figures. But no one has ever 
seen or touched a point, a line, or a plane. Just as in arithmetic you 
studied numbers and the operations on them, in geometry you will 
study points, lines, and planes and how they relate to one another. 

In the same way that deductive reasoning must be based on certain 
assumptions (postulates) that we accept without proof so must our 
definitions be based on certain terms that we make no attempt to de- 
fine. This is necessary in order to avoid “circular” definitions, that is, 
a chain of definitions which eventually comes back to the first word 
being defined. If a person does not know the meaning of any of the 
words in the chain, the definition is of no value to him. For example, 
in defining the word “‘dimension” one dictionary uses the word “mag- 
nitude.” It defines “magnitude” in terms of “size.” When looking up 


1.3 The Ideas of Point, Line, and Plane 


“size” in this same dictionary, it gives “dimension or magnitude.” 
Thus, if someone does not know the meaning of any of the terms mag- 
nitude, size, or dimension, the dictionary is not very useful. Somewhere 
in the cycle it is necessary to know the meaning of a word based on 
experience. 

The basic undefined terms in our geometry are point, line, and 
plane. Our postulates give these terms the meaning that we wish them 
to have. You undoubtedly already have an intuitive feeling for the con- 
cept of a point, a line, or a plane. We can think in a vague fashion of a 
point as having “position” but no “size”; of a line as being “‘straight,” 
having “direction,” but no “width”; anc a plane as being “flat” but 
having no “thickness.” When we “mark a point” or “draw a line” on 
our paper or on the chalkboard, we are merely drawing a picture of 
what we think a point or a line should be, These pictures or figures help 
us to see and discover some of the relationships that exist among points, 
lines, and planes and help us to keep these relationships straight in our 
minds. However, any deductions that we reach must be justified 
strictly on the basis of our postulates, definitions, and theorems and not 
on what appears to be true from a figure, As we progress in our study 
of geometry, we will use figures more and more freely. If our figures 
are drawn carefully enough, they generally will not give us false infor- 
mation or lead us to false conclusions. 

Indeed, trying to deduce all the theorems and work all the prob- 
lems in this text without drawing any figures would be a tedious and 
difficult task. It would be somewhat like a carpenter attempting to 
construct a house from memory, without the aid of any blueprints or 
floor plans, The resulting structure might be quite different from the 
house he planned to build. 

We use figures frequently to help explain what our postulates, defi- 
nitions, and theorems say. You are encouraged to do the same, When 
it is practical, you should restate a theorem or a problem in terms of a 
figure that shows the relationships that are given in the theorem. If you 
are careful not to include in the figure any special properties that are 
not given in the theorem, then the figure should be a valuable aid in 
understanding the theorem and also in proving it. 


EXERCISES 1.3 


1. Name three physical objects that convey the idea of a point. 
2. Name three physical objects that convey the idea of a line. 
3. Name three physical objects that convey the idea of a plane. 
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B® Exercises 4-9 refer to the cube shown in Figure 1-10, Answer each question 
in Exercises 4-7 with the word point, line, plane, or space. 
4. Each corner (vertex) of the cube suggests 
a [7]. 
5. Each side (face) of the cube suggests a [7], 
6. Each edge of the cube (such as AB) suggests 
a [7]. 
7. The interior of the cube is a subset of [7], 
8. How many vertices does the cube have? How 
many faces? How many edges? 
9. Let V represent the number of vertices, Ε 
the number of edges, and F the number of 
faces. Compute V—E + F for thecube, "sre +10 


ΙΝ In Exercises 10-17, copy and complete the table on the following page for 
the pyramids and prisms shown below. 


10. 13. 
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10. - 
11. = 
13, —s — τὸ — 
13. - 
14, -- 
15. 
10, 
17. 


| 
tte 

| 

| 


18. Did you get the same number for V— E + F in Exercises 9-17? If you 
have counted correctly, V — E + F equals 2 in each case. Figures like 
those in Exercises 10-17 are called polyhedrons. On the basis of your an- 
swers for Exercises 9-17, do you think that V— E + F = 2 for every 
polyhedron? Compute V, E, F, and V — E + F for the star-shaped poly- 
hedron shown in Figure 1-11, (You can construct this polyhedron by 
gluing together 16 triangles and 2 squares.) 
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1.4 SETS 


In our development of formal geometry we shall often speak of 
sets of points, or sets of lines, or sets of planes, as well as sets of num- 
bers. Indeed, we shall agree later in this chapter that every line is a set 
of points and that every plane’ is a set of points. Although you are fa- 
miliar with the language of sets, we shall review it briefly. 

Recall that a set is simply a collection of objects. The objects may 
be numbers, people, points, or whatever. The objects of a set are called 
the members or the elements of a set. The symbol € indicates that 
an object is an element of a given set. Thus, to indicate that the num- 
ber 2 is an clement of the set {1, 2, 3, 4}, we write 


2€ {1,2, 3, 4}. 


We read the expression 2 € {1, 2, 3, 4} as “2 is an element of the set 
{1,2,3, 4} or simply as “2 isin {1,2, 3, 4).” Similarly, if point A is an 
element of the set of points in line |, we write 


Ael 


and read this as “point A is on line I.” 
It is often convenient to use set-builder notation to indicate the 
members of a particular set. For example, 
{a : ais an integer and —2 < x - 4} 
is just another way of naming the set { —1, 0, 1, 2,3}. We read the ex- 
pression {x : xis an integer and —2 < x -- 4} as “the set of all num- 
bers x such that x is an integer and x is greater than —2 and less than 


4.” Jf we wished to include —2 and 4 in this set, we would write 
—2 < x < ἃ rather than —2< x1 < 4. 


Example 1 Let R represent the set of all real numbers. Suppose that 
we wish to picture (graph) the set 
C= {x:xé Rand —3< χα - 3} 

on a number line. Another way of writing the expression —3 < x < 3 
isx > —3 and x < 3. 

The number line in Figure 1-12 pictures the set 

A= (x:x2€ Randx> —3}. 
A 


“6 -§ τἀ =<§ =2 =-1 0 1 2 3 4 δ᾽ 6 
Figure 1-12 
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Note that the point corresponding to the number —3 has been circled 
to indicate that —3 is not an element of this set. 

The number line in Figure 1-13 pictures the set 

B= {x:x€ Randx < 3}. 
Why is the point corresponding to the number 3 circled and shaded in 
the figure? 
B 
=§ =b -ὰὶ -ἃἃ -2 =I ῃ 1 2 ε 4 Β : 
Figure 1-15 

It is clear from the two number lines in Figures 1-12 and 1-13 that 
the numbers that are common to both sets (those that belong to both 
A and B) are the real numbers between —3 and 3 and including 3. 
This is shown on a single number line in Figure 1-14, 


Cc 
= — a 
—§ -ἃἰἬιἁἅ,Ἰ -§ -ἃ -2 =-1 6 1 ἃ ὃ. δ΄ 6 
Figure 1-14 


We call the set shown in Figure 1-14 the intersection of the two 
sets in Figure 1-13. The intersection symbol M is used in forming a 
symbol to denote the intersection of two sets. Thus to indicate the in- 
tersection of the bwo sets 


A= {x:x2€ Randx> —3} 
ancl 
B= {x:x€ Randx < 3} 


we write A © B and we see that this intersection is the set 
C= {x:x€ Rand —3< x Ξ 3}. 


Therefore GC = AM Β. 

In set language the connective “and” is related to intersection. 
Thus the elements that belong to sets A and B in Example 1 are those 
elements that are common to the two sets; in other words, the inter- 
section of the two sets is the set C. 

It may happen that the intersection of two sets is empty, meaning 
that the two sets have no elements in common. The symbol © indicates 
the empty or null set. For example, since the set E of even integers and 
the set O of odd integers have no integers in common we write 


Enos ἢ. 


In formal geometry, when we say that one set intersects another 
sel, we mean that the two sets have al least one element in common. 
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In this case, the intersection of the two sets cannot be the empty set. 
For example, consider the three sets 


D = {2, 3, 5, 7), 
F = (0, 4, 6, 9}, 
G = (3, 5, 8, 10}. 


Sets D and F do not intersect since they have no elements in common, 
and we write D1 F = @. However, sets D and G do intersect and 
we write DO ὦ = (3, 5}. 

In listing the elements of a set, as for D, F, and G, the order in which 
the elements appear is not important. Thus, if D = {2, 3, 5, 7}, then 
we may also write D = {2, 5, 7, 3}. The intersection of two sets is in- 
dependent of order, too. Thus, if A and B are any two sets, then 


ANB=BENA. 
Example 2 Let set D= {x:x€ Randx< —3orx > 3}, Let us 
picture the sets 
A= {x:x2€ Randx< —3} 


and 
B= {x:x€ Rands> 3} 
separately on two parallel number lines. (Note: A and B are not the 
same sets as in Example 1.) 
The number line (a) in Figure 1-15 shows the graph of the set 


A= {x:x€ Randx< —3} 


and the number line (bh) shows the graph of the set 
B= {x:x€ Randx > 3}. 


-—§ -5 <4 <3 <2 =1 ὦ 1 z: 3 4 ὅ 6 


Figure 1-15 
Those numbers that belong to set A or set B are the numbers that lie 


to the left of —3 or to the right of 3. Figure 1-16 on page 17 shows this 
on a single number line. 
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Figure 1-16 


We call the set shown in Figure 1-16 the union of the two sets in 
Figure 1-15. The union symbol U is used in forming a symbol to denote 
the union of two sets. Thus to indicate the union of two sets 


A= {x:x€ Randzr< —3} 
ancl 
B= {x:a€ Rand x > 3}, 


we write A U B and see that this union is the set 
D= {x:x€ Randx< —3orx > 3}. 
Therefore D = A ι1 Β, 


Example 2 illustrates how the connective “‘or” is related to unions 
in the language of sets. Thus the elements that belong to sets A or B 
are those elements that are either in set A or in set B or in both, The 
set of all elements that belong to A or B is the union of the two sets 
A and B which, we have seen, is the set D. 

The union of two sets is independent of their order. Hence, if 
A and B are any sets, then AU B= BU A. 

The ideas of union and intersection are extended easily to apply 
to any number of sets. For example, if A, B, and C are sets, then 
Af Bm Cis the set of all elements each of which is in all three of 
the sets A, B, and C. Describe the intersection of the two sets A and B 
of Example 2. 


Example ἃ Let A = [1,3. 8.4. 5} and B = (3, 4, 5, 6, 7}. The union 
of A and B is the set of numbers in A or B, and we write 


AU B= {1, 2, 3, 4, 5, 6, 7}. 


It should be noted that if a number is in set A, or in set B, or in both 
set A and set B, then this number is in A U B. Thus 1 and 2 belong 
in A U B because 1 and 2 are in set A. The numbers 6 and 7 belong 
in A U Bbecause 6 and 7 are inset B. Finally, the numbers 3, 4, and 5 
belong in A U B because 3, 4, and 5 are in both set A and set B, The 
intersection of A and B is the set whose elements are common to both 
sets A and B, and we write 


AN B= (3, 4,5}. 
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Recall that a set A is a subset of set B if every element of A is also 
an element of B. (Write A C B for “A is a subset of B.") Thus, if 
A = {a, b}, then each of the sets {a}, {>}, {a,b}, and © is a subset 
of A. 


EXERCISES 1.4 


1. LetA = {x:x€ Randx < 1] and B= {x:x€ Randx > -- 1]. 
(a) Graph the set A, the set B, and the set A 1 B on separate number 
(b) Use set-builder notation to indicate the intersection of sets A and B. 
(c) Use set-builder notation to indicate the union of sets A and B. 


Exercises 2-8 refer to the sets 
A= {—3, -—],1,3}, B = {—2, 0, 2, 4}, and 
C= {—2, —1, 0, 1, 2}. 


2. Find A 2 B. 6. Find A U C. 

3. Find AN C. 7. Fnd AU BUC. 
4. Find BNC. 8. Find (A U B) NC. 
5. Find A U B. 


9. The figure below shows the graph of a set of numbers on a real number 
line. Use set-builder notation to describe this set. 


ΞΒ =f =6 =§ πὰ =§ =2 =I 9 1 ἃ & 4 


10. The figure below shows the graph of a set of numbers on a real number 
line. Use set-builder notation to describe this set. 


=6 -ῷ <4 <3 <2 - 0 1 = ἃ 4 5 


1.5 CONJUNCTIONS AND DISJUNCTIONS 


Similar to the relationships of two sets and their union and inter- 
section are the relationships of two statements and their conjunction 
and disjunction. In mathematics it is very important to understand 
clearly the relationship of truth in given statements to truth in state- 
ments formed from the given ones, In this section we consider the rela- 
tion of two statements to the statements formed from them by con- 
necting them first by “and” and then by “or.” 


1.5 Conjunctions and Disjunctions 


Suppose that p is a statement and that q is a statement. (By a state- 
ment we mean a sentence that is cither true or false.) We call the state- 
ment “Ὁ and ἢ the conjunction of the statement p and the statement 
ῃ. For example, if p is the statement 


4=4 
and q is the statement 
‘a 


the conjunction of p and q is the statement 
4=4 and 4 = 5. 


We agree to call a conjunction of two statements true if and only if the 
statements are both true. 


» Ifpistrue and q is true, then p and qis true; if p and gis true, 
then p is true and q is true. 


Thus the conjunction 4 = 4 and 4 = 5 is false because the state- 
ment 4 = 5 is false. On the other hand, the conjunction 4 = 4 and 
® = Sis true. Of course, if both of the statements p and q are false, 
then the conjunction p and gq is false. 

Let us see how the conjunction of two statements is related to the 
intersection of two sets. In Example 1 of Section 1.4, we considered 
the intersection of two sets 


A={x:x€Randx>-—3} and B= {x:x€ Rand x - 3}. 


We saw that the intersection of these two sets is the set of all numbers 
that belong to both A and B. In other words, if x is a number, then it is 
true that x is an element of A and of B(x € AM B) if and only if it is 
true that x is an element of A and it is true that x is an element of Β. 
For example, 2 € A and 2 € B; hence 2 € A M B. On the other hand, 
9 € Aand5 αὶ B (5 is not an element of B); hence 5 ¢ A ἢ B. 

Thus if the statements x € A and x € Bare true, then the conjunc- 
tion of these statements (x € A ΓῚ B) is also true. But if either of the 
statements x € A and x € B is false, then x € A ἢ B is false. 

Now consider the statement p or q where p and q are statements. 
We call the statement » or q the disjunction of the two statements p 
and ἢ. For example, if p is the statement 


4=4 
and q is the statement 
4 =— 5, 


the disjunction of p and q is the statement 4 = 4 or 4 = 5. 


i9 
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We agree to call the disjunction of two statements true if and only if 
either, or both, of the two statements is true, 


> If pis true and q is true, thenp or q is true; if p is true and q 
is false, then p or ᾧ is true; if p is false and q is true, then p or 
q is true; if p or q is true, then either p is true and q is false, or 
p is false and q is true, or p and q are both true. 


Thus the disjunction 4 = 4 or 4 = 5 is considered to be true be- 
cause 4 = 4 is true. Similarly, the disjunction 4 = 4 or 5 = 5 is true 
since the statements 4 = 4 and 5 = 5 are both true. On the other 
hand, the disjunction 4 = 5 or 7 < 5 is false since both of the state- 
ments 4 = Sand 7 < Sare false. 

Let us see how the disjunction of two statements is related to the 
union of two sets. In Example 2 of Section 1.4 we considered the union 
of the two sets 


A=({x:x€Randx< —3} and B= {x:x€ Randx> 3}. 


We saw that the union of these two sets is the set of numbers belong- 
ing to either A or B. In other words, if x is a number, then it is true that 
xis an element of A or B (x € A ὦ B) if and only if at least one of the 
statements x is an element of A and x is an element of B is true. For 
example, 5 ¢ A, but 5 € B; hence 5 € A U B On the other hand, 
2¢Aand2 ¢ B; hence2 ¢ A U B. 

Thus, if at least one of the statements x € A and x € Bis true, then 
the disjunction of these two statements (x € A U B) is also true. But 
if both of the statements x € A andx € Bare false, then the statement 
x€A U Bis false. 


EXERCISES 1.5 


Exercises 1-6 refer to Figure 1-17. Imagine that each of the four lines a, b, 
ο, εἰ in the figure is a set of points, 


Figure 1-17 
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1. The set {E} is the intersection of which two lines? 

2 What is the intersection of b and «? 

3. What is the intersection of the three sets a, b, and d? 
4. DossaNb=an ὦ 

5. What is aM cP 

6. What is the intersection of the four sets a, b, ¢, and d? 


B The following table shows the possible truth values (T for true, F for false) 


that can be assigned to the statements p and q. In Exercises 7-10, copy and 
complete the table for the statements p and ᾧ and p or g. 


Ρ q pand ἢ porq 
tT T T 
8, ἢ Ε F 
9. Ε Τ a T 

1. F F 2) 


11, Ifx Ε Aand x ¢ B, is xan element of A 9 BP? Of A U ΒΡ 


@ In Exercises 12-15, P and Q represent sets. Copy and complete the table 
using T for true or F for false. 


Ξ. Sa οὐ ει 
eEP *«€0 ΖΖέβΡγρ. ππέρυρ 


13. Τ Τ Τ 
13. T F 3) Py 
14. Ε Τ Py 
15, F F F 


16. Two sets are said to be equal if they contain exactly the same elements, 
If A = {x ; xis an integer and —1 « x - 5} and B = {0, 1, 2, 3, 4}, 
does A = ΒΡ Why or why not? If C = (8, 3,0, 1,4}, does B = CP 

17. In Exercise 16 is A a subset of ΒΡ Is B a subset of A? Is B a subset of C? 
Is C a subset of B? 

18. If A C B and B C A are both true, what can you conclude? 

19. If A and B are sets and A = B, does B = A? 

20. If A and B are sets and A C B, is B C AP 
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21. (a) List all the subsets of the set {1, 2, 3}. (Remember that the empty 
set @ is a subset of every set.) 
(δ) How many distinct subsets does a set consisting of three elements 
have? Four elements? n elements? 
2. If A= @ and B = (3, 4,5, 6}, what is AM BP A ὦ ΒΡ 
23. (8) Given that x is a number such that x? = 16, find one possible value 
for x. Is there another possible value for x? What is the solution set 
of the equation x® = 16? 
(b) Write the solution set of the equation x* + 7 = 56. 


In Exercises 24-29, write the solution set of the equation. 


24. 34-—5= 13 27. Q(x + 3) = 5x — 8 
25, 5(2x — 9) = 10 98. x? -- 5 = 31 
26, 32x — T)=x+9 29. x2 — ἂχ - 15=0 


90, Lf F = {(x, y): 2 € R, y € A, and y = 2c — 3}, we find that when 
x= 2, y =2+2 — 3 = 1. Thus the ordered pair (3, 1) is an element 
of the set F. To check this, note that “2 € R,1 € R,and1 = 2-2 — 3” 
is a true statement. This is the statement you get if you replace x by 2 
and y by 1 in the sentence which follows the colon in the set-builder 


symbol. 

(a) What value of y is paired with x when x = 4? 

[) Find five more ordered pairs of numbers that belong to the set F. 
31. Describe the solution set of the equation 2jx — 2) = 2x — 4. 
32. Describe the solution set of the equation 2jx — 2) = 2x — 5, 


1.6 THE INCIDENCE RELATIONSHIPS 
OF POINTS AND LINES 


We are now ready to begin the formal development of geometry, 
We do not state all the postulates of our formal geometry at once, but 
rather introduce them throughout the text as needed. In this chapter, 
we state the first eight of our postulates. These postulates are con- 
cerned with points on lines, in planes, and in space; lines through 
points, in planes, in space; and planes through points. through lines, 
and in space. Figure 1-18 shows a picture of a line | and a point P. As 
the figure suggests, point P is on line / and line! passes through point P. 
Since lis a set of points and P is an element of this set, it is correct to say 
that P is “in” | or that P is a point “of” 1. However, we usually say that 


Figure 1-18 
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Pis “on” | and that / “passes through” P. Another way of saying this is 
to say that the point and line are incident. It is for this reason that our 
first postulates, which we state in this section and in Section 1.7, are 
called Incidence Postulates. 

For our first postulates we draw on our experience with physical 
representations of points and lines, When you use your ruler or 
straightedge to draw a line through two points, such as P and Q in Fig- 
ure 1-19, you are, of course, actually working with physical representa- 
tions of points and lines and not the abstract points and lines of our 
geometry. 


nme 
Figure 1-19 


We decide what we are going to accept without proof about geo- 
metric points and lines by looking at the real world. In fact, we need 
only look at Figure 1-19 to arrive at our first three postulates. First, 
however, we state two definitions. 


| | Definition 1.1 Space is the set of all points, 


if there is a line which contains all of them. The points of a 
set are noncollinear if and only if there is no line which con- 


Definition 1.2 The points of a set are collinear if and only 
tains all of them. 


Plane Postulates of Incidence 


POSTULATE 1 (The Three-Point Postulate) Space contains 
at least three noncollinear points. 

POSTULATE 2 (The Line-Point Postulate) Every line is a set 
of points and contains at least two distinct points. 

POSTULATE 3 (The Point-Line Postulate) For every two 
distinct points, there is one and only one line that contains both points. 
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Postulate 3 is sometimes shortened to read “two points determine 
a line.” When we use the word “determine” here, we use it in the 
sense of Postulate 3, which states that, given two distinct points, there 
is exactly one line which contains them. Similarly, when we say that 
“three noncollinear points determine three lines,” we mean that there 
are exactly three lines each containing two of the three points. 

You may feel that these postulates do not tell us very much about 
points and lines. Your experience has led you to believe that there are 
a great many points on a line and in space, and you may wonder why 
we do not say so in the postulates, We feel that it is more instructive 
to proceed as we have done, Shortly we will have introduced enough 
postulates that we will be able to prove that there are infinitely many 
points on a line and in space. However, there is not much we can prove 
from only the three postulates. Figure 1-19 should suggest to you at 
least two statements concerning lines that are not stated in the postu- 
lates. Before formulating these statements, we will introduce some 
symbols for points, lines, and planes. 


Notation. Capital (upper case) letters are used to denote points and 
small (lower case) letters to denote lines. For example, in Figure 1-19 
P,Q, and R denote points and /, m, and n denote lines. We may also 
name a line by naming two points that determine the line. Thus either 


of the symbols PQ or OP could be used to name the line that is deter- 
mined by points P and Q. It may also be convenient to name several 
different lines by using the same letter with distinguishing subscripts 
such as lie ls, ls, faa 

In the figures we represent a line by the symbol ¢+———————_> 
where the arrowheads are used to indicate that the line does not stop 
where our picture stops but continues indefinitely in both directions. 

We often use the Greek letters a, 8, y,... (alpha, beta, gamma, . . .) 
to name a plane. Sometimes it is convenient to name a plane by nam- 
ing three noncollinear points that the plane contains, such as “plane 
POR” in Figure 1-19. 


Let us return now to our discussion of the relationships between 
points and lines. Figure 1-19 suggests, but our postulates do not tell 
us, that there are at least three distinct lines in space. Let us now at- 
tempt to deduce this statement from the three postulates we already 
have. 

The Three-Point Postulate tells us that there are at least three 
points in space that do not all lie on one line. For convenience we name 
these points P, QO, and R. It follows from the Point-Line Postulate that 
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points Pand (9) determine exactly one line PO, that points Ὁ and A de- 
τηνε ἡ 
termine exactly one line OR, and that points P and R determine exactly 


one line PR. No two of these lines are the same, For if they were, points 
Ρ ὦ, and R would be collinear, and this would contradict the fact that 
P,Q, R do not all lie on one line, This completes the proof of the fol- 
lowing theorem. (Usually the proof of a theorem follows the statement 
of the theorem. For Theorem 1.1, however, the proof precedes the 
statement of the theorem.| 


THEOREM 1.1 There are at least three distinct lines in space. 


We observe from Figure 1-19 that no two distinct lines intersect 
in more than one point. We proceed now to deduce this statement 
from our postulates. 

If ἢ} and ἰ are any two distinct lines that intersect, then, by defini- 
tion of intersect, we know they have at least one point in common. 
Call this point P. Now, either they have a second point in common or 
they do not. Let us suppose that they do have a second point Q in com- 
mon as suggested in Figure 1-20. 


h 


te 
Figure 1-20 


The Point-Line Postulate tells us that for every two distinct points 
there is one and only one line that contains them. Thus 1, = Ip (that is, 
they are the same line). But this contradicts our hypothesis that ἢ. and 
ls are distinct lines. Since our supposition that /; and Is intersect in a 
second point leads us to a contradiction, we must conclude that J, and 
ἰᾳ intersect in no more than one point. We have proved the following 
theorem. 


THEOREM 1.2 If two distinct lines intersect, then they intersect 
in exactly one point, 


Does Figure 1-20 confuse you because the marks that represent 
lines do not look as you think straight lines should look? Actually the 
word straight is not part of our formal geometry. We want a formal 


29 


26 


Points, Lines, and Planes Chapter 1 


geometry of points, lines, and planes that is consistent with our experi- 
ences in informal geometry, In particular, we want lines in our formal 
geometry to have the property of straightness. It is true that we cannot 
draw a convincing picture of two distinct lines with two distinct points 
in common. This is evidence at the informal geometry level consistent 
with Theorem 1.2. 


EXERCISES 1.6 


1. Which postulate asserts that there are at least two distinct points on 
every line? 

2. Restate the Line-Point Postulate and the Point-Line Postulate in your 
own words, 

3. Restate the definition of “intersect” as the word applies to two sets of 
points, 

4. If points A, B, C, and D are distinct, and if line | contains points A, B, 
and C and line m contains points A, C, and D, what can you conclude 
from this? 

5. In proving Theorem 1.1 we started with three noncollinear points and 
showed that there are three distinct lines each containing two of the 
three noncollinear points. Suppose we start with four points, no three 
of them collinear. How many distinct lines are there each containing 
two of the four points? 

6. Suppose we start with five distinct points, no three of them collinear. 
How many distinct lines are there each containing two of the five 
points? 

7. Suppose we start with six distinct points, no three of them collinear. 
How many distinct lines are there each containing two of the six 
points? 

8. Consider your answers to Exercises 5, 6, and 7. Can you predict how 
many lines there are for seven clistinet points each containing two of 
the seven points if no three of the points are collinear? If so, how 
many? 

9. Let m and n be different lines, Let A be a point such that A € m and 
A én. Let B bea point such that 8 € mand B δ n. What must be true 
of points A and BY What postulate or theorem supports your answer? 

10, Let A and B be different points, Let line /; contain A and B and let line 
ls contain A and B, What can you conclude about I, and 2? What pos- 
tulate or theorem supports your conclusion? 


1.6 Relationships of Points and Lines 


11, Consider the set consisting of the five points, and no others, named in 
the following figure. If the points appear to be collinear, assume that 
they are, 


(a) Identify, by listing the members, two subsets each containing three 
collinear points. 

(b) Identify, by listing the members, four subsets each containing four 
noncollinear points of which three points are collinear. 

(Οὐ List the members of one subset containing four noncollinear paints 
of which no three are collinear. 

(d) Name three lines which are not drawn in the figure, but each of 
which contains two points named in the sketch. 

12, From which postulate does it follow that no line contains all points of 
space? 


CHALLENGE PROBLEM. Start with three distinct objects such as three boys 
named Jerry, Jim, and John. Create a structure as follows: Each boy is a 
point and there is no other point. Thus space = {Jerry, Jim, John}. There 
are three distinct lines a, b, and ὁ (and no others) as follows: a = {Jerry, 
Jim}, b = {Jim, John}, ὁ = {Jerry, John}. Exercises 13-30 are questions 
about the Jerry-Jim-John structure. Exercises 31-34 are general questions. 
13. Are the points, Jerry, Jim, and John, collinear? 

14, Does space contain at least three noncollinear points? 

15. Does the structure satisfy the Three-Point Postulate? 

16. Is ἃ ἃ set of points? 

17. Does a contain at least two distinct points? 

18. Is b a set of points? 

19, Does 6 contain at least two distinct points? 

20. Is δ a set of points? 

21. Does ¢ contain at least two distinct points? 

22. Does the structure satisfy the Line-Point Postulate? 

23. Is (Jerry, Jim} a set of two distinct points? 
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24, Is (Jerry, John) a set of two distinct points? 

25. Is (Jim, John} a set of two distinct points? 

26, Are there other sets of two distinct points? 

27. Is there one and only one line that contains Jirn and John? 

28. Is there one and only one line that contains John and Jerry? 

29. Is there one and only one line that contains Jerry and Jim? 

30. Does the structure satisfy the Point-Line Postulate? 

31. Can we prove, using only the plane postulates of incidence, that space 
contains at least four distinet points? 

32. What do the Plane Postulates of Incidence tell us about the nature of 
an individual point? 

33. What do the first three postulates tell us about the straightness of a line? 

34. What do the first three postulates tell us about segments? 


1.7 THE INCIDENCE RELATIONSHIPS 
OF POINTS, LINES, AND PLANES 


We are now ready to list our remaining Incidence Postulates. We 
begin by stating the following useful definition. 


Definition 1.3 The points of a set are coplanar if and only 
if there is a plane which contains all of them. The points of a 
set are noncoplanar if and only if there is no plane which con- 
tains all of them. 


Space Postulates of Incidence 


POSTULATE 4 (The Four-Point Postulate) Space contains at 
least four noncoplanar points. 


POSTULATE 5 (The Plane-Point Postulate) Every plane is a 
set of points and contains at least three noncollinear points. 


POSTULATE 6 (The Point-Plane Postulate) For every set of 
t noncollinear points there is one and only one plane that contains 
them, 


POSTULATE 7 (The Flat-Plane Postulate) If two distinct 
points of a line belong to a plane, then every point of the line belongs 
to that plane. 


POSTULATE 8 (The Plane-Intersection Postulate) If two dis- 
tinct planes intersect, then their intersection is a line. 


1.7 Relationships of Points, Lines, and Planes 


Note that our postulates do not include a statement about the num- 
ber of planes in space. Theorem 1.3 states that there are at least two 
distinct planes in space. In the Exercises that follow you will be asked 
to prove that there are at least four distinct planes in space. 

From Postulate | we know that there are at least three noncollinear 
points in space. Call these points A, B, and C. By Postulate 6 there is 
exactly one plane ἃ that contains these points. From Postulate 4 there 
is a fourth point D that is not in plane a. Points A, B, and D are not 
collinear, for if they were, point D would lie in plane a. Why? By 
Postulate 6 again there is exactly one plane that contains points A, 
B, and D. Planes a and f are not the same plane, for if they were, points 
A, B, C, and D would be coplanar, which is contrary to the way they 
were chosen. We have proved the following theorem. 


THEOREM 1.3 Space contains at least two distinct planes. 


It is often helpful to draw diagrams or pictures showing the rela- 
tionships between points, lines, and planes when making a deduction 
such as the one for Theorem 1.3. Figure 1-2] shows points A, B, and C 
in plane a and points A, B, and D in plane f. (Although we often use 
a quadrilateral to represent a plane, be careful not to think of the sides 
of the quadrilateral as the “edges” or “ends” of the plane.) 

Figure 1-21 also helps us to “see” that when two planes intersect, 
their intersection is a line as we have stated in Postulate 8. What is the 
intersection of a line and a plane not containing the line? When we 
look at Figure 1-22, it appears that the intersection is a single point, 


Figure 1-21 
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THEOREM 1.4 1 a line intersects a plane that does not contain 
the line, then the intersection is a single point. 


We can prove Theorem 1,4 by the same technique used in proving 
Theorem 1.2. Read again the proof of Theorem 1.2 which appears 
before the statement of the theorem. Now try to answer the questions 
in the argument (proof) that follows. 

By hypothesis and the definition of intersect, line m and plane a 
(Figure 1-22) have at least one point P in common. How do we know 
that plane a does not contain every point of line m? Suppose line πὶ 
and plane α have a second point Q in common. (Here we are examining 
one of only two possibilities: either the line and plane have a second 
point in common or they do not. Of course, we are trying to prove 
that they do not.) But if a plane contains two distinct points of a line, 
then it contains the entire line. (What postulate are we using here?) 
What does this last conclusion, namely, that the plane contains the 
entire line, contradict? Since we have agreed to accept our postulates 
as true statements about points, lines, and planes, what must we con- 
clude? Does this prove the theorem? 

It follows from Postulate 6 (the Point-Plane Postulate) that three 
noncollinear points determine exactly one plane. That is, there is 
exactly one plane which contains any set of three noncollinear points. 

We conclude this section with two additional theorems regarding 
the existence of planes. 


THEOREM 1.5 If mis aline and Pis a point not on m, then there 
is exactly one plane that contains m and P. 


Note that we must prove two things. 
1. There is at least one plane that contains m and P. 
2. There is no more than one plane that contains m and P. 


These two statements illustrate the ideas of existence and uniqueness. 
When we prove existence, we show that there is at least one plane con- 
taining m and P, When we prove uniqueness, we show that there is 
at most one such plane. If we can prove both existence and unique- 
ness, then we know that there is exactly one such plane. 

_ In the following proof name the postulate or theorem that justifies 
the statement preceding the question ‘““Why?", 


Proof of 1. Existence, There is a plane a that contains line m and 
point P (Figure 1-23). 
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There are at least two distinct points on line m. Why? Call these 
points A and B. The points A and B do not lie on any line except m. 
Why? By hypothesis, point P does not lie on line πὶ, Hence points A, 
B, and P are noncollinear. There is a plane « that contains points A, 
B, and P. Why? If plane ἃ contains points A and B, then it contains 
line m. Why? Hence there is a plane that contains line m and point P. 


Ls Sa a ᾿ 


Figure 1-23 


Proof of ὃ. Uniqueness. There is no more than one plane that 
contains line m and point P. Suppose that there is a second plane β 
which contains m and P. Then f contains the noncollinear points A, B, 
and P. Thus we have two distinct planes, a and β. each containing 
three noncollinear points. What postulate does this contradict? Does 
this prove that there is no more than one plane containing m and P? 


THEOREM 1.6 If two distinct lines intersect, then there is 
exactly one plane that contains them. 


Let lines m and n intersect in the point P (Figure 1-24). 


Figure 1-24 


We must prove the following: 


1, Existence. There is at least one plane that contains m and n. 
2. Uniqueness. There is no more than one plane that contains 
mand n. 
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In the following proofs name the postulate or theorem that justifies 
the statement preceding the question “Why?” 


Proof of 1: Lines πὶ and n have exactly one point in common. Why? 
There is a point A on m that is different from P. Why? A is not on n by 
Theorem 1.2. (‘Two distinct lines intersect in no more than one point.) 
There is a plane a which contains A and n, Why? Plane a contains P 
and A and therefore contains m, Why? Hence there is a plane a which 
contains m and ἡ. 


Proof of 2: Suppose there is a second plane f that contains both πὶ 

and n. Then plane f contains A because A is on m. Thus both a and 8 

contain A and π. What theorem does this last staternent contradict? 

ms this prove that there is no more than one plane @ containing m 
n? 


EXERCISES 1.7 


Refer to Figure 1-25 in working Exercises 1-12. Assume that points A, B, 
and C are in the plane of the paper and that point Dis not. 


Figure 1-25 


1, Name all the planes, such as ABC, that are determined by the points 
in the figure. 


2. Name all the lines that are determined by the points in the figure. One 
of them is line AB. 

3. How many lines are there in each plane? 

4, How many planes contain line BD? Name them. Is this number of 
planes the same for every line? 

5. How many lines are on every point? Name the lines that are on point D, 


6. How many points do plane ABC and line DC have in common? What 
theorem justifies your conclusion? 


10, 


11, 


14. 


10, 


1.7 Relationships of Points, Lines, and Planes 


. Name two planes, and name a point that is contained in both planes. 


Which postulate tells us that these two planes have a line in common? 
Name the line. 


. There are at least how many points common to every pair of planes in 


the figure? 


. Two planes which do not intersect are said to be parallel, On the basis 


of our first eight postulates, do you think it can be proved that there 
must be two parallel planes in space? 

Is it possible for three planes to have one and only one point in com- 
mon? If your answer is ““Yes,"’ name three planes and the single point 
they have in common. 

Two noncoplanar lines in space are said to be sketo lines. Name three 
pairs of lines in the figure such that each pair is a pair of skew lines. Can 
a pair of skew lines intersect? Why? 


. Can three lines have a single point in common and be noncoplanar 


lines? 


Let P be a point in plane a. On the basis of only our first eight postu- 
lates do you think that we can conclude that there are three distinct 
lines in plane a that contain point P? Give reasons for your answer. 
How many points do the planes of the ceiling, front wall, and side wall 
of your classroom have in common? On the basis of only our first eight 
postulates do you think it can be proved that there are three distinct 
planes that have more than one point in common? 

Using three pages of your book as physical examples of planes, what 
would you guess to be the intersection of three distinct planes if their 
intersection contained more than one point? 

Lay the edge of your ruler along the top of your desk. Do all the points 
on the edge of the ruler seem to touch the desk? Which of our postulates 
does this illustrate? 


In Exercises 17-25, write a short paragraph to show how our postulates or 
theorems can be used to prove the statement. 


BER BESEES 


. Every line is contained in at least one plane. 

. There are at least three distinct lines in every plane. 

. There are at least four distinct planes in space. 

. There are at least six distinct lines in space. 

. If four points are noncoplanar, then they are noncollinear. 


If four points are noncoplanar, then any three of these points are 
noncollinear. 


. There are at least three distinct lines through every point. 
. Every line is contained in at least two distinct planes. 


Every point is contained in at least three distinct planes. 
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26. CHALLENGE PROBLEM. Suppose, for this one exercise, that we replace 
our Postulate 8 with this postulate: “If two distinct planes have one 
point in common, then they have a second point in common.” Prove 
our replaced Postulate 8 as a theorem. 

27. CHALLENGE PROBLEM. Suppose, just for Exercises 27 and 28, that 
space consists of four distinct points A, B, C, D and no others. Suppose 
that there is one line a containing all four of the points A, B, C, D and 
that there are no other lines. Suppose that there are no planes. Does 
this structure satisfy Postulate 4? Since A, B, C, and D are not contained 
in any plane, it follows that they are noncoplanar, and hence Postulate 
4 is satisfied. 

Does this structure satisfy Postulate 5? Yes, it does. To show this 
we must check each plane in the structure to see if it contains three 
noncollinear points. If there is no plane that violates the property of 
Postulate 5, then Postulate 5 is satisfied. Since there is no plane in the 
structure, it follows that there is no plane that violates Postulate 5, and 
hence Postulate 5 is satisfied. Show that Postulates 6, 7, and 8 are satis- 
fied by this structure. 

28. CHALLENGE PROBLEM. Does the structure of Exercise 27 satisfy Postu- 
late 1? Postulate 2? Postulate 3? Your intuition might tell you that Pos- 
tulate 4 includes Postulate 1 in the sense that Postulate 1 could be 
proved once Posulate 4 is assumed. The structure of Exercise 27 pro- 
vides an answer to the question: Is it possible to satisfy Postulate 4, in- 
deed all of the postulates from 2 through 8, without satisfying Postulate 
1? In other words, is Postulate 1 independent of Postulates 2 through 8? 
Why? 


CHAPTER SUMMARY 


In this first chapter we compared informal geometry and formal ge- 
ametry noting that geometry began informally many years ago as a collec- 
tion of rules to solve practical problems related to “earth measurement.” 
Although geometry as a school subject is both formal and informal, the ap- 
proach in this book is predominantly formal, 

The formal approach features carefully stated postulates, definitions, 
and theorems. Proving theorems involves deductive reasoning. We dis- 
cussed examples of intuitive reasoning, inductive reasoning, and deductive 


We reviewed the language of sets. If A and B are sets, the INTERSEC- 
TION of A and B, denoted by A  B, is the set of elements contained both 
in A and in B. The UNION of A and B, denoted by A U B, is the set of ele- 
ments contained in A or B. The intersection of two sets may be the 
EMPTY or NULL SET denoted by 2. If two sets INTERSECT, they must 
have at least one element in common. 


If p and q are statements, the CONJUNCTION of these two state- 
ments is the statement p and 4. The conjunction of p and q is true if both p 
and g are true, but false in all other cases. The DISJUNCTION of the two 
statements is the statement p or q. The disjunction of p and q is false if both 
p and q are false, but true in all other cases, 

In order to avoid circular definitions we accepted POINT, LINE, and 
PLANE as UNDEFINED TERMS in our formal geometry. 

We defined SPACE to be the set of all points. The points of a set are 
COLLINEAR if and only if there is a line that contains all of them. The 
points of a set are COPLANAR if and only if there is a plane that contains 
all of them. 

Our first eight postulates are called INCIDENCE postulates and are 
listed below by name only. Be sure that you can state each of them in your 
own words. 


. THE THREE-POINT POSTULATE 

. THE LINE-POINT POSTULATE 

. THE POINT-LINE POSTULATE 

THE FOUR-POINT POSTULATE 

. THE PLANE-POINT POSTULATE 

THE POINT-PLANE POSTULATE 

. THE FLAT-PLANE POSTULATE 

. THE PLANE-INTERSECTION POSTULATE 


In addition to these eight postulates we stated and proved six theorems, 
Read these theorems again and study their proofs. 


Sn δὰ ὧι δὶ Ὁ τὸ κα 


REVIEW EXERCISES 


In Section 1.1 an example involving the area of a right triangle was given to 
illustrate intuition or intuitive reasoning. In Exercises 1-10, state whether 
or not you think the given example is a good example of intuitive reasoning. 
If you think the decision made is false, indicate it. 


1. Examine a rectangular box and decide that the opposite faces of a rec- 

tangular solid have the same size and shape. 

2. Examine a ball and decide that a plane through the center of a spherical 
region (a sphere and its interior) would separate it into two hemispheri- 
eal regions with equal volumes. 

. Examine a ball and decide that the area of a sphere is four times the 
area of a circular cross section formed by a plane passing through the 
center of the sphere. 

4, Examine three distinct points on a line and decide that if A, B, Care any 

three distinct points of a line with B between A and C, then the distance 
from A to 8 is less than the distance from A to C. 
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5. Think about a triangle T lying in a plane a. Think about a line in « that 
passes through a point P lying inside of T. Decide that this line must 


contain two distinet points of T. 


6. Think about a triangle, a quadri- 

lateral, and a pentagon. Decide that 
the sum of the measures of the 
angles is the same for each. 

1. Think about three books of 300 
pages each standing wpright on a 
shelf as suggested in the figure. De- 
cide that it is farther from page 1 of «4 
book I to page 300 of book ΠῚ than 
it is from page 300 of book I to »».. 
1 of book ITI. τ 

8, Think about a plane figure consisting of a triangle and the bisector of 
one of its angles as suggested in the following figure. Decide that the 
bisector of an angle of a triangle divides the opposite side into two seg- 
ments of equal length. 


9, Think about a circle and a line that separates it into two ares of equal 
length. Decide that the line passes through the center of the circle. 
10. Draw a triangle. Mark one point on each side as close to the midpoint 
as you can without measuring. These points are vertices of a second 
triangle. Decide that the area of the original triangle is four times the 

area of the second triangle. 


| In Section 1,1 an example involving the sum of the measures of the angles 
of a triangle was given to illustrate inductive reasoning, In Exercises 11-20 
draw one or more figures and make some measurements if you wish. Then 
draw an appropriate conclusion. 


IL. Is the following statement true or false? The bisectors of the angles of 
ἃ triangle are concurrent, that is, they all pass through the same point. 

12. What is the sum of the measures of the angles of a pentagon? (Consider 
only pentagons whose diagonals pass through the interior of the 
pentagons.) 

13, SR any ne ae 
CD = DA 


14. 


15. 


16. 


17. 


18. 


19. 


Review Exercises. 


If ABCD is a quadrilateral with AC = BD, is it necessarily true that 


AB = BC? 

If the sides of a quadrilateral have equal lengths, is it necessarily true 
that its diagonals have equal lengths? 

If the diagonals of a quadrilateral bisect each other, is the quadrilateral 
necessarily a parallelogram? 

If the sides of AABC have equal lengths, if D is the midpoint of BC, 
if Eis on line DA, if D is between A and E, and if AD = DE, is it true 
that BE is parallel to AG? 

If AABCis any triangle and if Dis the midpoint of BC, is it necessarily 
true that AABD and AACD have equal areas? 

If AABC is a triangle and if D is the midpoint of BC, is it true that 


AD = AB + AC}? 


20. If AABCis a scalene triangle (no two of its sides have the same length), 


is it true that no two of its angles have equal measures? 


Section 1.2 contains two examples of deductive reasoning. In Exercises 21- 
25, state whether you think the conclusion C (C,, C2, . . . , if more than one) 
follows logically from the hypothesis H (HN), Hy, ..., if more than one). Be 
prepared to explain what assumptions you are making, if any, in addition 
to those that are stated as hypotheses. 


21. 


H: x= ἢ 
C: @ 4+3=-—13 


22. WH: 34+3-—13 


23. 


24, 


Go xs=5 

Hy: Every polygon is a plane figure, 

Hy: P is a polygon. 

C: Pisa plane figure. 

H; Let AABC and ADEF be given. If m£A = mZD,mZB = 
mE, and AB = DE, then AC = DF and BC = EF. 

Οι: Let 4ABD be given with C between A and ἢ). If m4 ABC = 
πι ΒΓ and πὶ ACB = m/ DCB, then AC = CD. 

Cz: Let AABC and ADEF be given. If mZA=mZD, AB= 
DE, and AC = DF, then BC = EF. 


25. H;: All cows eat grass. 


Hy: Bessy is not a cow. 
C: Bessy does not eat grass, 


26, If A is the set of even integers and B is the set of odd integers, describe 


the union of A and B: the intersection of A and B. Do sets A and B 
intersect? 
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Exercises 27-34 refer to the three sets 
QO = (-- 3, 0, 3, 6}, 
$= {—3, 0, 3, 6, 9), 
T= {x: xis aninteger, — 3 < x < 9, and x is divisible by 3}. 


27. Is Oc § 33. Is TC SP 

28. 1558 C OF 34, Does § = ΤΊ 

29. Is QC TP 95, Find O17 8. 

30, Is TC OF 36. Does Ὁ Γ᾿ 5 = QO? 
31. Does Ὁ = T? 37. Find 0 U 5, 

32. 158 CT? 38. Does Q 8 = 5? 


39. If A = (x: x€ Rand x < 7} and B= (x: x€ Rand x > 3}, draw 
the graphs of A, B, and A © Bon three separate number lines. 

40. Describe the set A 9 B in Exercise 39 using set-builder notation. 

41. If S= {x:x¢€ R and x > δ) and T= {x:x€ Rand x < 0]. draw 
the graphs of S, Τί and 5.1. T on three separate number lines. 

42. Describe the set § U Tin Exercise 41 using set-builder notation. 


If pis the statement 7 = 7, qis the statement \/9 = 5, and ris the statement 
—5 < —2, determine in Exercises 43-49 if the given “compound” state- 
ment is true or false. 


43. pandq 47. qandr 

44. porg 48. gorr 

45. pandr 49. (p and q) or r 
46. porr 


50, State the Flat-Plane Postulate in your own words. 

51. The following figure is a picture of two distinct “curves” that intersect 
in two distinct points, State a postulate or theorem that would settle an 
argument about whether these “curves’’ might be lines in our formal 


geometry. 


52, If Pand QOare distinct points and mand n are lines, andif P Ε πὶ, Ὁ €m, 
Pen, and QO € πὶ what conclusion can you draw? What postulate or 
theorem justifies this conclusion? 

53. [fm and n are distinct lines and P and (9 are points, and ifm Mn = P 
and im ΓῚ ἢ = Ὁ, what can you conclude? What postulate or theorem 
justifies this conclusion? ; 


54. Which postulate assures us that no plane contains all the points of 


ὅσ, 


56. 


57. 
ag. 


G1. 


space? 

Prove, using only the postulates, that every point is contained in at least 
one plane. 

Draw a single diagram which illustrates whut all eight postulates assert. 
Label the points in your diagram and then name one pair of skew lines. 
What does it mean to say that points A, B, and C are collinear? 

Does the Three-Point Postulate eliminate the possibility of there being 
three points in a plane that are collinear? 


. Assume that A, B,C, D, and F are five distinct points in the same plane 


with no three of these points collinear. 

(a) How many distinct lines are there each containing two of the five 
points? 

(b) How many lines determined by A, B,C, D, and £ are there on each 
point? 


. Let A, B, C, D, and E be five distinct points in the same plane. 


(a) If A, B, and Care on line I, and C, D, and E are on line m, and! Ξε m, 
how many more lines are there each containing two of the five 
points? How many lines are there altogether? 

(b) How many distinct lines pass through point A? Point B? Point C? 

If line / contains three distinct paints A, B, and C and if points A and B 

lic in plane a, what can you conclude? 


62. Planes RST and STU are distinct. 


(a) Name a line that lies in both of these planes. 
(b) Name two more planes determined by points R, 5, T, U. 


63. State what intersect means 


64. 


{a} with regard to two lines. 
(b) with regard to two planes. 
Which of our Incidence Postulates ‘pushes’’ us off a plane into space? 


Determine in Exercises 65-71 if the given statement is true or false, 
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It is a theorem that every line contains at least two distinct points. 


» The Line-Point Postulate assures us that there is just one line which 


contains two distinct points. 


. It isa theorem that there are at least three distinct lines in every plane. 
. If a line intersects a plane not containing the line, the intersection is a 


single point. 


It is a theorem that there are at least four distinct planes in space. 


. Our Incidence Postulates assure us of at least twelve distinct lines in 


space. 


« The Three-Point Postulate assures us that there are at least three dis- 


tinct points on every line. 


Syd Greenberg/D.P.1. 


Separation 
and Related 
Concepts 


2.1 INTRODUCTION 


In this chapter we list our second group of postulates. These postu- 
lates are concerned with points between other points, how a point sep- 
arates a line, how a line separates a plane, and how a plane separates 
space. The ideas these postulates convey are very simple ones, and the 
information they give can be easily determined by looking at pictures. 

We list these postulates so that we can give a meaning to the rela- 
tionships of betweenness and separation and to make it quite clear 
what statements we agree to use in our proofs, Later in the chapter we 
use these relationships to make several definitions. 


2.2 THE BETWEENNESS POSTULATES 


In this section we state the Betweenness Postulates. They are some- 
times called order postulates because they tell us how points are ar- 
ranged in order on a line. For example, if A, B, C are three distinct 
points ona line, and if Bis between A and C, then we could say that the 
points are arranged on the line in the order A, then B, then C. We could 
also say that the order is C, then B, then A. (See Figure 2-1.) 


Figure 2-1 


Separation and Related Concepts Chapter 2 


In our formal geometry between and order, as they apply to points, 
are undefined terms. We do not explain by a definition what it means 
to say that point B is between points A and C. Rather we accept the 
following Betweenness Postulates as formal statements of betweenness 
properties. 


POSTULATE 9 (The A-B-C Betweenness Postulate) If point 
B is between points A and C, then point B is also between C and A, 
and all three points are distinct and collinear. 


Note that the postulate does not allow us to say that “point B is 
between points A and C”’ if the points are as shown in Figure 2-2a, 


oy 


Figure 2-2 


Why? Similarly, in Figure 2-2b point B is not between points A and C. 
Why? Figure 2-2c is a correct picture of what we mean when we say 
“point B is between points A and C,"" We use the symbol A-B-C or 
the symbol C-B-A when we wish tosay that “point Bis between points 
A and C.” 


POSTULATE 10 (The Three-Point Betweenness Postulate) If 
three distinct points are collinear, then one and only one is between 
the other two. 


From this postulate it follows that if A, B, C are three distinct points 
on a line, then B-A-C, or A-B-C, or B-C-A; and if A-B-C, for exam- 
ple, then we cannot have B-A-C or B-C-A, From this postulate it also 


2.2 The Betweenness Postulates 


follows that betweenness for points in our formal geometry is different 
from betweenness on a circle. For example, if three people are seated 
at a circular table, then most of us would agree that each of them is 
between the other two. But we should also now agree, after accepting 
Postulate 10, that betweenness around a table is different from be- 
tweenness in our formal geometry. 


POSTULATE 11 (The Line-Building Postulate) If A and B are 
any two distinct points, then there is a point Δ such that X, is between 
points A and B, a point Y, such that B is between A and Y,, and a point 
Z, such that A is between Z, and Β. 

Figure 2-3 illustrates the meaning of Postulate 11. We call this pos- 
tulate the Line-Building Postulate because it enables us to prove that 
there are infinitely many points on a line. 


Figure 23 
From this postulate it follows that there is a point Y; on line AB 
that is beyond B from A, a point Y2 that is beyond Y; from B, a point 
Y; that is beyond Y from Yj, and so on (Figure 2-4). 
2) A Xy B ἐγ ἕῳ ¥a You 


Figure 2-4 


Thus we are able to find on the line as many points as we choose, 
3 or 30 or 3,000,000 or any natural number you wish, that are beyond 
B from A. Similarly, we can find as many points as we choose that are 
beyond A from B (Figure 2-5). 


Zy ἃ 29 2 A Ay BR γι ¥o νὰὶὸ ἔς 


Figure 2-5 


From this postulate it follows also that no matter how close 
together two distinct points may be there is always a point between 
them (Figure 2-6). 


Δ & %% A ἃ Ἢ Ng Xy Xx B Vi ¥oe ¥s 


Figure 2-6 
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Does your intuition tell you that Postulate 11 builds every line com- 
pletely, that no “holes” could possibly exist in a line? Actually, Postu- 
late 11 assures us that there are infinitely many points on every line and 
furthermore, infinitely many points between every two points of a line. 
But it does not assure us that there are no holes in a line, The postula- 
tional basis for lines is completed in Chapter 3, where we adopt a Ruler 
Postulate. This postulate provides for the ideas of “continuity” and 
“infinite extent.” 


EXERCISES 2.2 


In Exercises 1-22, indicate by T or F whether or not the statement is true 
or false. 


In Exercises 1-4, A, 5, T are points such that R-S-T. 


1. ἢ, 5, T are collinear points. 
2. R, 5, T are distinct points. 
3. T-S-R 

4. 5-R-T 


In Exercises 5-10, points A and B are on line m, point C is between A and 
B and on line n, and m and n are distinct lines. 

. mand n intersect at A. 

m and n intersect at B. 

. mand n intersect at C. 

. A, B, C are collinear points. 

A-B-C 

10. C-B-A 


5. 5 Σὶ φὴὸ' ἐκ 


In Exercises 11-18, P, O, A are distinct points and no one of them is between 
the other two. 

11. P, Ὁ, Ναὶ are collinear points, 

12, Pand QO are collinear points. 

13. P and R are collinear points. 

14, Oand A are collinear points. 

15. There is one and only one plane that contains P, Q, and R. 


16. There is a point § such that O-R-S, 
17. There is a point T such that Q-T-R. 
18, There is a point U such that U-O-R. 


In Exercises 19-22, R, 5, T are three distinct collinear points, R-S—T is false, 
and S-R-T is false, 

19. R-T-S 

20. $-T-R 

31, T-K-S 

22, T-S-R 


Exercises 23-32 refer to Figure 2-7 which shows three noncollinear points 
A, B, C and the three lines and the one plane that they determine. 


Figure 2-7 


23. Which Incidence Postulate asserts the existence of three noncollinear 
points? 

24, Which Incidence Postulate assures us, once we have points A, B, C, 
that lines AB, BC, CA exist? 

25. Which Incidence Postulate assures us, once we have points A, B, C, 
that there is a plane @ containing them? 

26. Which postulate assures us, once we have the points and the lines of 
ἐν τὴν that there are points D, E, F such that B-D-C, C-E-A, 
A-F- 

27. Explain why D and E are distinct points. 

28. Why is D-E-A a false statement? 

29. Why is E-A-F a false statement? 

30, Which postulate assures us that there are points G and H such that 
E-F-G and D-F-H? 

31, Explain why Hf and C are distinct points. 

32, Explain why AB and HG are distinct lines. 
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Exercises 33-35. The Incidence Postulates assert the existence of four non- 
coplanar points. Figure 2-8 suggests four noncoplanar points A, B, C, D and 
the four planes and six lines determined by them. 


Figure 2-5 


33. Deduce from the Incidence and Betweenness Postulates that there is 
at least one point in space that is not contained in any of the four planes 
of the figure. 

34. Deduce from the postulates that there is at least one line in space that 
is not contained in any of the four planes of the figure. 

35. Deduce from the postulates that there is at least one plane in space that 
is different from any of the four planes of the figure. 


| Exercises 36-42 refer to Figure 2-9 which shows a line and a portion of it 
(the heavier part including the points C and D) called a segment. (Segment 
is defined in the next section.) Points X, Y, Z as well as C and D are points 
of this line as indicated in the figure. 

ΓΗ 4 


Figure 89 


» Are X and Y points of the segment? 

. Is Za point of the segment? 

. Is C-X-D? 40. Is C-2-D? 
. Is C-Y-D? 41. Is C-C-D? 
. Try to write a definition of segment. 


. CHALLENGE PROBLEM. Let a line | be given, Deduce from the postu- 
lates that there are at least three different planes containing I. 

. CHALLENGE PROBLEM. Let P be a point ina plane a. Deduce from the 
postulates that there are at least three different lines in o passing 
through P. 


EF & BSEAS 
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2.3 USING BETWEENNESS TO MAKE DEFINITIONS 


We now list several definitions that make use of the betweenness 
relation. Most of these are definitions of terms you have met in your 
earlier work in geometry. However, it is the betweenness relation that 
enables us now to make these definitions precise, 

Figure 2-10 is a picture of a set of points called a segment. 


A B 


Figure 2-10 


Definition 3.1 If A and B are any two distinct points, seg- 
ment AB is the set consisting of points A, B, and all points 
between A and B. The points A and B are called endpoints 
of AB, 


Sometimes a segment is called a line segment to avoid possible con- 
fusion with a “segment” of a circle. Be careful not to confuse the sym- 


bol AB for a segment with the symbol AB for a line. The horizontal bar 
in AB reminds us that a segment has endpoints, whereas the bar with 


arrows in AB reminds us that a line has no endpoints. 

We sometimes say that two distinct points determine a segment, 
Thus, if A and B are two distinct points, then the segment determined 
is AB. Similarly, if A, B, C are three distinct points, then the segments 
determined are AB, BC, and CA. 


Figure 2-1] is a picture of a set of points called a ray. As the figure 
indicates, a ray has just the one endpoint A, Speaking informally we 
might say that the ray continues without end from A through B in a 
straight line, We express the idea of a ray formally in our next 
definition. 


Definition 2.2 If A and B are any two distinct points, ray 
‘AB is the union of sepment AB and all pores ἃ X such that 
A-B-X. The point A is called the endpoint of AB. 


a? 
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In the symbol AB, the arrow reminds us that it is a tay. The arrow 
in this symbol is always drawn from left to right regardless of the di- 
rection in which the aay points. However, do not confuse the symbol 


AB with the symbol BA. Both represent rays, but they do do not represent 
the same ray, as seen in Figure 2-12, Observe that ray ABhas endpoint 
A, whereas ray BA has endpoint B, 


Figure 2-12 


It is often convenient to speak about opposite rays. Figure 2-13 
is a picture of what we mean by opposite rays. The figure suggests the 
following definition. 


Figure 2-13 


Definition 2.3 If A is between B and C, then rays AB and 
ἘΞ ας 
AC are called opposite rays, 


The betweenness relation C-A-B in this definition requires oppo- 
site rays to be collinear, Why? They must also have a common end- 
point. Thus the two rays shown in Figure 2-14 are not opposite rays 
even though they “point in opposite directions.” 


Ρ q 
----- - i ——_—_____» 


5 a 


Figure 2-14 


2.3 Using Betweenness to Make Definitions 


Note that the definition of opposite rays is equivalent to saying that 
two distinct rays are opposite rays if they are collinear and have the 
same endpoint. 

We often use the symbol “opp AB” for the ray opposite AB. Thus, 
in Figure 2-13, opp AB = AC since both symbols name the same set 
of points, namely, the ray that is opposite AB. 

The following summary should be helpful: If A and B are any two 
distinct points on a line, they determine the six subsets of the line 
shown in Figure 2-15, with subsets indicated by heavier marking. Be 


sure to notice the differences among the symbols AB, AB, AB, and BA. 
i—> ἐπεὰν 
segment Δ B , 
--- ---.. 
AB = ΒΑ 


ray AB a a ee ee ΨΗΣ 


Figure 2-15 


A segment has two endpoints and a ray has one endpoint. Some- 
times we wish to speak about those points of a segment or ray that are 
not endpoints, Accordingly, we state the following definition. 


Definition 2.4 ‘The interior of a segment is the set of all 

points of the segment except its endpoints. The interior of a 

ray, also called a halfline, is the set of all points of the ray 
| except its endpoint. 


ag 
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EXERCISES 2.3 


= 


. Use the A~B-C Betweenness Postulate to prove that every point of AB 


is in AB. 
Consider the following definition of a segment AB: 

AB = {X : X € AB; and X = A, or X = B, or A-X-B}. 
Is this definition equivalent to Definition 2.1? 


. Consider the following definition of a ray AB: If A and B are distinct 


points, then ray AB consists of point A, point B, all points X such that 
A-X-B, and all points Y such that A—B-Y. Is this definition equivalent 
to Definition 2.2? 


. If A and B are distinct points, what is the intersection of rays AB and 
— 
BA? 


If A and B are distinct points, what is the union of AB and BA? 
Write an alternate definition of segment in terms of intersecting rays. 
Can two distinct rays have no point in common? IIlustrate with a figure. 
Can two distinct rays have exactly one point in common? Illustrate. 
Can two distinct rays have infinitely many points in common? Illustrate. 
Can the intersection of two distinct rays be a set containing two and 
only two distinct points? 


. Can the intersection of two distinct rays be a ray? 


Can two collinear rays have no point in common? 
Is there a segment with no endpoint? 
Is there a ray with no endpoint? 


. Is there a segment with no interior point? 


Is there a ray with no interior point? 

Is there a segment with exactly one interior point? 
Is there a ray with exactly one interior point? 

Is there a segment with exactly two interior points? 
Is there a ray with exactly two interior points? 

If A-B-C, what is the intersection of AB and AC? 
If A-B-C, what is the union of AB and AC? 

If A-B-C, what is the intersection of AB and BC? 
If A-B-C, what is the union of AB and BC? 

If A-B-C, what is the intersection of AB and CB? 
If A-B-C, what is the union of AB and CB? 

If A-B-C, if S is the interior of BA, and if Tis the interior of BC, what 
is the intersection of § and T’? 
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28. If A-B-C, if 5 is the interior of BA, and if T is the interior of BC, de- 
scribe the union of § and T. 

29. If S$ is the interior of a segment AB, what is the union of § and AB? 

90, 1 S is the interior of a segment AB, what is the intersection of § and AB? 

91. If A and B are distinct points of the segment #5, what is the union of 


‘AB and RS? 


In Exercises 32-41, a subset of a line / is named. Points on line | are indicated 
in Figure 2-16. Using this figure, write a simpler name for the set. Exercise 
32 has been worked as a sample. 


A ΗΕ c¢ ἢ Ε Ε 
Figure 2-16 
32. CEN CE=CE 37. BEN ED 
33. CE ὦ CE 38, BD U CF 
34. DF DA 39. BD Γι CF 
— Ss —> — 
35. opp DF τι CF 40. opp EF τι opp CA 
—- ——s ---- 
36. CF U CA 41. DE γι opp BE 


42. Prove that there is no segment on a line | which contains every point 
of line 1, (Hint: Let AB be any segment on line |. Show that there is a 
point on line / that is not in AB.) 

. If Pand Q are two distinct points on a line, does OP = opp PO? Explain. 

. How many segments do three distinct points on a line determine? Four 
distinct points? Five distinct points? (A given set of points determines 
a segment if the endpoints of the segment are in the given set.) 

45. Use your answers to Exercise 44 to predict how many segments six dis- 

tinet points on a line determine. Test your prediction by counting. 

46. (a) A, B, C, Dare four distinct points on a line |, The conjunction of the 

two sentences (1) and (2) is true if the appropriate symbol (—, —, 
«») is supplied over each letter pair (BA). Copy these statements 
and supply these symbols. 
(1) BA contains points C and D, but BA contains neither of these 
points. 

(2) D belongs to BA, but C does not. 

(b) Draw a sketch which shows the order of the four points A, B, C, D 
on ἵ. bf ". 

47, A, B, C, D are four distinct points on a line ἰ If C αὶ DB, A € DB, 

σε BD. Ag BD, draw a sketch which shows the order of the four 


points on L. 
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48. If PQ is opposite to PR, which one of the three points P, Q, R is between 
the other two? 


49. If opp RO = RP. which one of the points P, OD, A is between the other 
two? 


2.4 THE CONCEPT OF AN ANGLE 


The concept of an angle is a fundamental one in mathematics as 
well as in the practical world of the house builder and the engineer. 
There are several ways to think of an angle. One way is to think of an 
angle as two noncollinear rays that have the same endpoint. A second 
way is to think of an angle as the points on two noncollinear rays that 
have the same endpoint. In one, an angle is a set of rays. In the second, 
an angle is a set of points, In the following formal definition we agree 
to think of an angle as a set of points. 


Definition 8.8 An angle is the union of two noncollinear 
rays with the same endpoint. Each of the two rays is called a 
side of the angle. The common endpoint of the two rays is 
called the vertex of the angle. 


Notation. The angle formed by the rays ‘AB and AC is denoted by 
4 BAC. When using a symbol such as 4 BAC it is important that the 


middle letter denote the vertex of the angle. Since the union of ABand 

AC is the same as the union of AC and AB, it should be clear that 

£BAC = # CAB, (See Figure 2-17.) It should also be clear that many 

different points may be used in identifying the same angle, Thus, if 
AB = AC = AD ancl AE = AF = AG, 

as indicated in Figure 2-18, then 9 ΒΑΕ = 4 CAE = 2 DAE= 

ὁ BAF = £ BAG, and so on. 


Figure 2-17 Figure 3.18 


If a figure or other information makes clear which rays are the sides 
of the angle, we can denote 4 ΒΑΕ by simply writing 4 A. However, 
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if there is more than one angle with vertex A as in Figure 2-19, we 
would not know which angle is referred to by ὦ A. 


Figure 2-19 


It is often convenient to label an angle by indicating a numeral or 
a lower case letter in its interior. Thus in Figure 2-19 we can write / 1 
for £DAC and £rfor 4 BAD. When used, the ares in the figure indi- 
cate the sides of the angle and the interior of the angle. 

Sometimes we speak of the angle determined by two noncollinear 
segments which have a common endpoint as indicated in Figure 2-20. 
If AB and BC are the segments, then the unique angle determined by 
them is “ ABC. 


Figure 2-20 


Observe in the definition of an angle that the sides of an angle are 
noncollinear rays and therefore distinct rays. In some books this re- 
striction is not made. A special case of an angle results when its two 
sides are “coincident.” It is called the zero angle, Another special case 
results if the two sides are distinct but collinear. In this case the sides 
of the angle are opposite rays and the angle is called a straight angle. 
In Figure 2-21, 4 ABC is a zero angle and 4 DEF is a straight angle. 


Figure 2-21 
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However, because zero angles and straight angles are not needed and 
it is simpler not to consider them, they have been excluded from the 
formal definitions in this book. 


EXERCISES 2.4 


1. Copy and complete the following definition: An angle is the [7] of two 
[1 which have a common endpoint but do not lie on the same [7]. 


In Exercises 2-9, draw a picture to illustrate a set satisfying each of the given 
descriptions. 
2. Two distinct coplanar rays whose union is not an angle. 
3. Two angles with the same vertex whose intersection is a ray. 
4, Two angles with different vertices whose intersection is a ray, 
5. Two angles whose intersection is a segment, 
6. Two angles whose intersection is a set consisting of exactly one point. 
7. Two angles whose intersection is a set consisting of exactly two points. 
8. Two angles whose intersection is a set consisting of exactly three points. 
9. Two angles whose intersection is a set consisting of exactly four points. 


10. If A, B, whee three distinct points on AB, if A, D, E are three distinct 
Paints on AD, and if A, B, D are noncollinear points, then the union of 
AB and AD is an angle which we may indicate as 4 BAD. Using A, B, 
C, D, E, write the other possible symbols for this angle. 

11. In the following figure, the capital letters denote points and the lower 


case letters denote angles. Using three capital letters, write another 
name for each angle denoted by a lower case letter. 


8} x= ΣΠ| (dq) w= 4P] 
(b} y= [1] (6) v= 22] 
(c) <= ZB] (ἢ w= [2] 
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12. How many angles are determined by three distinct coplanar rays having 


13. 


14. 


16. 


17. 


18. 


a common endpoint if no two of the rays are opposite rays? By four dis- 
tinct rays? By five distinct rays? (A given set of rays determines an angle 
if the sides of the angle are elements of the given set.) 
Would your answers to Exercise 12 be different if the rays were not all 
in the same plane? 

—s —>+ 
In the figure below, AB and AC are opposite rays. How many angles do 
the four rays cletermine? Name them, 


. If two distinct lines intersect, how many angles are determined? (A 


given set of lines determines an angle if each side of the angle is con- 
tained in one of the lines of the given set.) 

ΠΕ three distinct coplanar lines intersect in a common point, how many 
angles do they determine? 

Name all the angles determined by the segments shown in the figure, 
How many are there? Which angles can be named by using only the 
vertex letter? 


P Ξ Q 


Using letters in the figure in Exercise 17, name the 
(a) angle with vertex P in four different ways. | 
(b) ray that is the intersection of 4 PRS and 4 ORS. | 
(c) ray that is the intersection of 4 PSR and 4 OSR, 
(d) segment that is contained in the intersection of 4 POR and “ 580), 
(ce) point that is not in PA but is in the intersection of 4 RPO and 
£ PRS. 
(ἢ three distinct rays contained in the union of 4 PRS and 4 ORS. 
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Exercises 19-30 are informal geometry exercises. The formal development 
of angle measure appears in later sections. Using Figure 2-22, which shows 
degrees on a protractor, compute the number named in the exercise. Exer- 
cise 19 has been worked as a sample. 


19. mZ DAF = 55 23. mZIAH 27. mZ IAE + m/ EAD 
20. mZ BAD 24. mZIJAE 28. miDAH — mHAE 
ZL mZDAH 25. m/ EAD 29. mZ DAE 

232. m4 HAE 26. m/ IAD 30. m{DAE + πι ἐ ΠᾺΡ 


31. Every triangle is the union of three segments, but not every union of 
three segments is a triangle, Write a definition of a triangle that you 
think will “hold water.” (The formal definition of triangle appears in a 
later section.) 


2.5 THE SEPARATION POSTULATES 


In this section we state three more postulates involving the idea of 
betweenness, which we call the Separation Postulates, These postulates 
tell us how a point separates a line, how a line separates a plane, and 
how a plane separates space. Although the ideas are very simple, we 
cannot prove them from the postulates thus far agreed on. In order to 
facilitate their phrasing, we introduce the idea of a convex set. 


Definition 2.6 A set of points is called convex if for every 
two points P and Ὁ in the set, the entire segment PQ is in the 
set, The null set and every set that contains only one point 
are also called convex sets. 


2.5 The Separation Postulates 


The definition implies that if P and Q are any two points of a con- 
vex set T, then PO C T. A line, a ray, and a segment are examples of 
convex sets of points as Figure 2-23 suggests. Is a plane a convex set of 
points? 


δ, δ τὸ το a 


ἘΞ A Ρ B 
A Po Q B 


PQ CT ee ὁ 
Figure 2-23 


The interior of a triangle is a convex set. Figure 2-24 shows two 
choices, P;, Ps and OL Qs, for points P and 0, respectively, in the in- 
terior of the triangle and in each case the entire segment PO is con- 
tained in the set. Is the interior of the circle shown in Figure 2-24 a 
convex set? (We define interior of triangle, circle, and interior of circle 
formally in later sections.) 


However, none of the sets shown in Figure 2-25 is a convex set. In 
each instance it is possible to find points P and Q such that not all of the 
segment PO is contained in the set. 
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Let 5 be a convex set, T a convex set, and A the intersection of the 
two sets. If R is the null set or if R consists of a single point, why is Ra 
convex set? Suppose, then, that R consists of more than one point. Let 
Pand Ὁ be any two distinct points in R. Draw an appropriate figure 
to suggest the sets 5, T, R and the points P and Q. Then answer the fol- 
lowing questions. 

Why is P in the set S? In the set T? 
Why is Ὁ in the set S? In the set Τῇ 
Why is PO in the set S? In the set ΤΊ 
Why is τῷ in the set RP? 

Does this prove that A is a convex set? 
. Does this prove the following theorem? 


δ» Οὐ ye Go PO γι 


THEOREM 2.1 The intersection of two convex sets is a convex 
set. 


Figure 2-26 suggests the first of our Separation Postulates. It shows 
point A dividing or separating line | into two convex sets, § and Τὶ 


Ξ T 
B A c D : 


Figure 2-26 


No point of lis in both § and Τὶ, Point A is the only point on line | that 
is in neither 8 nor Τὶ If points B and C are in different sets (that is, if 
Be SandCeé T,orifC € SandBe 1), then BC contains point A, 
On the other hand, if points C and D are in the same set (that is, if 
CéSand ἢ Ε 8, or ΟΕ T and D€ T), then CD does not contain 
point A. 

We state these ideas formally in our next postulate, 


POSTULATE 12 (The Line Separation Postulate) Fach point 
A on a line separates the line. The points of the line other than the 
point A form two distinct sets such that 


1. each of the two sets is convex; 

2. if two points are in the same set, 
then A is not between them; 

3. if two points are in different sets, 
then A is between them. 
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Definition 2.7 Let a line | and a point A on I be given, 

1, The two convex sets described in Postulate 12 are called 
halflines or sides of point A on line 1; A is the endpoint of 
each of them. 

2. If Cand D are two points in one of these sets, we say that 
C and D are on the same side of A, or that C is on the 
D-side of A, or that Dis on the C-side of A. 

3. If Bis a point in one of these sets and C is a point in the 
other set, we say that B and C are on opposite sides of A 
on line / or that B and C are in the opposite halflines of | 
determined by the point A. 


Note that a halfline is a ray with the endpoint omitted. Although it 
is convenient to think of a halfline as having an endpoint, remember 
that a halfline does not contain its endpoint. (This use of “have” should 
not bother you since you have friends, but you do not contain them.) 
Note also that opposite halflines are collinear and that they have the 
same endpoint, 

Since there are infinitely many lines in space that contain any given 
point, it follows that although a point has only two sides on any given 
line, it has infinitely many sides in a plane or in space. Normally, we 
do not speak of the sides of a point except when a given line contains 
the point and we are discussing the sides of the point on that line. 

Postulate 13 describes how a line separates any plane containing 
the line. In Figure 2-27, we see that the points of plane a that do not 
lie on line / are separated into two sets: 


(1) those points that are on the B-side of line 1: 
(2) those points that are on the C-side of line L 


Figure 2-27 
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No point is in both of these sets and no point of line I is in either of 
the two sets. If points B and C are in different sets, then BC intersects I. 
On the other hand, if points C and D are in one set, then CD does not 
intersect line ἰ. We state these ideas formally in our next postulate. 


POSTULATE 13 (The Plane Separation Postulate) Each line I 
in a plane separates the plane. The points of the plane other than the 
points on line / form two distinct sets such that 


1. each of the two sets is convex; 

2. if two points are in the same set, then 
no point of line | is between them; 

3. if two points are in different sets, then 
there is a point of line | between them. 


Definition 2.8 Let a plane « and a line / in ἃ be given. 

1, The two convex sets described in Postulate 13 are called 
halfplanes or sides of | in plane a; | is the edge of each of 
them. 

2. If C and D are two points in one of these sets, then we say 
that C and D are on the ame side of | in plane a, or that C 
is on the D-side of |, or that D is on the C-side of I, or that C 
and D are in the same halfplane. 

3. If B is a point in one of these sets and C is a point in the 
other set, we say that B and C are on opposite sides of Lin 
plane α or that B and C are in the opposite halfplanes of ἃ 
determined by the line 1, 


Note that a halfplane does not contain its edge and that opposite 
halfplanes are coplanar and have the sarne edge. Furthermore, since 
there are infinitely many planes in space that contain any given line, it 
follows that although a line has only two sides in any given plane, it has 
infinitely many sides in space. Normally, we do not speak of the sides 
of a line except when some given plane contains the line and we are 
discussing the sides of the line in that plane. 

Figure 2-28 suggests the last of the Separation Postulates. The 
figure shows how a plane a separates the points of space that do not lie 
in plane a into two sets: 


(1) those points that are on the B-side of plane a; 

(2) those points that are on the C-side of plane a. 

No point is in both of these sets and no point of plane a is in either 
of the two sets. If points B and C are in different sets, then BC inter- 
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Figure 2-28 


sects plane α. If points C and D are in the same set, then CD does not 
intersect plane a. 

Although these space separation ideas can be proved using the 
postulates introduced up to this point we shall summarize and state 
these ideas formally as a postulate in order to simplify and shorten our 
formal development of geometry. Note the similarity of the Space 
Separation Postulate to the Plane Separation Postulate. 

POSTULATE 14 (The Space Separation Postulate) Each plane 
a in space separates space, The points in space other than the points in 
plane α form two distinct sets such that 


1. each of the two sets is convex; 

2. if two points are in the same set, then 
no point of plane « is between them; 

3. if two points are in different sets, then 
there is a point of plane a between them. 


Definition 2.9 Let a plane « be given. 

1, The two convex sets described in Postulate 14 are called 
halfspaces or sides of plane a and plane ἃ is called the face 
of each of them. 

2. If Cand D are any two points in one of these sets, then we 
say that C and D are on the same side of «, or that Cis on 
the D-side of ἃ, or that D is on the C-side of a, or that C 
and D are in the same halfspace. 

3. If B is a point in one of these sets and C is a point in the 
other set, then we say that B and C are on opposite sides 
of a or that B and C are in opposite halfspaces. 
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Note that a halfspace does not contain its face and that opposite 
halfspaces have the same face. Furthermore, although a point or a line 
has infinitely many sides in space, a given plane has only two sides in 
space. 

The statements of the Separation Postulates and the definitions 
accompanying them are lengthy. However, the ideas they convey are 
simple and can be easily described by means of figures. Briefly, the 
Separation Postulates tell us that a point separates a line into two half- 
lines; that a line separates a plane into two halfplanes; that a plane 
separates space into two halfspaces; and that these sets are convex. 
Notation. Figure 2-29 shows point A on line | and two halflines de- 
termined by point A. We may denote the halfline on the C-side of A in 
line | by the symbol ἢ, or by the symbol AC. Similarly, the halfline on 
the B-side of A may be denoted by lz or by AB. Be careful to note the 
difference between the symbol AB for ray AB and the symbol AB for 
halfline AB. Does AB = AB? Explain. 


Figure 2-29 


Figure 2-30 shows line | in plane a and the two halfplanes which 
line { determines. We may denote the halfplane on the B-side of line | 
in plane a by a, and the halfplane on the C-side of line / in plane ἃ by 
a2. Similarly, if S represents the set of all points in space, we may de- 
note the two halfspaces into which space is separated by a plane with 


2.5 The Separation Postulates 


We make use of the Separation Postulates to prove the next two 
theorems. 


THEOREM 3.3 If a segment has only one endpoint on a given 

line, then the entire segment, except for that endpoint, lies in one 

halfplane whose edge is the given line. 

RESTATEMENT: 

Given: Line / and segment AB in plane a such that / and AB have 
only the point A in common, 

To Prove: If X is any point of AB such that A—X-B, then X is on 
the B-side of 1 in plane a. 


ΕΒ 


1, Xis a point such that A-X-B. 1. Given 

2. A, X, B are distinct points. 2. Why? 

3, | does not intersect XB. 3. Why? 

4, X and B are not on opposite sides of J. 4, Why? 

5, X and B are on the same side of ἰ. 5. Plane Separation 
Postulate 


We have shown that X, which is any point of AB except point A or 
point B, is on the B-side of ! in plane a; hence every point of AB, except 
point A, is on the B-side of lin plane a. 


THEOREM 2.3 If the intersection of a line and a ray is the end- 
point of the ray, then the interior of the ray is contained in one half- 
plane whose edge is the given line. 


RESTATEMENT: 
Given: ABandline intersect in just the point A in plane a. 
To Prove: All points of AB are on the B-side of J in plane a. 
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Figure 2.32 


Proof: Let X be any point of AB such that A-B-X. 
1. All the points of AB, except A, lie on the B-side of | in plane 
a. Why? 
2.X¢1 Why? 
3. 1 does not intersect BX. Why? 
4, Xis not on the opposite side of 1 from Β, Why? 
5, X is on the same side of | as B. Why? 


Since X is any point such that A-B-X, it follows tig opp BA lies 
entirely on the B-side of I, Since AB is the union of opp BA and AB with 
A deleted, it follows that AB is on the B-side of L 


EXERCISES 2.5 


1. Prove that the intersection of any three convex sets is a convex set. 

2. There is a theorem which “extends” Theorem 2.1 to any number of sets. 
State this theorem. 

3. Is a ray a convex set? 

4. Is the interior of a ray a convex set? ee 

5. Consider the following definition of a ray: Ray AB consists of point A 
and all the points on the B-side of A on line AB. Define opp AB in a 
similar manner. 

6. Complete the following: Let AB be a segment. Then AB = AB Γι BA. 

πιὰ --- : 

Since AB and BA are convex sets it follows from [7] that [7] is a convex 
set. 

7. Let [be any line and let P and (9 be any two distinct points on ἰ If X 


is any point between P and Q, is X on line [? Why? Does this prove that 
PO is contained in I? Does this prove that every line is a convex set? 


8. = a be ne any plane and let Pand Ὁ be any two distinct points in plane a. 
) Is PO in plane a? =~ Why? 
: Is PO a subset of PO? =~ Why? 
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ic) Is PO a subset of plane αὖ = Why? 
(d) Does this prove that every plane is a convex set? 
9. The interior of each circle shown in the figure below is a convex set. 
(a) Is the intersection of these interiors a convex set? = ==Why? 
(b) Is the union of these interiors a convex set? 


10. Draw two circles in such a way that the union of their interiors is a 
convex set. 


M Exercises 11-15. In Figure 2-33, lines AB and CD intersect at E so that 
A-E-B and C-E-D. The D-side of AB has been shaded. 


Figure 2-34 


11. Copy the figure and shade the B-side of CD. 

12, Why are the two shaded halfplanes coplanar? 

13. Why is the intersection of these two halfplanes a convex set? 

14. Describe in your own words the intersection of the two shaded half- 


15. Does your description in Exercise 14 suggest a definition of “interior of 
an angle?” 


16. Let P,Q, and R be distinet points on a line (, with Εἰ and (Ὁ in the same 
halfline with endpoint P. On the basis of the given information is it pas- 
sible that P is between Ὁ and A? That O is between A and P? That R is 
between P and Q? 

17. Let P, Ὁ, R be distinct points on a line |, with R and Q in opposite half- 
lines with endpoint P. On the basis of the given information, is it pos- 
sible that Pis between Ὁ and AR? That Ὁ is between R and FP? That Ris 
between P and Q? 
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18. 


Is the union of two opposite halflines a line? Explain. 


19. Is the union of two opposite halflines a convex set? 
20. 


Is the union of two opposite rays a line? Is their union a convex set? 


21. In what respect does the set of points in ray AB differ from the set of 


27. 


28. 


29. 


31, 


9. 


points in halfline AB? 
Is the interior of ray AB the same set of points as halfline AB? 


Is the union of two opposite halfplanes a plane? Is their union a convex 
set? 


- Line /lies in plane a. Point A is on one side of in plane α. Point Bis in 


plane ἃ and is not on the A-side of | and is not on the opposite side of | 
from A, Make a deduction, 


A, B,C, X are four distinct points on line m. B and A are on opposite 


sides of X and C is on the A-side of X. Draw a conclusion about points B 
and (ὦ 


. Εὶ F, Gare three distinct points in plane a. Ε and F are on opposite sides 


of line nin plane a, If F and G are on opposite sides of line n, what con- 
clusion can you draw with regard to points G and F? 

From which postulate may we infer that a given line in a given plane 
has only two sides? 

Explain why the following statement is true: If Pand Q are any two dis- 
tinct points in halfplane a, then PO is in ay. 

A halfplane is an example of a “connected region.” A line in a plane 
separates the points of the plane not on this line into two connected 
regions. Into how many distinct connected regions do two distinct inter- 
secting lines separate the remaining points of the plane that contains 
them? 


. Into how many distinct connected regions do three distinct coplanar 


lines separate the remaining points of the plane that contains them if no 
point lies on all three lines and if each two of the lines intersect? 

Into how many distinct connected regions do four distinct coplanar 
lines separate the remaining points of the plane that contains them if no 
three of the lines contain the same points and if each two of the lines 
intersect? 

Use your answers to Exercises 29-31 to predict the number of distinct 
connected regions into which five distinct coplanar lines separate the 
remaining points of the plane that contains them if no three of the lines 
contain the same point and if each two of the lines intersect. 


- Can three distinct coplanar lines be situated so as to separate the re- 


maining points of the plane that contains them into three distinct con- 
nected regions? Four distinct connected regions? Five distinct con- 
nected regions? Six distinct connected regions? Seven distinct 
connected regions? More than seven distinct connected regions? 
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34, Drawa figure for each part of Exercise 33 to which you answered “Yes.” 

35. Figure 2-34 shows two distinct 
planes ἃ and f intersecting in 
aline I. The line Εἰς the edge of 
how many different halfplanes 
represented in the figure? 

36. Name two distinct halfplanes 
represented in Figure 2-34 that 
are coplanar, 

37, Name two distinct halfplanes 
represented in Figure 2-34 that 
are not coplanar. 

38. How many different pairs of , 
halfplanes in Figure 2-34 are Figure 2:4 
not coplanar? 

39. One plane separates the rest of space into two connected regions. Into 
how many αἰτεῖ ποι connected regions do two distinct intersecting planes 
separate the rest of space? 

40, Into how many distinet connected regions do three distinct intersecting 
planes separate the rest of space if no line lies in all three of the planes, 
if every two of the planes intersect, and if each plane intersects the line 
of intersection of the other two planes? 

41, Use your answers to Exercises 39 and 40 to predict the number of dis- 
tinct connected regions formed by four distinct intersecting planes if 
no three of these planes contain the same line, if each two of these 
planes intersect, and if each plane intersects cach line of intersection 
formed by two of the other planes. 

42. CHALLENGE PROBLEM, Construct a model to represent the situation of 
Exercise 41, Count the number of distinct connected regions formed. 
How does this number compare with your prediction? 

43. CHALLENGE ProsLeM. Extend the result of Exercise 41 to five planes. 


2.6 INTERIORS AND EXTERIORS OF ANGLES 


In Section 2.5 we introduced the concept of separation. A line in a 
plane separates the points of the plane not on the line into two half- 
planes. A picture of an angle suggests that an angle separates its plane. 
Indeed, if plane « contains 4 ABC, then all the points of « that are not 
points of 4 ABC make up two sets, one called the interior and the other 
the exterior of 4 ABC. We shall state carefully what we mean by these 
terms. 
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One of the simplest ways to think of the interior of an angle is as the 
intersection of two halfplanes associated with the angle. For 4 ABC 


¥ 
Figure 2-35 


these halfplanes are the C-side of AB and the A-side of BC, as indicated 
in Figure 2-35. Our formal definition is as follows: 


Definition 2.10 The interior of an angle, say / ABC, is 
the intersection of two halfplanes, the C-side of AB and the 
A-side of BC. 


Figure 2-36 


Definition 2.11 The exterior of an angle js the set of all 
points in the plane of the angle except those points on the 
sides of the angle and in its interior, 


Figure 2-36 illustrates both Definitions 2.10 and 2.11. 
The following theorem is easy to prove using Definition 2,10 and 
Theorem 2.3, 


2.8 Interiors and Exteriors of Angles 
THEOREM 2.4 If P is any point in the interior of 4 ABC, then 
the interior points of ray BP are points of the interior of 2 ABC. 
RESTATEMENT: 
Given; 2 ABC with P a point in the interior of 4 ABC. 
To Prove: ‘BP is in the interior of Z ABC. 


Proof: By definition of the interior of 4 ABC, 
Pis on the G-side of AB and on the A-side of 


+ Σ Ρ 

BC. By Theorem 9.3, BP is on the C-side of AB 

and on the A-side of BC. Therefore BP is in 

the intersection of these two halfplanes which, 7 pi τὴ 
by definition, is the interior of 4 ABC, Figure 2-37 


EXERCISES 2.6 


1, Copy and complete the following definition. 


The interior of Z POR is the [ΤΠ] of the halfplane that's the 
P-side of [Π and the halfplane that is the [7] of PO. 


ΙΝ Exercises 2-7 refer to Figure 2-35. 


Figure 2-55 


2. Which of the labeled points are in the interior of 4 ABC’? 
3. Which of the labeled points are in the exterior of 4 ABC? 
4. Which of the labeled points are not in the interior of 9 ABC? 
5. Which of the labeled points are in the interior of ὦ GBR? 
6. Which of the labeled points are in the interior of 4 CBD? 
7. Which of the labeled points are in the interior of 4 CBG? 
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8. Is the vertex of an angle a point of the interior of the angle? Explain. 

9. Is the vertex of an angle a point of the exterior of the angle? Explain. 
10. Is B a point of the interior of 4 ABC? Explain. 
11. Is Ba point of the exterior of 4 ABC? Explain. 

12. Suppose that A, B, C, D are four noncoplanar points. Is it possible that 
D is a point of the interior of 4 ABC? Explain. 


13. Suppose that A, B, C, D are four noncoplanar points. Is it possible that 
D is a point of the exterior of 4 ABC? Explain. 


Exercises 14-20 refer to Figure 2-39. 


Figure 2-39 


14, Make a copy of Figure 2-39 and shade the A-side of E EB with vertical 


rays ἢ {| and the E-side of AB with horizontal rays 

15. Which angle has only vertical shading in its interior? 

16. Which angle has only horizontal shading in its interior? 

17. Which angle has both kinds of shading in its interior? 

18, Which angle has no shading in its interior? 

19. Is the intersection of the two shaded portions the interior of any of the 
angles shown in the figure? If so, name the angle(s). 


20. Is the union of the two shaded portions the exterior of any of the angles 
shown in the figure? The interior? 


21. Does an angle separate the points of its plane not on the angle into two 
connected regions that do not intersect? 

22. What are the connected regions of Exercise 21 called? 

23. Draw a picture of an angle. Mark two points P and Q in the exterior of 
the angle. Does PO intersect the angle? 

24. Does your answer in Exercise 23 depend on your choice of P and Q or 
would the answer be the same for every choice of P and QO? 

25, Is the exterior of an angle a convex set? 

26. Draw a picture of an angle. Mark two points P and Q such that P is 
in the interior of the angle and Q is in the exterior. Does PO intersect 
the angle? 
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27. Does your answer in Exercise 26 depend on your choice of P and Q, or 
would the answer be the same for every choice of P and Ὁ if Pis chosen 
in the interior of the angle and Q in the exterior? 

28. CHALLENGE PROBLEM. It can be proved that if P is a point in the in- 
terior of an angle and (is a point in the exterior, then PO intersects the 
angle. The proof is difficult and there are essentially five cases to con- 
sider as indicated in Figure 2-40 where 4 ABCis the angle, P is a poimt 
in the interior of the angle, and Q1, Oz, Os, Os, Os are points in the ex- 
terior of the angle such that 
(1) τ is any point on the A-side of BC and on the opposite side of AB 

from C. 
(2) Oy is any point on opp BC. 
(3) Qs is any point on the opposite side of AB from C and on the ὁ ppo- 
site side of BC from A, 
(4) QO, is any point on opp BA, 
ae 
(5) Qs is any point on the C-side of AB and on the opposite side of BC 
from A. 
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Lae 
== 
εν Ὁ 
“a, 
Sh 
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a 
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κ΄ ἔμ χε ἡ 
Figure 2-40 


Following is an outline of a proof for case 1, a proof that if (Ὁ; is any 
point on the A-side of BC and on the opposite side of AB from C, then 
PO, intersects 4 ABC. Answer the “Whys” in this outline. 

1. Pand C are on the same side of AB. Why? 

2, Cand Q, are on opposite sides of AB. Why? 

3, Pand Q, are on opposite sides of AB. Whyt 

4. There is a point R between Fa Pand QO, on line BA, = Why? 

This means that PQ, intersects AB in in an interior point of EPO\. We wish 
now to prove that PO, intersects BA rather than opp BA, 
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30. 


31. 


5. Pis on the A-side of BC. Why? 

6. Οἱ is on the A-side of BC. = Why? 

7. The A-side of BC is a convex set. Why? 

8. All points of PQ; are on the A-side of BC. — Why? 

Therefore the point R is on the A-side of BC and on BA. Therefore R 


is on BA, and hence R is a point of 4 ABC. Therefore PQ, intersects 
2 ABC. 


| CHALLENGE PROELEM. Let the situation of Exercise 28 be given. Prove 


that PO» intersects BA. 

CHALLENGE PROBLEM. Let the situation of Exercise 28 be given. Prove 
that P(s intersects 9 ABC, 

Draw a picture of an angle. Mark two points P and Q in the interior of 
the angle. Does PQ intersect the angle? 


32. Does your answer in Exercise 3] depend on your particular choice of 


a + 
34, 


Pand Q? 

Is the interior of an angle a convex set? 

CHALLENGE PROBLEM. Use Theorem 2.1, the Plane Separation Postu- 
late, and the definition of interior of an angle to prove that the interior 
of an angle is a convex set. 

On the basis of your experiences in informal geometry try to write a 
definition of a triangle, thinking of it as a set of points. (Remember that 
a segment is a set of points and that the union of several sets of points 
is a set of points.) 


- On the basis of your experiences in informal geometry try to write a 


definition of a quadrilateral. 


2.70 TRIANGLES AND QUADRILATERALS 


Next to segments and angles perhaps the simplest geometrical fig- 


ures are the polygons, and the simplest polygons are the triangles, You 
all know what a triangle looks like. It has three sides and three angles. 
A drawing of a a (Figure 2-41) shows its three sides, which are 
the segments AB, BC, and CA. 


Cc 


Figure 2-41 


2.7 Triangles and Quadrilaterals 


On the other hand, the angles of a triangle are not shown completely 
in a picture of the triangle. In Figure 2-42, however, there are pictures 
showing the angles of a triangle. A picture that does show all the angles 
of a triangle is not a picture of what is usually meant by a triangle. 


AABC and LA AARC and LB 


AABC and ὁ ἢ 


The following definition is worded carefully so that it says exactly 
what we want it to say. 


Notation. The triangle which is the union of the segments AB, BC, 
CA is denoted by AABC. 


An alternate definition which you might prefer is as follows. 


Definition 3.13 If A, B, C are three noncollinear points, 
then the union of the segments AB, BC, CA is a triangle. | 


> A triangle js the union of the three segments determined by 
three noncollinear points. 


This is an acceptable definition since we have agreed {in Section 
2.3) that “if A, B, C are three distinct points, then the segments de- 
termined are AB, BC, and CA.” 
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Definition 3.18 Let 4 ABC be given. 

1. Each of the points A, B, Cis avertex of AABC. 

2. Each of the segments AB, BC, CA is aside of AABC. 

3. Each of the angles 4 ABC, 4 BCA, “CAB is anangle of 
AABC, 

4. A side and a vertex not on that side are opposile to each 
other. 

5. Aside and an angle are opposite to each other if that side 
and the vertex of that angle are opposite to each other. 


Note that a triangle contains its vertices and its sides but that it does 
not contain its angles. An angle of a triangle is not a subset of the tri- 
angle. It is customary to speak of the “angles of a triangle” or “the 
angles determined by a triangle,” but it is incorrect to refer to them as 
“the angles contained in the triangle.” Remember that whereas a tri- 
angle has angles, it does not contain them, (In this connection it might 
be helpful to think of a farmer who has farms and barns but does not 
contain them, or of a man who has a car and a house and lot but does 
not contain them!) 

Figure 2-43 illustrates the interior of a triangle and the interiors of 
the angles of a triangle. 


ria 
AASC, £8, interior of ΒΕ 


Cc 


AABC, δ, interior of δ AABC, interior AARC 
Figure 2-43 


2.3 Triangles and Quadrilaterals 


|| Definition 2.14 The intersection of the interiors of the 
three angles of a triangle is the interior of the triangle. 


Definition 2.15 ὙΠῸ exterior of a triangle is the set of all 
paints in the plane of the triangle that are neither points of 
the triangle nor points of the interior of the triangle, 


In Figure 2-44 the interiors of “ Aand ¢ Bare shaded. Note that 
the intersection of these interiors is the interior of the triangle. 


This suggests the following theorem. 


THEOREM 3.5 ‘The intersection of the interiors of two angles of 
a triangle is the interior of the triangle. 


Proof: Let A ABC be given. Let X be any point in the intersection of 
the interiors of any two of its angles, say 4 A and / B. 
X is on the B-side of AC because it is in 
the interior of / A, 
X is on the A-side of BC because it is in 
the interior of / B. 
X is in the interior of 4 C because it is on 
the B-side of AC and the A-side of BC. 


This proves that if a point is in the interiors of two angles of a tri- 
angle, then it is also in the interior of the third angle. Therefore the in- 
tersection of the interiors of two angles of a triangle is contained in the 
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interior of the triangle. Since the interior of the triangle is the inter- 
section of the interiors of all three angles, it follows that the interior of 
the triangle is contained in the intersection of the interiors of any two 
of its angles. Therefore the interior of the triangle is contained in, and 
also contains, the intersection of the interiors of any two of its angles. 
Therefore the interior of the triangle is the intersection of the interiors 
of any two of its angles. 


Consider any three noncollinear points A, Β, C in a plane a anda 
line 1 in a which does not contain A or B or C but which does contain 
an interior point of AC as shown in Figure 2-45. 


c 


A B 
Figure 2-45 


1, Bis either on the C-side of | or on the A-side of | in plane a, 
Why? 

2. If Bis on the C-side of I, then 1 intersects AB in a point in the 
interior of AB. Why? Does 1 intersect BC in this case? Why? 

3. If B is on the A-side of |, then 1 intersects BC in a point in the 
interior of BC. Why? Does 1 intersect AB in this case? Why? 

4. Does this prove the following theorem? 


THEOREM 2.6 If a line and a triangle are coplanar, if the line 
does not contain a vertex of the triangle, and if the line intersects 
one side of the triangle, then it also intersects just one of the other 
two sides. 


Triangles have three sides. Quadrilaterals have four sides. By quad- 
rilaterals we mean some, but not all, plane figures that are made up of 
four segments as suggested by Figure 2-46. 

Try writing a definition of quadrilateral before reading further. 
Then compare your definition with the following definition which we 
adopt for our formal geometry. 
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162472 
ἘΠ ae 


Not quadrilaterals 


Figure 246 


Definition 2.16 Let A, B,C, D be four coplanar points such 
that no three of them are collinear and such that none of the 
segments AB, BC, CD, DA intersects any other at a point 
which is not one of its endpoints. Then the union of the four 
segments AB, BC, CD, DA is a quadrilateral. Each of the four 
segments is a side of the quadrilateral and each of the points 
A, B, C, Dis a vertex of the quadrilateral. 


Is it possible that four given points are the vertices of more than 
one quadrilateral? Figure 2-47 shows that this is indeed possible. Think 
of the figure as four different pictures of the same four points, The sec- 
ond, third, and fourth pictures show different quadrilaterals with the 
same vertices. 


c Ἢ c c 

ΠῚ 

D 

* | . | WN 
ΠῚ ΓῚ Ἵ 
A Ε A 5 A B A ΕΒ 


ABDC ABCD ADBC 
Figure 247 


To name a quadrilateral using the names of its vertices, and to do 
it so that we know which segments are its sides, the names of the ver- 
tices are so arranged that (1) letters adjacent to each other in the name 
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of the quadrilateral are names of the endpoints of a side of the quadri- 
lateral and (2) the first and last letters in the name of the quadrilateral 
are names of the endpoints of a side of the quadrilateral. 

Note that if ABCD is a quadrilateral, then BCDA is the same quad- 
vilateral. Give several additional names for this quadrilateral. Notice 
also that ABCD and ACBD are not names for the same quadrilateral. 


EXERCISES 2.7 


1, Copy and complete the definition: If A, B, C are three [7] points, then 
is the triangle denoted by AABC. 

2. Name the side which is opposite to 4 ABC in AABC. 

3. Name the angle which is opposite to side AB in AABC, 


In Exercises 4-10, let AABC be given, State whether or not the given set 
is a subset of AABC, 


4. AABC 8, ABU BC U CA 
5. Interior of 4 ABC 8, ABN BCN CA 
6. Interior of AABC 10. {A, B, ΟἹ 

7. AB 


In Exercises 11-15, let AABC be given. Let 5 denote the union of AABC 
and its interior. State whether or not the given set is a subset of 5, 

11. Interior of 4 ABC 

12. (Interior of “ ABC) M (Interior of 2 BCA) 

13. (ΛΒ, BC, CA} 

14, ABM BC CA 

15. AB ΓῚ (Interior of AABC) 

In Exercises 16-19, let A ABC be given. Let t Hh, Ho, Hy; denote th the follow- 
ing halfplanes, respectively; the A-side of BC, the B-side of CA, and the 
C-side of AB. Express the given set in terms of these halfplanes. 


16. Interior of 4 ABC 18. Interior of 4 CAB 
17. Interior of 4 BCA 19, Interior of AABC 


In Exercises 20-24, let the same situation as in Exercises 16-19 be given, 
State whether or not the given set is a subset of the exterior of A ABC, 
20. The interior of of the τὰν ἃ, BC 

opposite to BC = 23. BC 
21. The ray opposite to BC 24. The opposite halfplane from Ἧι 


2.1 Triangles and Quadrilaterals 


25. Draw a picture of a triangle and a line so that 
(a) their intersection is one point; 
(b) their intersection is exactly two points; 
[Ὁ] their intersection consists of more than two points. 
26. Can a line intersect a triangle in exactly one point which is not a vertex? 
Thustrate. 
27. What is your answer to Exercise 26 if the line and triangle are contained 
in the same plane? 
. Can a line intersect a triangle in exactly three points? 
. Name all of the triangles shown in the figure. 


oe 


30. If A, B, C are the vertices of a triangle, prove that there is a point of 4 A 
that is not a point of the triangle. 


31. If A, B, C are noncollinear points, is the following statement true? 
AABC=(ZAN ZB)UL(ZAN ZOVU(ZBN ZO). 

32. Let AABC with points P and (9 such that A-P-B and A-Q-C us in the 
figure be given. To prove that A ABC is not a convex set of points, it is 
sufficient to show that there is a point X of PO which is not contained 
in AABC. Let X be a point of PO such that P-X-Q. 


(a) X ¢ AC. : 
(b) X¢ AB. Why? 
(ce) X ¢ BC. Why? (Hint: Use Theorem 2.6.) 
Does this prove that a triangle is not a convex set? 
33, Is the exterior of a triangle a convex set? Illustrate with a figure. 
34, Is the interior of a triangle a convex set? Explain why. 
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For Exercises 35-38 draw a triangle, AA BC. 


35. Mark a point that is in the interior of “A and in the exterior of the 

36, Mark a point that is in the interior of 4 A but is neither in the interior 
nor the exterior of the triangle. 

37. Mark a point in the exterior of the triangle that is not in the interior of 
any of the angles of the triangle. 


38. Can you mark a point that is in the interior of ΖΑ and is in the interior 
of 2 B but is not in the interior of “ C? Why? 


In Exercises 39-42, let quadrilateral ABCD be given. 

39. Is it possible that D is an element of BC? 

40. Is it possible that D is an element of the interior of 4 BAC? 
41. Is it possible that D is an element of the exterior of 2 BAC? 


42. Is it possible that the interior of AABC is a subset of the interior of 
AADC? 


43. Prove that every plane contains a quadrilateral. 
44. Prove that any three vertices of a quadrilateral are the vertices of a 
triangle. 


2.8 PROPERTIES OF EQUALITY AND NUMBER OPERATIONS 


In preparation for Chapter 3, which involves some algebra, we con- 
clude Chapter 2 with several sections devoted to a review of elemen- 
tary algebra. Chapter 3 contains many equations, that is, statements 
of equality. Following are some basic properties of equality and num- 
ber operations that are useful in working with equations involving 
numbers, 


Substitution Property of Equality. In any statement about some 
thing (physical object, number, point, line, idea, etc.) one of the 
names for that thing may be replaced by another name for the same 
thing. If the original statement is true, then the statement with the 
substitution made is also true. If the original statement is false, then 
the statement with the substitution made is false. 


Recall that A = B means that A and B are names for the same 
thing. The substitution property tells us that we may replace A by Bin 
any statement about A without changing the truth or falsity of the 
statement. ; 


2.8 Equality and Number Operations 
Example Consider these two statements: 
(1) 7=24+5 
Q) 344=7 
From (1) and (2) it follows by the substitution property of equality 
that 
3+4+4=-2+4 5. 
Reflexive Property of Equality. For any thing a, a = a. 


Symmetric Property of Equality. For any thing a and for any thing 
b, if a = b, then b = a. 


Transitive Property of Equality. For any things a, b,c, ifa = band 
b = c, thena Ξξ Ὁ. 


Addition Property of Equality for Numbers. If a, b, c are real num- 
bers, andif a = ἃ, then 
a+c=—b + ¢. 
More generally, if a, b, c, d are numbers such that a = bande = ἡ, 
then 
a+te=b+d and a—c=b—-d. 
(It is appropriate to include subtraction here since each difference 


can be expressed as an addition. Thus a — ¢ = a + (—e), Also if 
c= d,then —c= —<.) 


Multiplication Property of Equality for Numbers. If a, b, ¢ are 
real numbers and if a = b, then 


ac = be, 


More generally, if a, b, c, d are numbers, and if a = b and = d, 
then 


ac = bd, 
and if αὶ ξέ 0, d= 0, then 

a_b 

e Εἰ" 


(It is appropriate to include division here since cach quotient can 
be expressed as a product . Thus © = a- 1 Also, ife = d,¢ 0, 
ὃ 


d+0, then ἶ -- 1) 
c a 
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Commutative Property of Addition. If a and b are real numbers, 
then 
a+b=b+a. 


Commutative Property of Multiplication, If « and b are real num- 
bers, then 
ab = ba. 


Associative Property of Addition. If a, b, c are real numbers, then 
(a+b) +e=a+4 (b+ ce). 


Associative Property of Multiplication. If a, b, ¢ are real numbers, 
then 
(abye = a{be). 


Distributive Property of Multiplication over Addition, If a, b, ¢ are 
real numbers, then 


ab+ ec)=ab+ac and (a+ bc = ac + be, 


EXERCISES 2.8 


Β In Exercises 1-20, name the property that justifies the given statement. 


SrFrentpe ye 


_— 
Ξε 


. fx=Sand x= y, then y = 5. 


lfx= Sand5 = y, then x = y. 

ie 

If AB = CD, then CD = AB. 
fF3=xand4= y, then3d+4=-27+ y. 
If 3 = x and 4 = y, then 12 = xy, 


. If αὶ is a coordinate system, then § = S. 
~lfx+y=zandifx=a + b, then (a + b) + y = 5. 
. Ifue = wandifa + b = wande +d = v,then{a + bye + d) = w. 


, 1.“ = ες, thena = ch. 


b 


._ lfa+ b= e, then (a + b) + (—b) = δ + (—B). 
: if 2— > — 6 then x — 5 = 6k — 0). 


k-—0O 


8)5=—2-543-5 
34 + 7) = (2 + 3)4 + (5 - 5)7 
2-3) 47=3+4(2°3+7) 


2.9 Solving Equations 83 


18 5+x=%x45 
19, 34+ (44+ 7) =34 (74+ 4) 
20. 37 + x) = (7 + x3 


2.9 SOLVING EQUATIONS 


The properties of equality and number operations are useful in solv- 
ing elementary equations. 


Fxample 1 Solve forx: x + 3 -- 52. 


Solution: 
x+3= 52 Given 
x= 49 Addition property (Add —3) 


Example 2 Solve forx; 3x —5 = Tx + ἢ, 


Solution: 
ἂν —5= Tx+ 2 Given 
3x = Tx+ 7 Addition property (Add 5} 
—4r=7 Addition property (Add — Τα 
co a Multiplication property (Mult. 
᾿ by -ἢ 
Example 3. Solve for x: a2 = ae 
Solution 
ἜΡΩΣ 3 iven 
12(x — 5) = 10{x + 8) Multiplication property (Mult. 
by 120) 
12x — 60 = 10x + 80 Distributive property 
12x = 10x + 140 Addition property (Add 60} 
Qn = 140 Addition property (Add — 10x) 
z= 70 Multiplication property (Mult. 


by ἢ) 
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Example 4 Solve for x; 2— 5 = 2. (x τῇ ἢ 


χ-- 
Solution: 
t=3 Ὁ Given 
x=— 7 5 
&(x — 5) = 5(x — 7) Multiplication property (Mult, 
by 8(x — 7) 
Se — 40 = 5x — 35 Distributive property 
sxc= 5 Addition property (Add 
( — 5x + 40)) 
ace Multiplication property (Mult. 
ΒΕ Σ 1 
3 by 3) 
Example ὅ Solve for ἃ: ate ΓΞ ὅτ: + 5x. 
Solution: 
a Φ-Ὶ δ Given 
a(x Ὁ 5) = 2(x — 1) + 30x Multiplication property (Mult. 
by 6) 
Ox - 15 = 2x — 2 + 30x Distributive property 
—29x = —17 Addition property (Add 
(—32x — 15)) 
_ ii Multiplication property (Mult. 
= — 
29 by —) 


Although the list of properties does not explicitly include the divi- 
sion and subtraction properties of equality for numbers, they are in- 
cluded implicitly. For example, dividing by 7 is the same as multiplying 
by 4, and subtracting 5 is the same as adding —5. In Example 1 you 
could think of subtracting 3 and justifying it by the subtraction prop- 
erty instead of adding —3 and justifying it by the addition property. 
In Example 2 you could obtain the last step from the preceding step by 
dividing by —4 and justifying it by the division property instead of 
multiplying by —{ and justifying it with the multiplication property. 
Note, however, that the multiplication property does not permit us 
to divide by 0, since 0 is not the reciprocal of any number. 


2.9 Solving Equations 
Example 6 Solve for x: a(x + αι = 5, where a= 0. 


Solution: 
alx +- x4) = 5 Given 
r+ = = Division property (Divide by a) 
t= 3. ἢ — property (Subtract 
a Χὶ 


EXERCISES 2.9 


In Exercises 1-20, solve for x. Name the properties that justify the steps in 
your solution. Express your answer in simplest form. 


Loxr+3=>2r+4 11, 4x — 5 = 14χ — 75 
2 dx—-4=4x « ἃ ἃ -- ὃ x’ -- (--ϑ) 
13. — ἘΞ 7 
ὃ. χε 2χ.} -1—3 -ο-ΟἸῦ -- {--Β) 
4. 0,75x = 100 I3.x+4=40-—k 
3. dix — 64) — 35 14. Ae EO 1 .-- —3) 
6 Ὁ 17 _. c= 0 
= ere 15, G(x + 15) = Bix + 15) 
Ξ ΞῈΞ Dol 16, 3x + 15) + 2(x + 16) 
x+ 100 _ : 
ee ee 17. ag = 0 (5 τῇ 100) 
“8-5 -ὁ - (-- ΠῚ ᾿ς Ζ:-ὶ 50 x+50 
Se a ν5.8 1g ΤΠ 
ΤΩ =o 19, —1 — (—2) = -α- ἡ 
19, 2=10_ _ k-0 20, 0.3x + 0.8x = 290 


ἘΞ} SE ee Ba 


In Exercises 21-40, solve for x. Express answers in simple form, 


51, 3r4+5=—0 ey ἢ 
26, a 

22, δίς — 1) + Q(x — ἢ = δὰ ἘΞ 8 ΤῸ 

23. δχ - Ἶ = ϑ(χ. - 9 -- δ he πε ΟἽ 

τ az 3 1 γ-. ἢ 

gg 3.--3 51-ἹὉ φῃ. 3:1 τ--32 


7 8 2 3 
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Sa—1 Sr—2 $6. 5x — 3 = 3k +4 
30, ——=} = ——— 
6x—7T 6Gr—8& ΒΞ χ--1 k+2 
31. x+ 3y=0 ee ἢ 
32. 3a ἘΠῚ = ἢ 38. dx — 5 = Gx, + ἀχὰ 
l 1 *— ἃ a 
3d, —x + > =! a. — ᾿ = — 
10 57 a2 — Ty 7 
ils πηροῦ ες O24 5.5 
35. 5(α -- 3) = 31. 4) 7—5 


2.10 EQUIVALENT EQUATIONS 


In solving an equation we find the number (or numbers) that 
“satisfies” the equation. Such a number is a root of the equation. In 
Example 1 of Section 2.9 the root of the equation 


is 49. Note that 49 satisfies the equation since 49 + 3 = 52 is a true 
sentence and that no other number satisfies the equation. The set of 
all roots of the equation x + 3 = 52 is 
{49} 

since 49 is the one and only root of the equation. {49} is the solution 
set of the equation x + 3 = 52, 

In each example of Section 2.9 we used properties of equality and 
number operations to obtain other equations that have the same solu- 


tion set. Equations that have the same solution set are called equivalent 
equations. Note in Example 2, for instance, that 


ἂχ — 5 = Tx + 2, 


ax = Tx + ΤΕ 
—4x — 7, 
and 
εἰς 3 
sigue 


are four equivalent equations. The solution set of each of them is 


(3 
rai 
Sometimes the properties of equality and number operations are 
used to produce equations not equivalent to the given equation. 


2.10 Equivalent Equations 


Example 1 

ἘΞ Ὁ Given 

0=0 Multiplication property (Mult. by 0) 
It is true that 


if x = 5, then 0 = 0. 


Indeed 0 = 0 is a true sentence regardless of what may be true about x. 
The solution set of x = 5 is obviously {5}. The solution set of 0 = 0 
is the set of all real numbers. Even though it is true that 
if x = 5, then 0 = 0, 

it is not true that 

x = 5 and 0 = 0 are equivalent equations. 
When we went from x = 5 to 0 = 0, we went from an equation with 
one root to an equation with infinitely many roots. We did not lose any 
roots, but we certainly gained many of them! 


Example 2 
χ ΞΞ tae] 
a(x — 2) = (x — 2) + I(x — 2) 
ἃ —Qv=x—2+2r-—2 
x*— 2x = 2x — ἃ 
x —4x+4=0 
(x — 2)? = 0 
x—2=0 
a 


In this example we gained a root somewhere along the way. The 
solution set of x = 2is obviously {2}, but 2 is not a root of the original 
equation. Why? The solution set of the given equation is the null set. 
If we try to reverse the steps in this “solution,” we can justify each step 
except the last one. Given x = 2, we cannot justify going from 


a(x — 2) = (x — 2) + I(x — 2) 


tox = 42> : + I by dividing by x -- 3, The multiplication property 
x —- 
permits us to divide by any number except 0 and x — 2 = Oifx = 2. 


ΒΥ 
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Example 3 
x2 = Gx 
z=3 


In this example we multiplied both sides of x* = 3x byt (or divided 


both sides by x). In doing this we lost a root. How did this happen? Di- 
viding by x is legal except if x = 0. Is 0 a root of the given equation? 
Is 0? = 3-0? Yes, it is. The solution set of the given equation is {0,3}. 
The solution set of x = 3 is {3}. The equations x* = 3x and x = 3 
are not equivalent equations. 


In solving an equation through a sequence of equations it is advis- 
able to check each step for a possible loss of roots. If there is a value of 
xthat might be lost as a root (as 0 is lost in going from x* = 3xtox = 3 
in Example 3), it should be identified and checked by substitution in 
the original equation. Of course, it is a root if and only if it satisfies the 
original equation. 

To make sure that no roots are gained in the solution process you 
may (1) check each root of the final equation by substitution in the orig- 
inal equation or (2) check to see if the equations can be obtained in re- 
verse order without a loss of roots at any step. If there is no loss going 
backward, there is no gain going forward. If a root is lost going back- 
ward, it was gained going forward, and hence is not a root of the given 
equation. In Example 2 we have a sequence of equations and there is 
no loss of roots in going forward. When we reverse the steps, there is 
no loss of roots at any step until the last one. 2 is a root of 


a(x — 2) = x— 2 +4 1{τ-- 2) 


but not a root of κει κ 
<— ἃ 


2 is lost as a root going backward; it was gained as a root going forward. 


Example 4 

ἀξ τοῦ Given 

x—T 

x—T=x-—T7 Multiply by x — 7 
0=0 Subtract x — 7 


In this example we have a sequence of three equations and the so- 
lution set of the last one is the set of all real numbers. In reversing the 


2.10 Equivalent Equations 


steps we do not lose any roots until the last step. To get 


ἡ ταν ἢ 
—__—— = | 
f— 7 


from x — 7 = x — 7 we divide both sides by x — 7, and this is not 
permissible if x = 7. Checking, we see that 7 is not a root of the given 
equation. The solution set of the given equation is the set of all real 
numbers except 7. 


Example 5 (1) 4 F a7 
τ -- 


(2) μ--8- 1 -- 9) 


In this example there are two variables, x and y. In Equation (2) 
we may wish to think of x as the independent variable and y as the de- 
pendent variable. A Solution of Equation (2) is an ordered pair of num- 
bers (a, b) such that Equation (2) is satisfied when x is replaced by a 
and y is replaced by b, Thus (3, 9) is a solution of Equation (2) since 


9-- 2 -- 7/3 — 2) 
is a true sentence. 
If we solve Equation (2) for y, we get 
y=2+ix—2) or y= ix— 12, 


Let a be any real number whatsoever. Then x = aand y = 7a — 12 
satisfy Equation (2). For upon substituting a for x and 7a — 12 for " 
in (2) we get 

(7a — 15) -- 2 = 7a — 2), 


which is a true sentence, Indeed, the set of all ordered pairs 
(a, ἴα — 12), where a is a real number, is the solution set of Equation 
(2). Any other letter can be used for the symbol @ here. Thus we could 
say. if we wish, that the solution set of (2) is the set of all ordered pairs 
(x, 7x — 12), where x is real. 

Is the set of all ordered pairs (a, 7a — 12) also the solution set of 
Equation (1)? Let us check. Substituting @ for x and 7a — 12 for y in 


Equation (1), we get 
(Ta — 12) — 2 _7 


a—2 


b J 


or after simplifying, fan = 7. This is a true statement for every a 
a=— 
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with one exception. It is not true if @ = 2. The solution set of (1) is the 
set of all ordered pairs (a, 7a — 12) for a Ξέ 2. Equations (1) and (2) 
are not equivalent. 

Some of you have graphed equations like (2). You know that its 
graph is a line. What is the graph of (1)? The graph of (1) includes all 
the points of the graph of (2) except the point with abscissa 2, that is, 
the point (2, 2). The graph of (1) is the union of two opposite halflines, 
or to use a bit of informal language, a line with a hole in it. 


EXERCISES 2.10 


In Exercises 1-20, check by substitution to see if the given value of x is a 
root of the given equation, 

1. @4+5¢4+625=0,*%=1 

2045+ 625=0*= --ΘἬ 

3. χ + δὰ + 6.25=-0,% = —2.5 

4. 3(x — 5) + Tix — 5) = 10x -- 5), x =5 

5. Xx — 5) + T(x — 5) = 10{x — 5), x= 5.1 

6. x — 5) + T(x — 5) = 10x — 5), x = 1978 

q 2-2 _ 2x+3 


g, Ho? — 3:8... 


ἢ, x—2 oe SES oe - —1.5 


Sx—6 G49 
[ x—2 ax+ ἃ 

. —— ,x = 1000 
ie a 
11 ae Ξ. χπ-ῬΡ 


ΞΞ ~x=ed 

x+l1 x—1l1 z_ | 

sie x+l1 χ-- 1 1... 1 
ed πριν 8. πε 


2.10 Equivalent Equations 51 


7 —% x+3 x—4_ - 
me <2 rhe aac μα 


! —2,*+3 , --4 

18, ——=— p= 4,2 = 

8 to kee eee 
x—2 +3 οὐρεῖν ὍΝ =4 


x—2 χα x—4_ ὯΝ ἢ 
τὸν a tee τε ΡΞ - 


In Exercises 21-30, check to see if the two given equations are equivalent. 
If they are not equivalent, state whether there is a loss or gain of roots in 
going from the first equation to the second one. 

21. χα = --ὃχ χε. ὃ 

22. as — 3. i= 1.5 


Φῆ, χτ- ΚΒ, 22 = 95 
24. x= 5, τὸ = Sr 
25.27=-5,7-—l=4 


χ.--. x-3 i Ὁ 
Ἐπ . d(x — 3) = 3ix — 3) 
x—2_ x-3 x—2_3 
ig ane - 4 *x-3° 4 
zx—2 χ- ἃ z—3 4 
lam ᾽χ--ἢ 3 


| In Exercises 31-35, find an ordered pair of real numbers that satisfies the 
second of the given equations but not the first. 


81. 47 = 5,y~2= δὲ 
y—2 1 - ἃ 


— 
— 


= 3 5-—3 


y-4_ «ὦ 
ods ΠΣ Ξε συ 4-0 


32. y-2= 2-3) 


34. 4” = 1, 2x—y+10=0 


5. 
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In Exercises 36-45, find the solution set of the given equation. 


36, ὃχ -- ἀκ = 8 —5 
37. 3x — 2) + Τὰ — 3) = 50 


4). x—l=x-—28 
41, 2x — 2 = 3(χ — 1) 


*— ἢ zr— a3 
x—Z_< 
44, ἘΞ Ὁ 
c— x— ἃ x—3 


CHAPTER SUMMARY 


There were three BETWEENNESS POSTULATES and three SEP- 
ARATION POSTULATES in this chapter. We list them below by name 
only, Try to state each of them in your own words. Draw a picture illustrat- 


ing what each postulate says. 


9. THE A-B-C BETWEENNESS POSTULATE, 

10. THE THREE-POINT BETWEENNESS POSTULATE. 
11, THE LINE-BUILDING POSTULATE, 

12, THE LINE SEPARATION POSTULATE. 

13, THE PLANE SEPARATION POSTULATE. 

14. THE SPACE SEPARATION POSTULATE. 


The following concepts were defined in this chapter. Be sure that you 


know all of them. 


SEGMENT 
INTERIOR OF A SEGMENT 
RAY 

INTERIOR OF A RAY 
OPPOSITE RAYS 

ANGLE 

INTERIOR OF AN ANGLE 
EXTERIOR OF AN ANGLE 
TRIANGLE 

INTERIOR OF A TRIANGLE 
EXTERIOR OF A TRIANGLE 
QUADRILATERAL 


TWO SIDES OF A POINT 
ON A LINE 

TWO SIDES OF A LINE 
IN A PLANE 

TWO SIDES OF A PLANE 
IN SPACE 

HALFLINE 

OPPOSITE HALFLINES 

HALFPLANE 

OPPOSITE HALFPLANES 

HALFSPACE 

OPPOSITE HALFSPACES 


Review Exercises 


A set of points is called CONVEX if for every two points P and Q in 
the set, the entire segment PO is in the set. The null set and every set of 
points that contains just one point are also said to be convex. Each of the 
following sets is a convex set: segment, ray, line, plane, halfline, halfplane, 
halfspace, interior of an angle, and interior of a triangle. 

Six theorems were stated and proved in this chapter. Study them again 
so that you know and understand what they mean. 

The last part of this chapter contains a review of elementary algebra. 
You should know and be able to use the properties of equality and number 
operations that are useful in solving equations. 


REVIEW EXERCISES 


In Exercises 1-15, indicate whether the staternent is true or false. 


1, If points A, B, C and line / are in the same plane, and if A and B are on 
the opposite sides of |, then C must be either on the A-side of J or on the 
B-side of L 

2. If B and C are two distinct points on the same side of line n in plane a, 
then every point of BC is on the B-side of n. 

3. If A-B-C (point Bis between points A and (ΟἹ and B-D-C, then A-D-C 
and A-B-D, 

4. If R-S-T and Q-S-T, then R-Q-S and R-Q-T. 

9. If points R and 5. are on opposite sides of line m in plane a and points 
Rand T are on opposite sides of m, then 5 and T are on the same side 
of m, 

. The betweenness relations R-S-T and R-U-T uniquely determine the 
order of the points A, 5, T, U ona line. 

i. If two rays intersect, they have one and only one point in common. 


a 


15. If point B is between points A and C, then BA and BC are opposite rays. 
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@ Exercises 16-20 refer to Figure 2-48. 


A 


Β 
Figure 2-48 


16. How many angles are determined by the segments shown in the figure? 

17. How many triangles are determined by the segments shown in the fig- 
ure? Name therm. 

18. Point E is in the interior of two angles. Name them. 

19. Only one of the labeled points in the figure is in the interior of each of 
three different angles. Name the point and name the three angles. 

20. Two of the labeled points in the figure are not in the interior of any of 
the angles. Name them. 


21. Draw AABC. Mark ἃ point D such that D is between A and B. Mark 
a point E such that B is between C and E. 
(a) Does ED intersect AB? = Why? 
(b) Does ED intersect BC? Why? 
(c) Does ED intersect AC? Why? 
22. Define the interior of 4 POR. 
23. Given: Line [=> line πὶ. 
Point C is between points A and B on line L 
Point C is between points D and E on line m. 
Point G is between points C and E. 
Point F is between points A and E. 
(a) Which point (C, G, or ΕἾ isin the interior of 4 ACE? 
(δ) Indicate whether each of the following is true or false. 
(1) Point F is on line Ϊ, 
(2) Point F is on line mi. 
(3) Point F is a point of 4 ACE, 
(4) Point C is a point of 2 BCE. 
(5) Line FG does not intersect AC. 


Review Exercises 


24. If r, s, ἐν w are four distinct coplanar rays having a common endpoint 
and if no two of the rays are collinear, how many angles are formed by 
these rays? 

25. Which of our postulates guarantees that a halfplane is a convex set? 

26. Is the intersection of two convex sets always a convex set? 

27. Explain why the interior of an angle is a convex set. 

28. Is a line with one point deleted a convex set? 

29. Is the union of two convex sets always a convex set? 

30. Describe two convex sets whose union is a convex set. 


In Exercises 31-35, solve for x. 

31. 3x — 5 = Tx — 25 

32. 2(x — 5) = 3x — 5 

a. —= u ΕΝ ι-3-5 

34, 1.75x = 17.50 

30. x— 1 + Bix — 1) = 17|χ — 1) 4 14 


In Exercises 36—40, find the solution set, 
36. x+x= 22 
on. x-l=a=x4+2 


πῇ ee | 
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Distance 
and Coordinate 
Systems 


3.1 INTRODUCTION 


At this point in our formal geometry we have no postulates con- 
cerning the sizes of objects. We have no basis for saying how big an 
object is or even for saying that one object is bigger than another. Al- 
though the word “size” is often used in informal speech, it is not in the 
official vocabulary of formal geometry. Instead, we talk about the 
length of a segment, the measure of an angle, the area of a rectangle, 
the volume of a sphere, the distance between two points, and so on. 

In elementary mathematics it is customary to draw a horizontal 
number line with numbers increasing from left to right and a vertical 
number line with numbers increasing in the upward direction. In some 
applications it may be more convenient to order the numbers from 
right to left or from up to down. A number line, such as the one in Fig- 
ure 3-1 in which the numbers increase from left to right, is a good de- 
vice for illustrating certain relationships among real numbers. One of 
them is the order relation. The fact that 3 is greater than | is consistent 
with the fact that 3 is to the right of 1 in Figure 3-1. The fact that 1 is to 
the right of —2 agrees with the fact that 1 is ¢reater than —2. 


—{ -ῷ -ἴὖἴ =-—1 61 2 8 4 § 6 Figure 3-1 
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Another relationship is based on the betweenness relation for real 


numbers, Since + is between τ and 2, the point marked + lies 


between the points marked : and Ξ on the number line shown in Fig- 


ure 3-2. 


j= 
| 
i | ba 


Figure 2 


This chapter is about distance and coordinate systems. We begin by 
considering the distance between two points. The idea of a coordinate 
system on a line is an extension of our ideas about a number line. Co- 
ordinate systems are useful in developing the properties of distance. 


3.2 DISTANCE 


Asking “How long is a certain segment?” is equivalent to asking, 
“How far apart are the endpoints of that segment?” In the world of 
real objects we can answer the question, “How far apart?” by using a 
physical ruler. We might determine that two points P and ᾧ are 2 yd. 
apart, or 6 ft. apart, or 72 in. apart. 

To make a physical ruler graduated, say, in inches, we must know 
what 1 in. is. We must have a segment 1 in. long. In the United States 
the accepted relation between inches and meters is 39.37 in. = 
1 meter. For many years the meter was described officially by two 
marks on a platinum-iridium bar kept in France. These marks repre- 
sented the endpoints of the segment that was the official meter, Al- 
though the modern standard for measuring distances is now based on 
the wavelength of a certain kind of light, the idea that a given segment 
may be a standard or unit for measuring distance is important in our 
geometry. In the remainder of this section we discuss informally some 
of the basic properties of distance and then state these properties for- 
mally as postulates. 

Given any segment, say PO, we could agree that this segment is the 
unit of distance. Thus we might start with a given stick and say, “Let 
the distance from one end of this stick to the other end be 1, and let 
us call this unit of distance the “stick.” Then the given stick or unit is 
the basis of a system of distances which we might call the stick-system. 
In this system the distance between any two different points is a posi- 
tive number. In particular, the distance between the endpoints of the 
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unit stick is 1, If the distance between points A and Sis 3 in this system, 
this means that R and S are 3 times as far apart as the endpoints of the 
unit stick. If the distance between points U and Vis 1] in this system, 
this means that U and V are just as far apart as the endpoints of the unit 
stick. 

Speaking more formally, each segment PQ determines a distance 
function. The domain of this function is the set of all segments, or if 
you prefer, the set of all pairs of distinct points. The range of this func- 
tion is a set of positive numbers. Itis convenient in developing the con- 
cept of distance to take the distance between a point and itself to be 0. 
Then the domain of a distance function is the set of all pairs (not neces- 
sarily distinct) of points and the range is a set of nonnegative numbers 
including ἢ, Later, after we adopt the Ruler Postulate, it will be obvious 
that the range is the set of all nonnegative numbers including 0. 

Our first Distance Postulate is related to the idea that any stick can 
serve as a unit of distance. We might develop a formal geometry with 
one distance function. This would be like using inches for all distances 
whether they are thicknesses of paper or distances between stars, Our 
first postulate, the Distance Existence Postulate, reveals our preference 
for recognizing the possibility of various units of distance in our formal 
geometry. The other Distance Postulates are motivated also by phys- 
ical experiences with distance, betweenness, and separation. 

If A, B, C are three distinct collinear points with B between A and 
C, then we want the distance between A and B plus the distance be- 
tween B and C to be equal to the distance between A and C as illus- 
trated in Figure 3-3. 


Figure 3-3 


If A, B, C are three noncollinear points, then we want the distance 
from A to B (the same as the distance between A and B) to be less than 
the distance from A to C plus the distance from C to B as illustrated in 
Figure 3-4. 
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We are now ready to state our Basic Distance Postulates in which 
we exercise extreme care in the choice of words so that we agree on 
exactly what they mean. As always we need to know precisely what 
we are accepting without proof in the building of our formal geometry. 
We use “unique” to mean ‘‘one and only one” or “‘exactly one,” 


EEE 
Basic Distance Postulates 


POSTULATE 15 (Distance Existence Postulate) If AB is any 
segment, there is a correspondence which matches with every segment 
CD in space a unique positive number, the number matched with AB 
being 1. 


lf C and D are distinct points, there is a unique positive number 
matched with CD according to Postulate 15, We may also think of this 
number as matched with the set (C, D}. If we associate this number 
with the segment CD, we think of it as a length. If we associate the 
number with the set {C, D}, we think of it as a distance. Postulate 15, 
however, says nothing about the distance from C to D if C = D; in 
other words, it says nothing about the distance between a point and 
itself. We take care of this with a definition. 


is 0. 


Definition 3.1 The distance between any point and itself | | 


Definition 3.2 

1, The correspondence that matches a unique positive num- 
ber with each pair of distinct points C and D, as in Postu- 
late 15, and the number 0 with the points C and D if 
C = D, asin Definition 3.1, is called the distance function 
determined by AB or the distance function based on AB. 

2. The segment AB that determines a distance function is the 
unit segment for that distance function. 

3. The number matched with C and D, as in Postulate 15, is 
the distance from C to D or the distance between C and D 
or the length of CD, 


Notation. If P and Q are any points, not necessarily distinct, then 
the distance between P and Ὁ in the distance function based on AB is 
denoted by POjin AB units) or simply by PQ if the unit is understood. 
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Example I (Informal) Suppose AB is a segment 1 in, long, CD is a 
segment 1 ft. long, and EF is a segment 6 in. long. Then 


EF (in AB units) = 6 
and 
EF (in CD units) = 4. 


Although Postulates 16 and 17 could be omitted and proved as the- 
orems after the Ruler Postulate is adopted, they are included in our 
formal geometry in order to simplify the development. 


POSTULATE 16 (Distance Betweenness Postulate) If A, B, C 
are collinear points such that A-B-C, then for any distance function 
we have AB + BC = AC. (See Figure 3-5.) 


A B ε 
Figure 3-5 
Example ἃ If A-B-C, AB = 6, BC = 8, then AC = 14. 
POSTULATE 17 (Triangle Inequality Postulate) If A, B, C are 
noncollinear points, then for distances in any system we have AB + 
BC > AC, (See Figure 3-6.) 


B 


A [δ 
Figure 538 


Example 3 If A, B, C are noncollinear points and if BC = 10, then 
BA + AC > 10. 


Example 4 If the lengths of the sides of a triangle are x, y, z, then 
r+y>2 yYytez>x, and S+x> y. 


Suppose that PO is a segment 1 in, long and that AS is a segment 
1 ft. long. Suppose that A and B are two different points and that C and 
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D are two different points. We use distances to compare how far A is 
from B with how far Cis from D. If we say that it is 3 times as far from 


A to Bas from C to D, we mean that AB = 3 CD, or that 45 -- 3 
B 


c 
2 Hae Se" 
Figure 3-7 
(See Figure 3-7.) Our experience with physical measurements tells us 
that we should get the same comparison regardless of which distance 
funetion we use. Thus 
AB (in PO units) AB (in BS units) 
CD {in PO units) CD (in RS units) 
For example, if AB = 72 (in inches) and CD = 24 (in inches), then 
AB = 6 (in feet) and CD = 2 (in feet). Thus 


=, then = 3 also. 


ΑΒ (ἴῃ inches) ὁ. .., AB (in feet) δες 
CD (in inches)” 24 — CD (in feet) 2 


This is the basis for our next postulate. 


POSTULATE 18 (Distance Ratio Postulate) If PO and RS are 
unit segments and A, B, C, D are points such that A = B, C τὲ ἢ), then 


AB (in PO units) ΑΒ (in RS units) 
CD (in PO units) CD (in RS units) 


or, equivalently, 
AB (in PQ units) _ CD (in PO units) 


AB (in RS units) CD {in RS units) © 

In making physical measurements we recognize that there are 
many accurate foot rulers. Measurements made with an official foot 
ruler and an accurate copy of one should agree. Let us see how Postu- 
late 18 is concerned with this. 

Suppose that PO and RS are unit segments and RS (in PO 
units) = 1. This means that the length of RS in PO units is 1 or, infor- 
mally, that RS is a copy of PO. If A and B are any points, it follows from 
Postulate 18 that 


AB {in PQ units) ΑΒ (in RS units) 
RS (in PO units) ~ RS (in RS units) | 


3.2 Distance 


Since we assumed that RS (in PO units) = 1 and since RS (in RS 
units) = 1 by the Distance Existence Postulate, it follows that 


AB (in PO units) ΑΒ (in = units) 


] 
or AB (in PO units) = AB (in ches 
This proves the following theorem. 
THEOREM 3.1 If PO and RS are segments such that the length 
of RS in PO units is 1, then for all points A and B it is true that 
AB (in RS units) = AB (in PO units). 


EXERCISES 3.2 


1. If A and B are points and if CDis a segment, which of the following are 
necessarily true about the number AB (in CD units)? 
fa) It is a real number, 
(b) It is a positive number. 
(οὖ It is a nonnegative number. 
id) It is an irrational number. 
2. If you know that A and B are distinct points and that RS is a segment, 
what can you say about the number AB (in RS units)? 
3. If you know that A-B-C, what can you say about the number 
AB + BC , 
AC 
4, If you know that A, B, C are noncollinear points, what can you say about 
AB + BC » 
AC 
If you know that A, B, C are points, that A + C, and that PO and RS 
are segments, what can you say about the numbers 


AB (in PO υ |, ΑΒ (in RS units) 9 
AC fin PQ units) AC fin RS units) 
Why is it not necessary to say A τὸ C in Exercise 4? 
6. If you know that A, B, ( are noncollinear points and that PO and RS 
are segments, how does the number 
AB (in PO units) 5 (in PO units) 
AC (in 


the number 


ἐπ 


compare with the number 
AB {in RS units) + BC (in RS units) 5 


AC (in AS units) 
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7. Let A, B, C, D, E be distinct points ordered on a line Las shown in the 


10. 


11. 


12. 


13. 


14. 


figure, and equally spaced so that AB {in AB units) = BC (in AB units) 
= CD (in AB units) = DE (in AB units). Find the following: AB (in 
BC units), BC (in BC units), CD (in BC units), and DE (in BC units). 


A FE ¢ op E ; 
---, 2 FH 


. Given the situation of Exercise 7, find the distances AB, BC, CD, DE, 


all in AC units, 

Given the situation of Exercise 7, find the numbers AB (in AB units), 
AB (in AC units), AB (in BF units), and AB (in CE units). 

Given the situation of Exercise 7, find AD (in AB units), AD fin BC 
units), AD (in AC units), AD {in BE units), and AD (in AE units). 
Given the situation of Exercise 7, copy and complete the following 
proof that BD (in AC units) = 1. 

Proof: expressing all distances in AC units we have the following: 


1, BD = BC 4+ cD 1, Distance Betweenness Postulate 


2, a= 1 2. Exercise 7; Distance Ratio Postulate 
3. CD = AB 3. Multiplication Property of Equality 
4. BD = BC + AB 4. Steps 1, 3; Substitution 

5. BD = AB + BC 5. [Π] 

6. AC = AB + BC 6 

7. BD = AC 1 

8, AC=1 &, 

ἢ, BD=1 9, [7] 


In the Distance Ratio Postulate, take PO = CD and RS = AB. Using 
this special case of the postulate, prove that 
AB (in CD units) - CD (in AB units) = 1. 

this result seem reasonable? Think of AB as a stick 2 ft. long and 
UD asa stick 3 ft. long. Then AB (in CD units) = 4, CD (in AB units) = 
3, and =" = = 1.) 
Given A, B, C, D such that AB (in TD units) = 5, find CD (in AB units) 
(Does your answer seem reasonable? The given information means that 
AB is > as long as CD. Your answer means that CD is how many times 
as long as AB?) 
CHALLENGE PROBLEM. Given segments AB, CD, EF, prove that 

EF (in AB units) = EF (in CD units) « CD (in AB units), 


(A simple example is: The number of feet from E to F equals the num- 
ber of yards from E to F times the number of feet in a yard.) 


3.3 Line Coordinate Systems 


15. (An Informal Geometry Exercise.) In the figure, suppose that the part 
of (between Ρ and M is on the edge of a ruler. On this ruler ἢ [5 assigned 
to Pand 1 to Ὁ. What numbers should be assigned to ὦ, D, E, and ΜῈ 

P oo cp EM 


16. (An Informal Geometry Exercise.) Two number lines | and m are 
placed parallel to each other as shown in the figure below, What num- 
bers should be assigned to § and T on [? What numbers should be as- 
simned to P, O, and R on m? 


P ῷ. %V R B “ἢ 
ἢ 4 fi 

17. Refer to Exercise 16. If A ὁπ] is directly above B on m and if 100 is as- 
signed to A, what number is assigned to B? 

18. CHALLENGE PROBLEM. Refer to Exercise 16. If a number x is assigned 
toa point on / and if the number x’ is assigned to the point directly be- 
low it on m, express x" in terms of x. 

19. In the Distance Ratio Postulate we stated that the two equations were 
equivalent. (a) Derive the second equation from the first one using some 
of the properties of equality. (b) Derive the first equation from the sec- 
ond one using some of the properties of equality. 


3.3 LINE COORDINATE SYSTEMS 


A key feature of a number line is that different points are matched 
with different numbers. In fact, we consider all the points of the line as 
matched with all the real numbers. Such a matching is called a one-to- 
one correspondence between the set of all points on the line and the 
set of all real numbers. 

Another key feature of a number line is that the distance between 
any two points is the absolute value of the difference of the numbers 
matched with those two points. A unit segment for these distances is 
the segment whose endpoints are matched with 0 and 1. 


Example In Figure 3-8, 


AB = |—1 — (—2)| = 1. BC = |0 —{—-1])| = [1] = 1. 
CE = |2 — 0| = 2. AC = |0 — (—2)| = [3] = 2. 
BD = |1 — (—1)| = 2. BE = |2 — (—1)| = |3| = 3. 
AE = |2 — (—2)| = 4. AE = |2 — (—2)| = {4} = 4. 


| Oe Ε 


105 


108 


Distance and Coordinate Systems Chapter 3 


The concept in formal geometry that corresponds to a number line 
in informal geometry is the concept of a coordinate system on a line. 
Coordinate systems are useful tools in our formal development of ge- 
ometry for planes and spaces as well as for lines. 


Definition 3,3. Let PO be a unit segment and / a line, A 
coordinate system on I relative to PO is a one-to-one cor- 
respondence between the set of all points of | and the set of 
all real numbers such that if points A, B, C are matched with 
the real numbers a, b, c, respectively, then 

1. Bis between A and Cif and only if b is between a and c and 
2, AB (in PO units) = |a — Bi. 


Definition 3.4 
1, The origin of a coordinate system on a line is the point 
matched with 0. 
2. The unit point is the point matched with 1. 
3. The number matched with a point is its coordinate. 

These definitions describe and help us to think about a coordinate 
system. But a very important issue must not be overlooked here. How 
do we know there are things such as coordinate systems in our formal 
geometry? To answer this question we return to our experiences with 
number lines and physical measurements. 

Let us suppose that PO is a unit segment, say a segment 1 em. long, 
and that A and B are any two distinct points on |. From our experience 
with physical rulers we know that we can lay a ruler graduated in centi- 
meters alongside / and measure distances starting from A and extend- 
ing toward B as shown in Figure 3-9. 

A B : 
+e Oh ὅ8Ὄ-- ".--ς.ς.ςΒ»,..-- 


eer ae ee 


Figure 4-9 Centimeters 


Of course, we can just as well start at B and measure toward A as 
shown in Figure 3-10. These ideas suggest our next postulate. 


Figure 3-10 Centimeters 


3.4 Rays, Segments, and Coordinates 


POSTULATE 19 (Ruler Postulate) If AB is a unit segment and 
if P and Ὁ are distinct points on ἃ line I, then there is a unique coordi- 
nate system on / relative to AB such that the origin is P and the coordi- 
nate q of Ὁ is a positive number. (See Figure 3-11.) 


P ῷῳ ; 
—————  H 
ῇ qiq>0) Figure 7-11 


We are now ready for a theorem. 


THEOREM 3.2 (The Origin and Unit Point Theorem) If P and 
Q are any two distinct points, then there is a unique coordinate 


system on PO with P as origin and (9 as unit point. 


Proof: 

1. There is a unique coordinate system 1. Ruler Postulate 
on PO relative to PQ, with the coor- 
dinate of P equal to 0 and the coor- 
dinate q of Q a positive number, 

2. PO (in PO units) = q — 0 = g. 

3. PQ (in PO units) = 1. 

4,.qg= 1 

5, (Ὁ 15 the unit point, 


mw be 
BEES 


3.4 RAYS, SEGMENTS, AND COORDINATES 


Let A and B be two distinct points on a line ἰ. We know from the 
Origin and Unit Point Theorem that there is a coordinate system § 
with A as origin and B as unit point. Let X be any point of J and let x be 
its coordinate in §. Then it follows from the definition of a coordinate 
system that A is between X and B if and only if 0 is between x and 1; 
X is between A and B if and only if x is between 0 and 1; B is between 
A and X if and only if 1 is between 0 and x, (See Figure 3-12.) 


l 
x Figure 3-12 
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Now 0 is between x and 1 if and only if x < 0; xis between 0 and 1 
ifand only ifO0 < x < 1; and 1 is between 0 and x if and only if x > 1, 
It follows from the definitions of ray, ray opposite to a ray, and segment 
that: 


opp AB = {X:x <0} +—_+—__4_.____,, 


x i 1 
AB = (X:0<1r<1) «----9. ὁ, 
AB = {X:x>0} —_— 
----᾿ 
BA --ἰΧ: χα ς1) -----«., 


Similarly, if C and D are two distinct points on a line I with coordi- 
nates 2 and 5, respectively, and if X is a (variable) point on / with co- 
ordinate x, then: 


CD={X:2<2x<5} e—S#—2_,,,; 


CD = {X:x>2} — δς...θ.]ὕ 
DC = {X:x<5} +—_+—______,, 
opp CD = {X:x <2) .-ὁ ὡς 
opp DC = (Χ τα >5} «-ὁ  “͵“ἅ͵ἅ “Ἃ--, 
CD = {X : xis real} SS ες  ψ) 


More generally, if the coordinates of two distinct points A and B 
on a line | are a and b, respectively, then it is convenient to consider 
two cases in expressing subsets of AB using set-builder symbols as 
follows. 


Ifa<b Ifa>b 
AB={X:a<x< 5) AB=(X:b<x<a} 
AB = (X:x>a} AB = {X:x <a} 
BA = {X:x<b) BA = {X:x>b} 
opp AB = {X:x <a} opp AB = {X:x>a} 


----.. 
opp BA = {X:x> 5} opp BA = {X:x<b} 
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EXERCISES 3.4 


@ In Exercises 1-5, a line | with a coordinate system § is given, The coordi- 
nates of points A, B, C are —3, 0, 4, respectively. In each exercise draw the 
graph of the set and express it in terms of coordinates using a set-builder 
symbol. Exercise 1 has been completed as a sample. 


1. BC } 
Solution: BC = {X : x > 0) 
oe a ee ες, 
I 
=3 0 4 
= 
2. BA 
3. AC 
4. CB 
5. AB 


®@ In Exercises 6-10, a line | and a coordinate system § are given, In each 
exercise, given the coordinates of two points, find the coordinate of a third 
point. Exercise 6 has been worked as a sample. (Note: cd A means “coordi- 
nate of ἃ." 
6. cd A = 2, cd B= 5, cd X = x. If X € BA and AX = 2- AB, find x. 
Solution: *<3,AX=2-—2,AB=3,2-—-x=6,x= - ὦ 


ἡ: ——— a ἀν 


zx 2 Β 


1. cdC=1,cdD=1,cdP =p. If P € CDand = 4 , find p. 


8. cdE = —5,cdF =0,cdQ =. IfQ € opp FEand EF = FO, finda. 
9. cd G = 29, cd H = 129, cd 1 =i. If GI = HI, find i. 


10. cd J = 15, ced K = 0, ed R= αι 1618 = 2+ RK, find the two possible 
values of ¢. 


@ In Exercises 11-15, given the coordinates of two points on a line, find the 
length of the segment joining these two points. 
11. d@ A=5,cd B= 173 
1% ed C= —5, οἱ B= 173 
13, od C= -ἰα αἱ D= —l173 
14, cd Ε = 147.5, cd F = 237.6 
15. cd G = 19}, cd H = —172 
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In Exercises 16-20, given the coordinates of two points on a line, find the 
coordinate p of a third point P satisfying the stated condition. 

16, cd A = 5, cd B= 10, P€ ABand AP =5 

17. cd A = 5, cd B= 10, P € opp BA and AP = δ 

18, cd A = 5, cd B= 10, P€ BA and AP = 5 

19. cd A = 5, cd B = 10, ΡῈ opp AB and AP = δ 

20, cd C = —10, ed Ὁ = 0, P€ CDand FC = 173 


In Exercises 21-25, given a line / and a coordinate system on it in which x 
is the coordinate of a variable point X, draw a sketch showing / and the given 
subset of 1. 

21. (X;-6<x< —2} 

22, (X:x< —6} 

23. {Xie > —2} 

24, (Xix< —Gorx > —8} 

25, (X:x< 10} 


In Exercises 26-35, given a line with points and coordinates as marked in 
Figure 3-13, find the given distance. 


ΟΠ EF F ἃ HPI 
oe τ 83.283 


ys Καὶ L MT NW κὶ 
ἐκ δ £95 δ Ὁ τῷ 
ave bye 


-¥i 
Figure 3-13 
26. CE 31. PO 
27. DG 32. ST 
28, HP 33. SF 
29, IC 34. MO 
30. FO 35. PS 


In Exercises 36-45, given a line and a coordinate system in which 
cA = 12, οὐ B= —8 ed C = Ὁ, οὐ D = —42, and ed E = 4/5, deter- 
mine if the given betweenness relation is true or if it is false. 


36. A-B-C 41. B-E-A 
37. A-B-D 42, D-C-A 
38. D-C-E 43. D-B-A 
39. C-E-A 44. B-E-D 


40, E-C-B 45. C-A-B 
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Β' In Exercises 46-50, given that AB is a segment | ft. long and that CD is a 

segment 1 yd. long, find the given distance. 

46. EF (in AB units), if EF (in CD units) = 5 

47. GH (in CD units), if GH (in AB units) = 5 

48. CD {in CD units) 

49. GD (in AB units) 

50. AB (in CD units) 


51. Copy and complete the proof of Theorem 3.2. 


3.5 SEGMENTS AND CONGRUENCE 


In Chapter 5 we develop in considerable detail an idea called the 
congruence idea. Informally speaking, two figures are congruent if 
they have the “same size and shape.” The terms “‘size’’ and “shape” 
are not considered as a part of our formal geometry. In elementary 
geometry, we develop the concept of congruence for segments, for 
angles, and for triangles. The concept of congruence for segments is 
easy and is appropriate to include here. Intuitively, we feel that all seg- 
ments have the same shape; hence, they have the same size and shape 
if they have the same length. We make this formal in the following 
definition. 


Definition 3.5 Two segments (distinct or not) are congru- 
ent if and only if they have the same length. If two segments 
are congruent, we say that each of them is congruent to the 
other one and we refer to them as congruent segments. 


It is convenient to have a special symbol for congruence; thus 
AB = CD means AB is congruent to CD. 

It may be helpful to compare the words “congruent and congru- 
ence” with the words “equal and equality.” 


7 = 3+ 4 may be read as “7 is equal to 3 plus 4.” 
7 = 3+ 4is an example of an equality. 

AB = CD may be read as “AB is congruent to CD.” 
AB = CD is an example of a congruence, 


When working with segments it is important to note carefully the 
difference between equality and congruence. The statement AB = CD 
means that AB and CD are the same set of points, that is, that “AB” 
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and “CD” are different names for the same segment. This statement 
is true if and only if A= C and B = D, or A = D and B = C. (See 
Figure 3-14.) 


Figure 3.14 


The statement AB = CD means that AB and CD have the same 
length, that is, AB = CD. Therefore, if AB = CD, then AB = CD: and 
if AB = CD, then AB = CD, Note that AB = CD implies AB = CD 
but that AB = CD does not imply AB = CD. 

We have emphasized the difference between congruence and 
equality as these concepts apply to segments. We note next some 
similarities. Recall the equivalence properties of equality, the reflexive, 
symmetric, and transitive properties. (See Section 2.8.) Congruence 
for segments has the same properties, as stated in the following 
theorem, 


THEOREM 3.3 Congruence for segments is reflexive, symmetric, 
and transitive. 


Proof: Let AB be any segment. Then its length AB is a number, and 
AB = AB by the reflexive property of equality, But AB = AB implies 
that AB = AB, Therefore congruence for segments is reflexive. (‘The 
remainder of this proof is assigned as an exercise.) 


Our next theorem expresses formally a simple idea concerned with 
adding or subtracting lengths. The theorem expresses this idea formally 
in terms of congruences. Theorem 3.4 is followed by Corollary 3.4.1. A 
corollary is a theorem associated with another theorem from which it 
follows rather easily. 


THEOREM 3.4 (The Length-Addition Theorem for Segments) 
If distinct points B and C are between points A and D and if 
AB = CD, then AC = BD. 


Proof: There are two possibilities as suggested in Figure 3-15. 
Pigure 3-15 
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Case 1, If A—B-C, then B-C-D, and it follows from the Distance Be- 
tweenness Postulate that 


AB + BC = AC and BC + CD = BD. 


Since AB = CD (hypothesis) and since BC = BC (Why?), it follows 
from the addition property of equality that 


AB + BC = CD + BC. 

But 

CD +BC=BC+CD, (Why?) 
Therefore 

AB+ BC=BC+CD — (Why?) 
and AC = BD, This proves that AC = BD, 
Case2. If A-C-B, then C-B-D, and it follows from the Distance Be- 
tweenness Postulate that 

AC + CB — AB and CB + BD = CD. 


(The remainder of this proof is assigned as an exercise. Note in Case | 
that the idea, or strategy, of the proof is the addition of lengths. The 
proof of Case 2 involves the subtraction of lengths.) 


COROLLARY 3.4.1 If distinct points B and C are between 
points A and D and if AC = BD, then AB = CD. 


Proof: If B and C are between A and D, then C and B are between A 
and ἢ), The corollary follows immediately from Theorem 3.4 by inter- 
changing B and C, that is, by renaming point B as point C and renam- 
ing point C as point B. 


COROLLARY 3.4.2 If A, B, C, D, E, F, are points such that 
A-B-C, D-E-F, Bx DE Be EF. the τον DF 


Proof: Assigned as an exercise. 


COROLLARY 3.43 If A, B, C, D, E, F are points such that 
A-B-C, D-E-F, AB = DE, AC = DF. then BC = EF. 


Proof: Assigned as an exercise, 
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We now raise a question that leads to the final theorem of this sec- 
tion. Suppose that a distance function determined by PO, say, and a 
ray AB are given. Is there a point C on AB such that AC = 7? Is there 
only one such point? We know from the Ruler Postulate that there is 


a unique coordinate system on AB relative to PO such that the origin 
is A and the coordinate b of B is a positive number, Then 


AB = {X: x> 0}. 
(See Figure 3-16.) 
A Β x 
0 b x 
Figure +16 


This means that there is a one-to-one correspondence between the 
set of all points of AB and the set of all nonnegative numbers. There- 


fore there is exactly one point C on AB such that the coordinate of C 
is 7, Then 

AC=7-—0=7. 
If D is any other point of AB, then the coordinate d of D is not 7 and 
AD = ἃ — ἢ τὲ 7. Therefore there is one and only one point C on AB 
such that AC = 7. 

We know from our experience with rulers that we can start at any 
point on a line and “lay off’ in either direction (along either of the two 
rays on the line that have the starting point as its endpoint) a segment 
of any desired length. The example we discussed shows that in our for- 
mal geometry, given any ray, we can “lay off,” or “construct,” a seg- 
ment which is 7 units long such that the endpoint of the ray is one of 
the endpoints of the segment. Of course, we could start with any posi- 
tive number other than 7 and the same reasoning would apply. We 
could start also with a given segment and “lay off” on ABa segment 
whose length is the length of the given segment, that is, a segment con- 
gruent to the given segment. The “lay off” or “construct” language is 
informal, All we are really saying is that there is such a segment and 
that it is unique. These ideas lead to our next theorem. 


THEOREM 3.5 (Segment Construction Theorem) Given a seg- 


ment CD anda ray AB, there is exactly one point Pon AB such that 
AP = CD. 
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Proof: Given a ray AB, a segment CD with CD = p, and a distance 


function, there is a unique coordinate system § on ‘AB such that A is 
the origin and such that the coordinate ἢ of B is a positive number. (See 
Figure 3-17,) Then 


AB = (X:x>0)}. 


A bh P 

4 | 
0) b B 

Figure 3-17 


Let P be the unique point of AB such that the coordinate of Pis p. Then 


AP =p —0= p. If Qis any point of AB other than P, then its coor- 
dinate q is diferent from p and 


AQ=q-—O=q#p. 
Therefore there is only one Pon AB such that AP = p, that is, such that 
AP = CD. 


EXERCISES 3,5 


In Exercises 1-10, a line | with a coordinate system § is given. The coordi- 
nates of points A, B, C, D are —5, 3, 5, 13, respectively. (See Figure 3-18.) 
In each exercise, determine whether the given statement is true or false. 


=5 Te is 8 ΚΕ 13 F 
Figure +18 
1. AB = CD 6. AB BC 
9, BC = BC 7. AB = BA 
3. AC = BD 8. 48 - CD 
4.AB+ ΒΟΞ ΑΌ 9. ACM BD = BC 
5. ABU BC = AC 10. AC + BD= AB+ CD + 23-BC 


In Exercises 11-15 name the property of congruence for segments which 
justifies the given statement. 

11. If AB = CD, then CD = AB. 

12, If AB = CD and CD =DE, then AB = DE. 

13, PO = OF 

14. If AB = BC, BC = CD, and CD = EF. then AB = EF. 

15. If XY is a segment, then XY = XY. 
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16. Complete the proof of Theorem 3.3. 
17. Complete the proof of Theorem 3.4. 
18, Draw an appropriate figure and prove Corollary 3.4.2. 
19. Draw an appropriate figure and prove Corollary 3.4.3. 


In Exercises 20-25, the coordinates of points B and C in a coordinate sys- 
tem on BC are given. If A-B-C and AB = BC, find the coordinate of A. 
20. cd B=0,cdC=5 23. οἱ Β Ξε ἢ, οἱ Ὁ τῷὸἢ 


21. ed B= 5, μα στε ῦ 24, ed B= 159, ed C = —159 
22. cl B= —234, cd C = — 198 25. cd Β = 27, cd C = 102 


3.6 TWO COORDINATE SYSTEMS ON A LINE 


Let A and B be the origin and the unit point, respectively, of a co- 
ordinate system § ona line |, What is the coordinate of the point P if P 
is between A and B and two-thirds of the way from A to ΒΡ (See Figure 
3-19.) Obviously, cd P = 3 since AP = 2 and AB = 1. 

A P B ; 
ss) 
Figure 3-19 0 1 

Let C and D be points with coordinates 35.0 and 39.8, respectively, 
on a line], What is the coordinate q of point Ὁ if it is between C and D 
and two-thirds of the way from C to D? (See Figure 3-20,) 


C Q D ! 
; rr πο 
55.0 ῇ 33.8 
Figure 3-20 0 = 1 


We know that there is another coordinate system on / in which the 
coordinate of Cis 0 and the coordinate of Dis 1. If QO is thought of as a 
variable point on this line with q as its coordinate in one system and x 
as its coordinate in the other system, then the particular point Q we 
want has Has its x-coordinate. In this section, we learn how to express 
the q-coordinates in terms of the x-coordinates, In this example, the re- 
lation is 

q = 35.0 + 4.8. 


Substituting 4 for x we get 
q = 35.0 + (4.8)(4) = 35.0 + 3.2 = 38.2. 


Therefore the point that is two-thirds of the way from the point with 
coordinate 35.0 to the point with coordinate 39.8 is the point with co- 
ordinate 38.2. 


3.6 Two Coordinate Systems on a Line 


The relationship between two coordinate systems on a line is useful 
in solving exercises involving points of division like the “two-thirds of 
the way from C to D” exercise as well as some exercises appearing later 
in this chapter. This relationship is also useful in gaining new algebraic 
insights. In studying equations like 


χα Κι. 

lee Ἔτη 
it is sometimes helpful to think of them geometrically in terms of co- 
ordinates on a line. 

In later chapters we consider coordinate systems in a plane and in 
space. In studying a line in a plane or in space you will find it helpful 
to think of several coordinate systems associated with the line. What 
we do later is a natural extension of the groundwork we are laying in 
this chapter. 

We begin with a lemma, a “little theorem,” that is useful in proving 
a big theorem.” Lemma 3.6.1 plays a key role in the proof of Theorem 
3.6, which is followed by Corollary 3.6.1, 


y= 2+ dx and 


LEMMA 3.6.1 Let x; and x2 be the coordinates of distinct points 
X, and Xe, respectively, on a line ἰ. If x is the coordinate of a point 
X on I, then 
AX, x= iy υ ——oe 
_- Ξ if K€ X4X 
XoXy tg — X41 one 


AX, += 1 --- ---- 
--- — -. if 1A. 
GX, ae i X € opp XyXo 


Proof: First, suppose that X € X,Xo; then either x; < χὰ OF Xe < Δ. 
(See Figure 3-21.) If xy < xe, then x, < x, XX; = αὶ -- 4x4, XoXi Ξξ 
Xe — ἄχ, and 


XX, r— 1) 
XX. χὰ — χὶ 
xy Ke ; x Xs Xy ; 
φ —_2—__4+__} 40 Se > 
zy ig x x χὰ rT 
x) < x2 χὰ ἢ 
Figure 3-21 


If x2 < χὰ, then x <= Xs MX = ἘΧὶ — x, XoXy = Xi — £5, and 


XX, Mm — xX Xe Χὶ 


ΧΙ Χ) *“i—*2 χὰ -α Χὶ 
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Next suppose that X € opp X,NX2; then either x; < x2 or x2 < x. 
(See Figure 3-22.) If <x, then x >x, XX) =x —x, 
XoX, = x2 — *1, and 


XX oe ἢ -͵|Ὸᾳὰκ τῇ 1 -- 1 
Χυχι to — ΧῚ to — x) 
x X) Ky ; Ky x ; 
x £1 rg χὰ xy £ 
x] < χα πῇ < zy 


Figure 3-22 


If x2 < xy, then x > x, XXy = x — αι, Χωχ = x — χὰ, and 


8 SL, coe x= X) 
XX, 4% — Xe to — Xy 
Therefore, if X € Χ Χο, then 
XXy εξ tom Δ 


XoXy X_2— αὶ 


regardless of whether χὰ < x9 or χὰ ἢ» xp. Also, if X € opp XX2, then 


XX ων, Δ -- 1 
XgX, = ag — 1 


regardless of whether x; < xy or x) >> x2. 


THEOREM 3.6 (The Two Coordinate Systems Theorem) It X, 
and Xs are two distinct points of a line |, if the coordinates of X1 
and X2 are x, and x2, respectively, in a coordinate system §, and x; 
and x4, respectively, in a coordinate system §’, then for every point 
X on | it is true that 


χ--  ΑΕἧἅἶ᾽ -- χὶ 
χὰ — Δ χὰ — 2X4 


where x and x’ are the coordinates of X in § and in §’, respectively, 


Proof: Suppose that we are given a line | and points X, and Xo on | 
with coordinates x, and x2 in § and coordinates xj and x3 in §' asin the 
statement of the theorem. (See Figure 3-23.) 


Χι Xg 1 
8 ee τ 
ry 38 (8) 


Figure 3-23 zy x5 ἜΝ] 
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Suppose that X € Χ Χο; then it follows from Lemma 3.6.1 that 


XX x— Ζὶ Lee x — x x— iy x =X} 
== Fo, Oo Ξ - ma and —— ὑπ σασ-  ττς 
XoXy Xo — Δ XgXy Xe — Χὶ Xe — Ty Χῷ το Xj 


Suppose that X € opp X ας then it follows from Lemma 3.6.1 that 


XX, t— x4 
XoXy Xe — Χ 
XXy x — x; 
XgXy χὰ — Xj] 
and 
x— X x — Xx; 
; 


Therefore for every X on / it is true that 


t— πὶ FH 


Xg—% Xp — xy 
and the proof is complete. 


Theorem 3.6 is closely related to the Distance Ratio Postulate. Ac- 
1 


cording to this postulate the ratio = is independent of the distance 
1 


function. If we use the distance function of the coordinate system § in 
Theorem 3.6, we have 


XXy £ jx — 24| 
XoX, xz — χὰ! ἢ 


If we use the distance function of the coordinate system §’ in Theorem 
5.6, we have 


XX, μ΄’ — ἡ 
XX, [xy — xi 


Therefore it follows directly from the Distance Ratio Postulate that 


x— | _ — 
ie — Χὴ ΧᾺ — X} 


It follows from the Two Coordinate Systems Theorem that the equa- 
tion obtained from this one by omitting the absolute value symbols is 
also true. 
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COROLLARY 3.6.1 Let X; and X2 be the origin and unit point, 
respectively, in a coordinate system §», ona line 1. Let x, and x2 be 
the coordinates of X; and Xz, respectively, in a coordinate system 
«on |, Let k and x be the coordinates of a point X on / in the sys- 
tems ὃν and §,. respectively. Then 


AXy _ 
(1) X= \ki 
and 
(2) 5 - k, that is, x = x, + k(xe — x). 
tg — Δ 


Proof: (See Figure 3-24.) It follows from Lemma 3.6.1 that 


XX, μι k—O _ 
4 τ 
or 
XX, = k—0 dae 
5 oe ae a ae 
But 
XX, 
> 0 Why? 
ἌΧ, 4 
Therefore 
XX, : 
aa 
and (1) is proved. 
xy Xz x ; 
d = fi aan + 
ῦ 1 hk (Be) 
τὶ πὰ x (8.2) 
Figure 3-24 
It follows from Theorem 3.6 that 


x—m _k-90 
to — Χὶ ears 
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Hence it follows that 


tm ἢ 
tg — Xy 


X= ἃ + K(x - Χ1), 
and so (2) is proved. 
Example 1 (See Figure 3-25,) Think of A as X,, Bas Xo. Then x, = 1, 


χὰ = T, xj = 3, χὰ = 15. Then it follows from the Two Coordinate 
Systems Theorem that 


χ,--} χ' --Αἰ 
7—1 15-3 


for every point X on AB. This equation may be solved for x in terms of 
x’ or for x’ in terms of x. The resulting equations are 


χε -- and χ'-τ--ῦχ “1. 


A B a 
ἐμ = iy — =} —- 
i 7 x (ὦ) 
8 15 x ($') 
Figure 3-25 


These equations are useful in finding x’ if you know α or in finding x if 
you know x’. If you are given that x’ = —6, you can use the first of 
these equations to get x = —34. If you are given x = 2, you can use 
the second of these equations to getx’ = 5. 


Example 2 (See Figure 3-26.) Think of P as X;, Q as Xa. Then 


o— 2 | t iis 
5-0 FS Pat ge oe 


x P @ 
+ 8 »«- ἃ 
x =7 3 (3) 
r 0 5 [5 
Figure 3-26 


(Or we may think of Ὁ. as X; and P as Xs. Then the theorem gives 


us Sa? = A=. which simplifies to χ' = (x + 7), the same 


equation obtained by the first method.) 


122 


Distance and Coordinate Systems Chapter 3 


Example 3 Given three coordinate systems with points and coordi- 
nates as marked in Figure 3-27, express x in terms of k. Then express x’ 
in terms of & and, finally, express x’ in terms of x, 


: π᾿ 
Figure 3-27 i 3 : a") 
Solution: 
ny ἄἅἄξ ον eas? 
WD) Se =a on. oO, eee 


or x = —8k + 11 
In working an example like this one you may need to write more 


details than we have shown. A more complete version of (3), for exam- 
ple, might be as follows: 


¥—ll_x-2 


4. τ 6-8 
χ --1} “--3 
—§ 4 


x — 11 = —2(x — 2} 
x= —2x+4+4 11 
x = —2x+ 15 


Example 4 Given two coordinate systems with points and coordi- 
nates as marked in Figure 3-28, express x’ in terms of x. 


, A B x 
3 =I ᾿ {8} 
Figure 3-28 =8 -10 5’ (3') 


Solution: 


3.6 Two Coordinate Systems on a Line 


¥+8=4(-3) 
Ι 38 

“ .8-..1,... 

Bie γε τόσο τ" 
1 19 x— 19 
hi, ae 2 


Example 5 Given two coordinate systems with points and coordi- 
nates as marked in Figure 3-29, find x. 


A B x 
ᾳ.-.-.- δ  .΄ὦὖἃἢ.ὕὃὮΡ -.-.--.ςς-.. 
0 τῷ 19 {8} 
=23 1a x (8 Figure 3-29 
; x — (—23) 19—0 
Solution: 
—38 — (—23) 10 — 0 
x + 23 ἐπε 19 
—38 + 23 10 
x¥4+-25 _ 
ΞΟ τ 1.8 
+33 = --- 8.5 
x= —515 


Example @ Α train traveled at a uniform speed on a trip from Chicago 
to New Orleans. [fit was 180 miles from Chicago at 7:00 p.m. and 320 
miles from Chicago at 9:00 pat, how far from Chicago was it at 
10:20 p.m? 


Solution: (See Figure 3-30,) Think of hours past noon as forming one 
coordinate system and miles from Chicago another one. Suppose the 
train is x miles from Chicago at 10} hours past noon, that is, at 
10:20 Ρ»-μπ. Then 


—] τὸ — 180 ' 
x—180 1 Ἷ oe x _ ὃ: 


oy 10). ᾷἃ--. 7 : 140 ΓΝ 
Ξ.} 
x -- 180 = 14079) = =, x = 180 + 28 = 4135, 
7 9 we (8) 
180 ano x Figure 3-30 


Therefore the train is 4134 miles from Chicago at 10:20 p.m. 
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Example 7 Given that 7, —12, p are the respective coordinates of 
points A, B, Pona line I, that P € AB, and that AP = 3 AB, find p. 


Solution: (See Figure 3-31.) In the coordinate system with A as origin 
and B as unit point the coordinate of P is 3. Then 


p—-T 3-0 p-T 


-------.-.0Ὀ-5ἀἘῷ ΞΞΡ-----, = 3, — 7 = —5i, = —50. 
ΓΝ. 7, ea a6 P P 


P B A 

—— o—_—___—_ + ___s+—______} 
. Ρ -i 7 
Figure 3-31 a 1 0 


Example & Given that 7, —12, p are the respective coordinates of 
points A, B, Pona line /, that P € opp AB, and that AP = 3+ AB, find p. 


Solution: (See Figure 3-32.) In the coordinate system with A as origin 
and B as unit point the coordinate of P is —3. Then 


Poi es PE pelo SG: 


P 
‘ B 4 aE 


-12 7 Ρ 
Figure 3-32 1 0 -8 


EXERCISES 3,6 


In Exercises 1-5, a, b, c are the respective coordinates of points A, B, C ona 
line |. State which point, A, B, or C, is between the other two, 

lL, a=OQb=5c= 100 

2a=0,6=5,c= —100 

$a=> —3,b= —T,c=7 

4. a = 0.500, b = 0.050, c = 0.005 

5. a=Zb=he= -ἰ 


In Exercises 6-15, a, b, ¢ are the respective coordinates of points A, B, Con 
aline |. From the given information determine whether b < ¢ or b > c, 


6. A-B-C, a = 10, b = 20 ll, A-C-B,a= 8, b=0 

7. A-B-C, a = 20, b = 10 12. B-C-A,a = 8,b =0 

8. B-A-C, a = 10, b = 20 13. B-C-A,a = —4,b = —0.66 
9. B-A-C, a = 20, b = 10 14. B-C-A, a = 4, b = 0.66 


10. A-C-B,a=0,b=8 15. B-C-A,a = —3,b=0 


3.6 Two Coordinate Systems on a Line 


Ι In Exercises 16-20, a, b, c are the respective coordinates of points A, B, C 
on a line 1. From the given information determine the number c. 
16, A-B-C,a = 0,6 = 1,AB28C 
17. A-C-B, a = 0,b = 1, AC = CB 
18. B-A-C, a = 0,b = 1, AB=AC 
19. A-B-C, a = —17, b = —8, AB= BC 
20. A-B-C, a = —17,b = 8, AB = BC 


@ In Exercises 21-25, there is a sketch of a line with some points and coordi- 
nates marked. Find the coordinate x. 


B c R ῷ x 
a1. re ae as δον 24. 
0 4 i (ἢ 3 3 [8] 
2 x 3 6 (8”) 0 1 x ἘΝ 


@ In Exercises 26-30, there is a sketch of a line with some points and coordi- 
nates marked. In each exercise write an equation relating x and x’ and sim- 
plify it to the form x’ = ax + b. (Note that ἃ must be a number different 
from 0. For if a = 0, then x’ = band every point X would be matched with 
the same number in the system §’. Since §' is a coordinate system, we know 
that different points must be matched with different numbers.) Check your 
answers by substituting the values of x at A and B in the equation to see if 
you get the corresponding values of x’ at A and B. 


A B xX A x B 
. > —s—_ a —__2-—_____—_+} , δ, ας. οτἧ..-. εα΄ς͵ς. - 5ἝὉ«( 
τ ῇ 1 x (8) 39 4 x i) 8} 
2 8 x ($9) 0 x" 
A a 2B OF 
a7. 8 A 3 ΜΠ 4——— -᾿Ὸ--- -ψ 
= } = (3) 
x 3 - δ᾿ o 40 κ' iS 
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In Exercises 31-35, a subset 5ὶ of a line / is given in set-builder notation. 
Sketch the graph of the set and mark the x-coordinates and k-coordinates 
of three points of 8. Exercise 31 has been worked as a sample. 


31, S= {X:x= 6k + 2,k < 2} 


Solution: ¢ _ [χ: πο Ὁ) Ε] 8,10 
_fy.x-—2_k-0 ς χὰ 8 3 


85, S= {X:x=3k4+6,0<k<1} 
49, S={Xix=—3kK4+9,0< k < 1} 
a4. 8={X:x= —3k-—6,k > 0} 


sige eS Re ες ςςςς  ν 
25, $= {Xt 3 = >" fis any real number} 


In Exercises 36-40, A and B are points on a line with coordinates 7 and 12, 
respectively. Find the coordinate of the point P subject to the given 
condition. 

36. ΡῈ AB and AP =3-AB 

37, ΡῈ AB and AP = 1-AB 

38. ΡῈ opp AB and AP = 3+ AB 


30. ΡῈ AB and 2 = 2 (two possibilities) 
40. P € BA and AP = 4 - PB (two possibilities) 
In Exercises 41-50, A, B, P are points on a line 1 with coordinates 0, 1, k, re- 


spectively, in a system § and with coordinates —3, 7, x, respectively, in a 
system (γ΄, Figure 3-33 is an appropriate one for Exercise 4]. 


A Ρ Η 
0 k 1g) 
Figure 333 =3 * 7 (8) 
41. If P€ AB and 4£ -- 2 findk and x. 


AB 
42. If P € opp AB and “© = 3, find k and x 


43. fk = — 2, find AF. Is P € AB, or is P € opp AB? 


3.6 Two Coordinate Systems on a Line 


44, If k = 5, find ΔΕ, Is P € AB, or is P € opp AB? 


45. If x = 17, fndkand ΞΕ. 


- ἅ AP 
46, If x = 27, find k and 2—. 


. Ifx = 27, find AF, 
τ μὴ 25 
x= 87, find SP 
pte eaten δὲ 
Me ai, Βηδ τὸ ; 


= 0. find 42 
- Ifx= 0, find =. 


. Given the situation of Example 6 on page 123, express the number α 


of miles from Chicago in terms of the number t of hours past noon of 
the day the trip began. 


. Given the situation of Example 6, find the “departure” time at Chicago. 
. Ona car trip across the country Mr. X stopped at Ridgeville and “filled 


it up"; his odometer reading was 35378. Sometime later the gasoline 
gauge read 2 full and the odometer read 35513. Assuming that there is 
a constant “gasoline mileage,” what does the odometer read when the 
gauge reads 5? 


. Given the situation of Exercise 53, express the odometer reading πε in 


terms of the amount x of gasoline in the tank, where x = 1 when the 
tank is full and x = 0 when the tank is empty. 


. Mr. X recently completed a 180-day weight reduction program. If he 


weighed 200 Tb. on the tenth day and 180 Ib. on the 100th day, how 
much did he weigh on the 150th dav? Assume that he loses the same 
weight each day. 


. Given the situation of Exercise 55, express Mr. X’s weight w (in pounds) 


in terms of the number n of days, where n = 1 means the first day of 
the program, n = 2 means the second day of the program, and so on. 
Under certain standard conditions the freezing point of water is 0° 
Centigrade and 32° Fahrenheit; the boiling point of water is 100° Cen- 
tigrade and 212° Fahrenheit. What is the temperature in degrees Cen- 
tigrade when the Fahrenheit reading is 77°? 


. Given the situation of Exercise 57, let C denote the number of degrees 


Centigrade and F the number of degrees Fahrenheit. Obtain an equa- 
tion that relates C and F by substituting appropriate numbers for F), Fs, 
Ἀν aa ε =i. ὅς Οἱ 

C,, Cy in the following equation: ag heer ee 
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59. Starting with the equation obtained in Exercise 58, derive an equation 
in simplified form that expresses F in terms of C. 

60. Starting with the equation obtained in Exercise 58, derive an equation 
in simplified form that expresses C in terms of F. 


In Exercises 61-65, a line with points and coordinates as marked in Figure 
3-34 is given. Using the Two Coordinates Systems Theorem, x’ may be ex- 
pressed in terms of x, first with A as X, and B as Χο, and then with Bas X, 
and A as Xo. The results are 


αἰ χ- ἢ x—G _s-5 
Ὁ τ Ξ Sree aoe 
A B x 
— oe eee 
2 5 x 
=I 6 z 
Figure 34 


If X = A, then x = 2, χ' = —1, and Equation (a) becomes 
1} 35- δ ΣΌΣ ἥξει 
"πνοὴ = 5_9 which reduces to 0 = ἢ), 

61. Simplify Equation {a) if X = Β. 

62. Simplify Equation (b) if X = A. 

63. Simplify Equation (b) if X = B. 

64, The sum of the left members of Equations (a) and (b) is 


x +1 x" — ἢ 


6+1 —-1-6 
which simplifies to 
el ee ἐλ ὑπ ee eR Ty 
7 ae τὴ ye ee 7 (<r 


Add the right members of Equations (a) and (b) and simplify. 
65. If you multiply the left member of Equation (a) by — 1 and add 1 to the 
product, the result is att *(—1) + 1, This simplifes to 


i) WOES ie Tee ae 
7. es eee 
x - 


a 7 = tess ΗΝ 


which is the left member of Equation (b). Multiply the right member of 
Equation (a) by — 1 and add 1 tothe product. Show that the result sim- 
plifies to the right member of Equation (b). 


3.7 Points of Division 


3.7 POINTS OF DIVISION 


In this section we use the Two Coordinate Systems Theorem to help 
us find the coordinates of the points on a given segment which divide 
it into a given number of congruent parts or divide it in some other 
specified way. 


Definition 3.6 The midpoint of a segment AB is the point 
P on AB such that 


AP = PB = 4AB. 


The midpoint of a segment is said to bisect the segment or to 
divide it into two congruent parts, 


Definition 3.7 The trisection points of a segment AB are 
the two points P and O on AB such that 

AP = PQ = OB = 448. 
The trisection points of a segment are said to divide the seg- 


ment into three congruent parts. Similarly, points C, D, and 
E on AB such that 


AC = CD = DE = EB = 1AB 


are said to divide AB into four congruent parts. This idea may 
be extended to any number of congruent parts. 


A segment AB is a set of points. You might think of a “path” from 
A to B if you were to draw a picture of the segment. Although you may 
think of AB as a path, be careful to remember that the segment from 
A to B is the same as the segment from B to A. Indeed, AB = BA. 

Sometimes, however, we want to consider B to A as different from 
A to Β, It might be helpful to think of trips and to consider the trip 
from A to B as different from the trip from B to A, The point which is 
one-third of the way from A to B is different from the point which is 
one-third of the way from B to A. This leads us to the idea of a directed 
segment. We think of a directed segment as a segment with one end- 
point designated as the starting point. A directed segment is known 
as soon as the segment is known and the starting point is known. Our 
formal definition follows. 
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Definition 3.8 The directed segment from A to B, denoted 
by AB, is the set (AB, A}. 


It is important to note the difference between the symbol for a ray 


and the symbol for a directed segment. The ray symbol, as in AB, has 
a complete arrowhead, whereas the directed segment symbol, as in 


AB, has a half arrowhead, Directed segments are related to vectors, 
and half arrows are frequently used in vector notation. Vectors are very 
useful in many branches of higher mathematics. Note that whereas 


AB = BA, it is not true that AB = BA. Note that 
AB = {AB, A} = {BA, A}, 
whereas 
BA = {AB, B} = (ΒΑ, B). 


Definition 3.9 Let a directed segment AB and two points 
P and Q on AB be given. If PC AB, O ¢ AB, and 
a = ae as shown in Figure 3-35, then P and (9 are said 
to divide AB in the same ratio, P dividing it internally and 
called an internal point of division, Ὁ dividing it externally 
and called an external point of division. The ratio a is the 


ratio of division. 


A P B ῳ 


Example 1 Given two points A and B on a line | with coordinates 4 
and 20, respectively, as indicated in Figure 3-36, find the coordinate 
of the point P on AB if P divides AB into two congruent parts. 


A P B ; 
4 a > κα > 
4 20 (8) 


3.1 Points of Division 
Solution: Let x be the coordinate of the desired point P. Then 
Ας χα 80, πιὸ 4 = 20 — x, Ox = 24, and x = 12, 


Alternate Solution: Set up two coordinate systems as indicated in 
Figure 3-37. 


ae ἃ ee it B : 
4 = 20 (3) 
0 he 1 (8) 
Figure 3-37 
Then 
x-4 _k—0O 
20 — 4 1—0 


and x = 4 + 16k for every P on I. Then P divides AB into two con- 
gruent parts if k = + and 

χε - 16-4=448= 12. 
Example 2 Given two points A and B ona line! with coordinates — 3 


and 21, respectively, find the coordinates of the four points which di- 
vide it into five congruent parts. 


Solution: Let § and S’ be two coordinate systems on | with coordi- 
nates of several points as marked in Figure 3-38. 


A Ρ B ; 
— i Ὃν τσ  ὕ. 
or | £ 21 (3) 
0 k 1 (3) 
Figure 338 


Then 


and x = 24k — 3 for every point P on |, The required points are the 
points with k-coordinates +, 2, 2, 4 or, in decimal form, 0.2, 0.4, 0.6, 0.8. 
Now we compute the x-coordinates of the division points using the 
equation x = 24k — 3. They are 


24(02)—3=48—3= 18. 24(0.6) _3 = 144-3 = 114. 
24(0.4) — 3 = 9.6 — 3 = 66. 24(0,8) — 3 = 19.2 — 3 = 162. 
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Example ἃ Given two points A and B on a line / with coordinates 3 
and —21, respectively, find the coordinates of the points P and Ὁ on 
AB which divide AB internally and externally, respectively, in the 
ratio 3 

Solution: Let § and §’ be two coordinate systems on | with coordi- 
nates of several points as marked in Figure 3-39. 


3 A P B 
($8) x 3 x ae λν 
Figure δῦ (8) κ᾿’ 0 k 1 
Then, as in Example 2, 
tS Beh d = —24k 
ae 7; arn x +3 
; _ AO 1 so : 
for every point P on L. Since OB =F AQ is less than OB and Qisa 


point on opp AB. The coordinates x and x’ of Pand O are computed as 
follows: 


AP =k AQ=0-K 

PB=1—k ΟΒ--1 - χ' 

ΤΡῚΣ Ὁ 2 Wk ἐδ δεξι:, 

ΡΒ 8. ,1..Ὰ On 8 1- αὶ 

7 — Tk = 8k 7 — 7k = —8K 

Ἐς Τὰ ΒΞ aie -- 1’ 
ἀπ πε x = —24(—7) Ὁ 8 Ξ 11] 
ες δ τος eee 

x= —24 ist? 5.2 

(Check (using x-coordinates). 


AP 3—(—82) 15 112 _ 
rE 82 (—91) 12h 12 
AOS [1.8 108 42. 1 


ὉΒ Τῇ -[ δὴ 5 41 8 


Example 4. Given two points A and B ona line / with coordinates 3 
and —21, respectively, find the coordinates of the points A and Ton 
AB which divide BA internally and externally, respectively, in the ratio 
= (Compare with Example 3.) 
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Solution: Let § and §' be the two coordinate systems on | with co- 
ordinates of several points as marked in Figure 3-40. Then, as in the 


preceding examples, ze) = kand x = 24k — 31 for every point 


Ronl. Since BT = τὶ BT is less than TA and Tis a point on opp BA. 


A yz. 2B δ : 
a = - 3] τ (5) 
1 he 0 δ (8) 
Figure 3-40 
Then 
BR=k BT =0—K 
RA=1—k TA ΞΞ -- κ' 
ΒΗ τ ἘΠ Lo Se <a 
ἨΔ 8 | Pee TA Β 1—K 
ΕΣ cE (Why?) ee a (Why?) 
a} 
x= —9.8 (Why?) xc = —189 (Why?) 
Check (using x-coordinates) 


RA 384+98 12.8 198 
fei) > ay 168 Ἵ 


———— ee OS eS ΦΠ΄'οὁὄ ὕ.--Ὁ 


‘7 an oo |. es Ce 


EXERCISES 3.7 


In Exercises 1-5, A and B are points ona line [ with given coordinates a and 
b, In each exercise, find the coordinate of the midpoint of AB. 
La=jb,b = 27 ἡ, πτε8 δε. —27 

2,a= - 5,5. = 37 5.a=0,b= -- 4.8 

ἢ, a= —5,b= - 


In Exercises 6-10, A and B are points on a line | with given coordinates a 
and b, In each exercise, find the coordinates of the points which divide AB 
into the given number, n, of congruent parts. 

6 a= —3,b=—-—T,n=323 9 a=8 b= —8,n=8 
7a=3b6=0n=5 10. 2a=0,b=10,n=4 

5, a=—-lb=T3,n=3 
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In Exercises 11-15, A and B are points with given coordinates a and b. In 
each exercise, find the coordinates of the points P and Q which divide AB 
internally and externally in the given ratio r. 

ILa=1,b=20,r=2 l4.c=%,b=4,r=4 

12. a= 20,b=10,r=2 15, α -- ἢ,» --.2,γ- 9 

13, ἃ = 38, δ τε ῦ,γΞ 3 


16. Prove the following theorem. 


THEOREM | If the coordinates of A and Bare a and b, then the coordi- 
nate of the midpoint of AB is © - 5 


11. Prove the following theorem. 


THEOREM If the coordinates of A and F are a and h, then the coor- 
dinates of the trisection points of AB are “πε b and a+ 


18. A and 8 are points on a line / with coordinates 0 and 1, respectively. 
Find the coordinate of the point P which divides AB externally in the 
ratio τοῦ: 

19. A and B are points on a line | with coordinates 0 and 1, respectively. 
Find the coordinate of the point Q which divides AB externally in the 
ratio APR 

20. A and B are distinct points on a line I. Is there a point F on AB, but not 
on AB, such that P is the same distance from A as it is from B? That is, 
is there a point P on ‘AB which divides AB externally in the ratio +? 


In Exercises 21-26, A and B are points on a line | with given coordinates a 
and b, respectively. P is the point which divides AB internally in the given 
ratio r. In each exercise, select the statement from the right-hand column 
that is true. 


21.4=0,b=Lr=4 (A) P is between the midpoint of AB 
and B 
22.4=0,b= 10,r = + (B) AP=1 


3.a=10,b = 309, γ τ 3 (ΟἹ Pisa trisection point of AB 

24. a= 10,b = 211, r= 1 (D) BP=1 

35. a= —13,b=01= 4 [ΕἸ Pis the midpoint of AB 

98, a= 0,b = 13, r= 42 (F) P is between the midpoint of AB 
and A 


Review Exercises 


@ In Exercises 27-30, A and B are points on a line with coordinates a and 5, 


respectively, P is the point which divides AB externally in the given ratio r, 
In each exercise, select the statement from the right-hand column that is 
true, 

2.a=0,b=1,r=y83, (A) F-A-B and BP = 1000 

88, απ ΡΞ 1 στ  (Β) A-B-P and BP = 0.001 
29,.¢=0,b=1,r= ΒΤ (Ο 4-Β-Ρ and BP = 1000 
30.¢=0,b=Lr=qn (D) P-A-B and AP = 0.001 


CHAPTER SUMMARY 


In this chapter we have developed the concept of DISTANCE between 
two points and the concept of a COORDINATE SYSTEM on a line. We 
introduced five postulates: DISTANCE EXISTENCE POSTULATE, DIS- 
TANCE BETWEENNESS POSTULATE, TRIANGLE INEQUALITY 
POSTULATE, DISTANCE RATIO POSTULATE, and RULER POSTU- 
LATE. This chapter contains many definitions and theorems. A key defini- 
tion is the definition of a coordinate system. The climax of the chapter is the 
TWO COORDINATE SYSTEMS THEOREM. In Section 3.7 we applied 
the tools of this chapter to find points of division which divide a segment 
internally and externally in a given ratio. 


REVIEW EXERCISES 


In Exercises 1-5, name the property that justifies the given statement, 


1.8 μ-4πΞ.4..8 
2. (AB + CD) + EF = AB + (CD + EF) 
3. lia = b, then b = a. 
4. (50 + 5)°3 = 50-3 - 8.8 
5, 643)-7=(38+4+5):7 
In Exercises 6-11, name the postulate which justifies the given statement. 
6. If P. QO, R are distinct collinear points with P-Q-R, then PO + QR = 
PR. 
7. If Xand Y are distinct points and AB is any segment, then the distance 
between X and Y in the distance function based on AB is a positive 


number. 
8. If R, W, K are three noncollinear points, then RK + KW > AW. 
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9. If A, B, C, D, E, F, G, H are eight distinct points, then 
AB {in EF units) _ 
CD {in EF units) 


_ AB (in GH units) 
CD (in GH units) 
10. If. A, B, C, D, Εἰ F, Ὁ, Η are eight distinct points, then 
AB (in EF wnits) _ 


CD (in EF units) 
AB (in GH units) — 


CD (in GH units) 


Chapter 3 


11. If A, B, C, D are four distinct points, then there is a unique coordinate 
— 
system on AB relative to CD such that the origin is B and the unit point 


is A. 


In Exercises 12-20, A, B, and X are points ona line ἰ; a, b, x are their re- 
spective coordinates in one system; a’, δ΄, x’ are their respective coordinates 
in another system. In each exercise, (a) draw and label an appropriate figure, 
(>) express x’ in terms of x and simplify, and (Οὐ express x in terms of x" and 


simplify, 


2,a=0,b=1¢@ =5,h' =8 
—8, b'=5 
l4,a=1b=0,¢0 =5,h'=8 
15. a= 17, b= 16,0° = 5. Β' = 8 
16. a= 7,8 = —3,a =0,6'=1 
ia=O0b=1lea=0,Fh =2 
18. ἃ τῷ ῦ, μ'΄ῖ:τ-ξ 1, αἱ =0F = -1 
19, αξεῦ τηνε 1 αξὶ᾿ 1. ΒΞ ὺ 
0. ἃ Ξε ἢ, ἢ τξΖς 100, αἰ Ξῷὶ 1. ΒΒ’ =0 


18, a=0,b=1,a' 


In Exercises 21-30, A, B, C, D, E, are points on a line 1 with coordinates 
0, 1, 2, 3, 4, respectively, in a coordinate system on L. In each exercise sim- 


plify the given expression. Each expression names a number. 


21. AB (in AB units) = [7] 
23, AC (in AB units) = [Π] 
24. AD (in AB units) = [7] 
25. AD (in AC units) = [7] 
26, AD (in AE units) = ©] 
27, AE (in AB units) =P] 
28. AB (in AE units) -- [Π 
29, AB (in AE units) _ - [Π 


AD (in AE units) 


40. AB (in AC units) _ =f] 


' AD (in AC units) 


Review Exercises 


@ In Exercises Aes AB is a directed segment, P divides AB internally in the 
positive ratio ~ , Ὁ divides AB externally in the ratio + =, and ἃ and b are the 


coordinates of A and B, respectively, in a coordinate sition on AB. Ineach 
exercise, draw an appropriate figure and find p and q, the coordinates of P 


and (), respectively. 

$1.a=0,b=lr=2,s=1 36. a= 10, " τε ὅ, Ὁ =F 
3, ἀ-τ- ΡΞ Leake 2 31. a= -Θ,» --9,1.- ἃ 
83, a=0,b=lr=2,.s=3 38. a= —6,b= 1 =3 
34. a=0,b=1lr=10Q8=5 3),a=1Llb=23,r=—50=6 
$5. a= 10, -- 5,3 = = 40. a= 13,b=72,5= ἐς 


ΒῈ In Exercises 41-47, X isa point ona line / and x and k are its coordinates in 
two coordinate systems on /. The given equation tells how x and kare related 
for every X on L. In each exercise, copy and complete the given statement. 


41. x+=3k + 1 
42.*=32:+1 
43. x= 34 + 1 
440%= —-3k +1 
45. 2= --ῶκ 1 
46. <= —3k + 1 
47. x= —3k +1 


If k = 0, then x = [7] 
If k = 1, then x = [7] 


0 <k <1 if and only [ἘΠ] (a condition on x) 


If k= —3, then x = 7] 
Ifk= —5, then x = [7] 
k < —3 if and only if [Π] (a condition on x) 
k > —3 if and only if [7] (a condition on x) 
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Angles, 
Ray-Coordinates, 
and Polygons 


4.1 INTRODUCTION 


In Chapter 3 we developed definitions and postulates for the con- 
cept of distance and for coordinate systems ona line. Betweenness for 
points is related to betweenness for real numbers through the idea of 
a coordinate system on a line. The length of a segment is related to the 
coordinates of its endpoints. 

In this chapter we develop postulates and definitions for angular 
measure or, as we usually call it, angle measure, and for ray-coordinate 
systems in a plane. Betweenness for rays is related to betweenness of 
the coordinates matched with the rays. The measure of an angle is re- 
lated to the coordinates of the rays that form the angle. Ray-coordi- 
nates are useful in developing the properties of angles. 

Chapter 4 concludes with a discussion of polygons and dihedral 
angles. The idea of a polygon is a natural extension of the idea of a tri- 
angle, and the idea of a dihedral angle grows naturally from the idea 
of an angle. 
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4.2 ANGLE MEASURE AND CONGRUENCE 


When a pie is cut into four quarters of equal size as indicated in 
Figure 4-1, the rim is also cut into quarters. This is true regardless of 
the size of the pie. If a pie is cut in the usual manner, then with each 
piece that is less than half a pie there is an associated angle, sometimes 
called the associated central angle, This angle is the union of the two 
rays which have the point at the center of the pie as their common end- 
point and which contain the segments that are the cuts forming the 
piece of pie. For a quarter pie we might think of the size of this angle 


= 4-1 

This corresponds to thinking of a revolution as the unit of meas- 
ure. If we adopted this unit, then the measures of the angles in our ge- 
ometry would be real numbers between 0 and +. We prefer to think of 
one revolution as equivalent to 360 degrees. Then the measures of 
angles in our formal geometry will be numbers between (0) and 150 as 
suggested in Figure 4-2. 


Figure 42 


It is said that the Babylonians originated the system of measure- 
ment that is based on what we now call the degree as the unit. To them 
the stars (except the sun) appeared to be fixed on a celestial sphere 
that rotated about an axis once each day. The sun appeared to com- 


4.2 Angle Measure and Congruence 


plete a circular path among the stars once each year (four successive 
seasons). They apparently knew that the length of the year was approx- 
imately 365 days, but, perhaps for convenience, took 360 days as their 
“calendar” year. Considering that the sun traveled over a circular path 
once each 360 days it was natural to divide that path into 360 equal 
parts and consider each part as corresponding to one day and 90 parts 
as corresponding to one season. In the early days of the Christian era, 
the Greek mathematicians of the School of Alexandria divided the 
circle into 360 equal parts and called each part a moira. This Greek 
word was translated into the Latin word de-gradus, meaning “ἃ grade 
or step from,”” From this we get our word degree, meaning the first 
step down from a complete revolution, or yt of a revolution, 

Of course, we could use other units of angular measure such as rev- 
olutions or right angles. Some units that you may not have heard of are 
mils, grads, and radians. There is no particular reason for using degrees 
for angle measures other than the fact that this is commonly done and 
has been done for a long time. To make our development simpler, we 
base our formal geometry of angle measure on just one unit of measure, 
the degree. 

POSTULATE 20 (Angle Measure Existence Postulate) There 
exists a correspondence which associates with every angle in space a 
unique real number between ἢ and 180, 


Definition 4.1 The number which corresponds to an angle 
as in the Angle Measure Existence Postulate is called the 
measure of the angle. 


Notation. The measure of “ ABC is denoted by mZ ABC. 


Note that if the number of degree units in the measure of “ ABC 
is 40, then m4 ABC = 40 and not mZ ABC = 40". If an angle is 
marked 40° ina figure, it means that the measure of the angle is 40. 

In Chapter 3 we agreed to call two segments congruent if they have 
the same length. We make a similar agreement for angles. 


Definition 4.2 Two angles (whether distinct or not) are 
congruent angles, and each is said to be congruent to the 
other if they have the same measure. 


Notation. 4 ABC = / DEF denotes that {ABC and / DEF are 
congruent. 
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Although congruence and equality as applied to angles may seem 
alike, they are in reality different ideas. It is true that if 7A = / B, 
then 7A = /B, but the converse is not true. Many pairs of congruent 
angles are not pairs of equal angles, Remember that an angle is a set 
of points and that two sets of points are not equal unless they consist of 
the same points. For the angles suggested in Figure 4-3 we have 


f/ ABC = ACBA = /ABK = {GBC = /GBK. 


A D 
G 
B Ε 
ΕΝ μι Ε 


Figure 4-3 


Also. ZABC = / DEF. But it is quite possible that m4 ABC = 
πὶ ὦ DEF, If this is true, then 4 ABC = 9 DEF, 

The most common device for measuring angles in informal geom- 
etry is a semicircular protractor with degree marks from 0 to 180 evenly 
spaced on the semicircular edge. To measure an angle such as in Figure 
44a we can either place the protractor as indicated in (b) and read 
the measure 20 directly or we can place it as indicated in (c) and ob- 
tain the same measure by subtracting 65 from 85. 


Another type of protractor is a circular one. (See Figure 4-5.) This 
360-degree protractor has advantages in drawing certain figures. In 
using a 360-degree protractor, as in using a semicircular one, it is pos- 
sible to obtain the measure of an angle from readings on its scale, This 
and other properties of the protractor suggest the concept of a ray- 
coordinate system which we define later. 


EXERCISES 4.2 


1. Copy and complete the following definition of congruence of angles. 
If 4A = £B, then [2] andifmZA = mB, then [7]. 


2. (a) Use your protractor to construct three angles whose degree meas- 
ures are 60, 90, and 135, respectively. 
(b) Why is it not possible, using our definition of angle measure, to con- 
struct an angle whose degree measure is 240? 
3. Use your protractor to find the degree measure of the angles shown. 
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4. In Exercise 3, did you find two angles that are congruent? If so, name 
them and tell why they are congruent. 

5. If Sandy Moser measures an angle and finds its degree measure to be 
60 anc Bob Blake measures the same angle with the same protractor 
and finds its degree measure to be Τῇ, what can you conclude? What 
postulate are you using as a basis for your conclusion? 


Exercises 6-10 refer to the angles in Figure 4-6, 


B E 
Figure 4-6 


6. Using the notation of the figure, write two different names for equal 
angles, that is, for the same angle. 
7. Name two angles that are congruent but not equal. 
8. Write two names of angles such that the angles named are equal (and 
therefore congruent). 
9. Name two angles that are not congruent. 
10. Can you name two angles that are equal but not congruent? 


11. Using a protractor, measure the angles of the two triangles in the fol- 
lowing figure. List those pairs of angles that appear to be congruent. 
Ε 


4.2 Angle Measure and Congruence 


12. In the figure, the readings for certain rays with endpoint V are shown 
in a circular protractor. Name four pairs of congruent angles, that is, 
name four pairs of angles such that the angles in each pair are congruent 
to each other. 


13. Without using a protractor draw six angles whose degree measures you 
would estimate to be 30, 45, 60, 90, 120, and 150, respectively. After 
you have drawn each angle, measure it with your protractor and see 
how good your estimate was. 

14. Draw a triangle ABC so that m/.A = 43,m/B=57,andm/C = 80, 

15, Can you draw a triangle DEF so that m4 D = 54, m4 E = 67, and 
mZF = 70? 

16. Draw a triangle DEF so that mZ D = 54 and mZ E = 67. Use your 
protractor to find m/ F. 


In Exercises 17 and 18, complete the proof of the following theorem. 
THEOREM Congmence for angles is reflexive, symmetric, and 
transitive. 

Proof: Let ΖΑ be any angle; thenm / Aisa number andm/A τ miA 

by the reflexive property of equality. But if m/A—m/A, then 

ΖΑ = £A by the definition of congruence for angles. Therefore congru- 

ence for angles is reflexive. 


17. Prove that congruence for angles is symmetric. 
18. Prove that congruence for angles is transitive. 


19. (a) If 4A = Z2Band £C= 2 B, what can you conclude? 
(b) What properties justify your conclusion in (a)? 
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4.3 BETWEENNESS FOR RAYS 


Recall that if A, B, C are three distinct points on a line, then B is 
between A and C if and only if 


AB + BC = AC, 


Also, B is between A and C if and only if B is between C and A. Be- 
tweenness for points is related to betweenness for numbers through 
the definition of a coordinate system on a line and the Ruler Postulate. 
—F ᾿παπασασῆν 

For three distinct coplanar rays VA, VB, VC (with a common end- 
point) we want to develop a concept of betweenness based on our in- 
tuitive notions of symmetry, our experiences with protractors, and our 
desire for additivity of angle measures in certain situations. Specifically, 
if VB is between VA and ve, then we want VB to be between VC and 


VA. Also, we want VB to be between VA and VC if and only if 
mZAVB 4+ mZBVC = mé AVC. 


These ideas suggest the following definition and postulate. Refer 
to Figure 4-7 as you read them. 


δα, fa. gee 


A end Β ere on the Band (are on the “« oe 
same side of VC Γὰ amo side οἵ VA opposite sides of VE 
VB is between VA and ve 
Figure 4-7 


Definition 4.3 If VA, VB, VC are rays, then VB is between 
VA and VC if and only if 

1, A and B are in the same halfplane with edge νὰ 

2. Band C are in the same halfplane with edge 

3. A and C are in opposite halfplanes with edge VE. 


POSTULATE 21 (Angle Measure Addition Postulate) If VA, 


VB, VC are distinet coplanar rays, then VB is between VA and VC if 
and only if 


mdZAVC = m/AVB + m/ να 


4.3 Betweenness for Rays 
We consider two important matters relating to Definition 4.3. 
(A) Suppose that VB is between VA and VC. Is VB between VC 
and VA? 
(B) Suppose that V. VB is between VA and Vi VC, and that A’, Β', Οἱ 
are any points, except V,.on VA, VB, Ve. respectively, as in 
Figure 4-8. Is VB’ between VA’ and VC’? 
In view of Definition 4.3, the questions raised in (A) and (B) amount 
to the following, expressed in terms of Figure 4-8. Suppose 
(1) A and B are in the same 
halfplane with edge να 
(2) Band C are in the same 
halfplane with edge VA, : oa τὺ 
(3) A and C are in opposite 
halfplanes with edge VB. 
Does it follow that Figure 4-8 
(4) Cand B are in the same halfplane with edge VA, 
(5) Band A are in the same halfplane with edge VC. 
(6) Cand A are in opposite halfplanes with edge VB? 
Does it follow that 
(7) A’ and B’ are in the same halfplane with edge ve, 
(8) B’ and C’ are in the same halfplane with edge VA’, 
(9) A’ and C’ are in opposite halfplanes with edge VB? 
Since (1) implies (5) and (7), (2) implies (4) and (8), and (3) implies 
(6) and (9), it follows that the answer to questions (A) and (B) is Yes. 
Thus betweenness for rays i is symmetric just as betweenness for 
points is symmetric. Indeed, VB is between VA and VC if and only if 


VB is between VC and VA, and Q is between P and A if and only {Ὁ 
is between R and P. Also, betweenness for rays depends on rays, not 
on the particular choice of points used in designating the rays. 

Postulate 21 is consistent with these properties of betweenness, 
Thus, referring to Figure 4-8, 


mZAVC = mZ AVB + mi BVC if and only if 
méZCVA =mCVB+mABVA (Why?) 

and 

mZAVC =m AVB + méZBVC if and only if 


mZA'VC = mZA'VB' +mZB'VC (Why?) 
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Example Consider the six coplanar and concurrent rays formed by 
the three intersecting lines in Figure 4-9. Then study the following 
two instances of betweenness in this figure and the four instances of 
“not betweenness.” 


fine “ ἐπ 


Betweenness 


1. VA is between VF and VB since (a) B and F are on opposite sides 
of VA, (b) A and Fare on the same side of VB, and (c) Band A 
are on the same side of VE. From Postulate 21 it follows that 

miFVA + mZAVB = m/FVB. 


a VA is between VB and VF Indeed, the three statements to check 
are the same three statements that we just checked to verify 


that VA is between VF and VB. From Postulate 21 it follows that 
mZBVA + mZAVF = m/ BVE, 


which should not be surprising in view of the equation 
méFVA + m4 AVB = m4 FVB and the commutative prop- 
erty of addition, 


Not Betweenness 


1. VA is not between VF and VC. Why? Let us check. Are F and C 
on opposite sides of VA? Yes, Are A and F on the same side of 
VC? No. Of course, one “No” in checking the three require- 
ments is enough to establish “not betweenness.” 

An alternate method of checking betweenness in this instance in- 
volves using Postulate 21. According to this postulate, VA is between 
VF and VC if and only if 

mZFVC =mZFVA + mZAVC 


4.3 Betweenness for Rays 149 


But this equation is a false statement. Why? It is false because the right 
side of the equation is a number, whereas the left side is not. Indeed, 
there is no such angle as 4 F VC and hence there is no number such as 
mz FVC, (See Section 4.2.) 

2, VA is not between VE and VB. Why not? 

3. VA is not between VE and VC, Why not? 

4. VA is not between VA and VB. Why not? 


EXERCISES 4.3 


1. In the figure below at the left, explain why ST is not between BA and 
—> 
BC. 


2. In the figure above at the right, explain why VCis not between VA ancl 


VB. 
3. In the figure for Exercise 2, is VB between VA and VC? Is VA between 


4. In the figure at the right, if A-B-C, 
then is BD between BA and BC? 
Why? 


M@ Exercises 5-9 refer to Figure 4-10, Assume that no two of the angles of the 
figure are congruent. In each exercise, name the missing angle. 


5. mAAEB + πε ΒΕ = mi] Ε D 

6. π AEC + mZCED = m/f] 

7. πε ABC — mZ ABE = mZ [7] 

8. mé BED — πι ἐ [Π] =m BEC Cc 
9, πιἐ [Π -- méZ ECD = mZ ECB 


Figure 4-10 
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Exercises 10-13 refer to Figure 4-11, Name the missing angle or number. 
c 
D 
Figure 4-11 A B 

10. m4 ADE + mZEDC = αι ἐ[Π 12, DE + EB = [7] 
11. mZ DAB — mZ DAC = m2] 13, AC — AE = ΠῚ 
14, Given m4 AVB = 35 

mZAVC = 115 

find méBVCil 


(a) VB is between VA and VC, and 
ib) VA is between VB and VC. 

15. If, in a plane, mZ AVB = 70 and m4 BVC = 44, find m/ AVC. Is 
there just one possible value for m4 AVC? Illustrate with a figure. 
16. In the figures below, πὶ ABC = πι EFG = 70 and m/ DEC = 

m/ HFG = 25. Prove that £ABD= 2 EFH. 


F G 


17. In the figures below, m2 DEF = m4HKM = 120 and méGEF = 
mm HKN = 35. Prove that 2DEG = ὁ NKM. 


N 
" 4 "Ὰ | 
E F K M 
18, In the sige below, mZ POS = mz DBC = 20 and mZSOR = 
mé£ABD = 3). Prove that 2 POR = £4 ABC, 


(ale ἘΞ 


4.3 Betweenness for Rays 


19, In the figure below, m41—= m3 and m42 = m4, Prove that 
ADEF => £DGE, 


E 


G 


20. CHALLENCE PRoaiEemM, Let VE he between VA and VC and let RO be 
between RP and RS as shown in the figure below. It appears that all 
three of the following statements might be true: (a) “CVB = ὁ SRQ, 
(b) 4BVA & ὁ ORP, and(c) 4CVA & 2 SAP. Prove that if any two 
of these three statements are true, then the third one is also true. 


σ 5 


τ 


V A Rg P 
Hint: There are three things to prove. 


(A) If (a) and (b), then (c). 
(B) If (a) and (c), then (b). 
(C) If (b) and (ce), then (a). 


Proof of (A): ‘There is a number r such that 


mZCVB = αι πῆ =r, Why? 
There is a number αὶ such that 

mé BVA =m QRP = 5. Why? 
Then 

mé£CVA=r+s= m2ZS5RP. Why? 
Then 


LCVA = #4 SRP. Why? 
Now write proofs of (B) and (C), 
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ΔΑ RAY-COORDINATES AND THE PROTRACTOR POSTULATE 


In the same way that the Ruler Postulate provides us with a mathe- 
matical, or abstract, ruler for assigning coordinates to points, we want 
a mathematical protractor for assigning ray-coordinates to rays. We 
first define what is meant by a ray-coordinate system. Then we adopt 
the Protractor Postulate which amounts to an agreement that ray- 
coordinate systems do exist and that they are unique if we pin them 
down in certain ways. The definition is based on experiences with 
protractors. 


Definition 4.4 (See Figure 4-12.) Let V be a point in a plane 
a, A ray-coordinate system in a relative to V is a one-to-one 
correspondence between the set of all rays in a with endpoint 
V and the set of all real numbers x such that 0 < x < 360 
with the following property: If numbers r and s correspond 
to rays VR and Vsin a, respectively, and if r > s, then 


m/RVS=r—s if r—s< 180 
mZRVS = 360 — (r — 8) if r—s > 180 
VE and VS are opposite rays if r—s= 180. 


Figure 4.12 


Definition 4.5 The number that corresponds to a ray in a 
given ray-coordinate system is called the ray-coordinate of 
that ray. The ray whose ray-coordinate is zero is called the 
zero-ray of that system. 


Notation. We use cd VX as an abbreviation for ray-coordinate of VX. 


4.4 Ray-Coordinates 


Example 1 Figure 4-13 suggests a ray-coordinate system where the 
ray-coordinates of several rays are given. For this example we have: 

m/AVR = 70—0= 70 

mé AVR’ = 360 — (250 — 0) = 110 

mZPVR = 90 — 70= 20 

πι PVR’ = 250 — 90 = 160 

mé£PVA = 360 — (270 — 0) = 90 

VR = opp VR’ since 250 — 70 = 180 

VA and VA’ are opposite rays since 180 — 0 = 180 


. . | Figure 413 
POSTULATE 22 (Protractor ict If ἃ is any plane and 


VA and VB are noncollinear rays in a, then 
(1) there is a unique ray-coordinate system § in ἃ relative to Vin 


which cd VA = 0 and cd VB = mZ AVB and 


(2) if X is any point on the B-side of VA, then cd VX (in 9) = 
mZ AVX. 


Example 2 Figure 4-14 showsa line VA and two rays VB and VX with 
Band X on the same side of VA. 


xX 


ν Α Figure £14 

Ifm 4 AVB = δῦ, there is a unique ray-coordinate system in which 

cd VA = 0 and cd VB = 50. If mZ AVX = 105 and Χ and B are on 
the same side of VA, then cd VX = = 105. 
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We now proceed to prove several theorems using our postulates 
about angles. 

THEOREM 4.1 If 4 AVBis any angle ina plane ἃ and if § is the 
ray-coordinate system in ἃ relative to V in which cd VA = and 
ed VB = mZ AVB, then the ray-coordinate of VX is 
(1) Of VX= VA. 
(2) 180 if VX = opp VA. 
(3) between 0 and 180 if X is on the B-side of VA, 
(4) between 180 and 360 if X is on the not-B-side of VA. 


Proof: Figure 4-15 consists of four parts which correspond with those 
of the theorem. 


fae 


VF Az 


(1) 
Figure 415 


1. Ina ray-coordinate system there is only one number matched 
with each ray. Since VX=VA and since 0 is matched with VA, 
then 0 is the number matched with VX. 

2, According to the definition of a ray-coordinate system two rays 
are opposite rays if and only if their ray-coordinates differ by 

= — > 
180. Since cd VA = 0, since VX = opp VA, and since every 
ray-coordinate is either 0 or a positive number less than 360, 
it follows that ed VX = 180. 
—) a, 

3. Since X is on the B-side of VA, then ed VX = m# AVX. Since 

πιὸ AVX is a number between ἢ and 180, it follows that ce VX 


is a number between 0 and 180. 

4, Let X" be a point such that ’ VX and VX’ are opposite rays. Since 
Xis is on the not-B-side of VA, it follows that X’ is on the B-side of 
VA. Then cd VX’ is a number between 0 and 180 by part 3, and 
since cd VX is a number between 0 and 360 which differs from 
cd VX’ by 180, it follows that cd VX is between 180 and 360. 


4.4 Ray-Coordinates 
The argument in part 4 expressed in symbols consists of the fol- 
lowing steps: 
0< cd VX < 360 
0 < cd VX’ < 360 
0 < ed VX’ < 180 
od VX -- cd VX’ = 180 
cd VX = cl Vi" + 180 
180 < ed VX < 360 
In working with a protractor we know that if we are given any an- 
gle, say 4 DEF, and a ray VA on the edge of ἃ halfplane iC, then we 


can draw a ray VB with B in JC so that ZAVB = 4 DEF. Our postu- 
lates permit us to do this in the abstract as the following theorem 
suggests. 


THEOREM 4.2 (Angle Construction Theorem) If 2 DEF is any 
—} 
angle, if VA is any ray, if ΤΟ is any halfplane with edge VA, then 


there is one and only one halfline VB in 3 such that “/ AVB = 
ἐ DEF. 


— 
Proof: (See Figure 4-16.) Let us suppose that 4 DEF, VA, and 3€ are 
given as in the statement of the theorem. Let « be the plane that con- 
tains JC and let P be any point in 0, Let § be the unique ray-coordi- 
nate system in ἃ relative to V in which 


dVAsG “nd Gita mae 


P 
0 ὃ 50 A 


V 
Ε bs Figure 416 
— 
Letm4 DEP = b, Then 0 < b < 180 and there is exactly one ray VB 
with B in 3C such that ed VB = b. Why? Then 


m/AVB =hb=m/ DEF 
and VB is the unique halfline in 50 such that ZAVB = Z DEF. 


The following theorem relates betweenness for rays and between- 
ness for coordinates. 
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THEOREM 4.3 If a ray-coordinate system in which cdVA = 0, 
cd VB = b, cd VC = e with c < 180is given, then VBis between 
VA and VC if and only if b is between 0 and δ. 


Proof: Figure 4-17 suggests the aes or sei of our theorem, 
We prove two things, 
1. If bis between 0 and ¢, then 


VB is between V. VA and VC. 
2. If VB is between VA and Vi Yc. | 
then ἢ is between ἢ and e. 
Proof of 1 Figure 4-17 © 
l. e< 180 l. H 
2¢>0 2. All ray-coordinates are non- 
negative numbers. 
3.0< b<— c< 180 3. Hypothesis and steps 1, 2 
4. mZAVB=b—0 4. Definition of ray-coordinate 
. system 
5. mZBVC=c—b 5. Definition of ray-coordinate 
system 
6. m£AVC =c—0 6. Definition of ray-coordinate 
_ System 
7. (b—0) + (e—b=c-0 7. Properties of real numbers 
8. mZAVB+mZEVC = 8. Substitution (steps 4, 5, 6, 
mZ AVC and 7) 
9, VB is between VA and 9, Angle Measure Addition 
VC Postulate 
Proof of 2: 
1. VBis between VA and VC. 1. Hypothesis 
ῷ. VA, VB. VC are distinct 2. Definition of betweenness 
rays. for rays 
3. Bis onthe C-side of VA. 3. Definition of betweenness 
for rays 
4. 0, b, c are distinct num- 4. Definition of ray-coordinate 
bers. system and step 2 


5. O< κυ -Ξ 180 5. Hypothesis 


4.4 Ray-Coordinates 


6. 0< b< 180 6. Steps 3, 4, 5 and definition 
of a ray-coordinate system 
7. mZ AVE = b— 0 7. Definition of a ray-coordi- 
m/AVC = c¢c—0 nate system 
8. mZAVB + mZBVC = 8. Angle Measure Addition 
mZ AVC Postulate 
9b+méZBVC=c 9, Substitution (steps 7 and 8) 
10. mZ£BVC> 0 10, Angle Measure Existence 
Postulate 
ll. b<c 11. Steps 9 and 10 
12. 0<b<e 12. Steps 6 and 11 


THEOREM 4.4 (Angle Measure Addition Theorem) If distinct 


Tays VB and VC are between rays VA and VD and if 2 AVB& 
£CVD, then ZAVC = 4 BVD. 


Proof; Figure 4-18 suggests two 
possibilities. We prove both cases 
at the same time, 


Figure 4-18 (a) | (δ) 
Suppose that VB and VC are distinct rays as in Figure 4-18, From 
the Protractor Postulate and Theorem 4.3 it follows that there is a 
unique ray-coordinate system & such that ed VA = 0, 0 < ed VD< 
180, 0 < ed VB < cd VD, and 0 < οἱ VC < cd VD. Let ed VB = b, 
cd VC = ο, cd VD = d. 
We must show that if 7/AVB= £CVD, then 4 AVC = Z BVD. 
méfCVD=d—e 
méZAVC =e 
mfBVD=d—b 
our problem amounts to proving that if b = d— ec, thence = d — b, 
Suppose then that b = ἡ — ec. Using the Addition Property of Equal- 
ity, we may add ἃ — b to both sides of this equation. The result is 
b + (ὁ -- Βὴ = (d— 0) + (c— By, 
which simplifies τὸ ὁ = εἰ — 6, the desired conclusion. 


Notice the similarity of Theorem 4.4 to Theorem 3.4. 
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—rs 
COROLLARY 4.4.1 ΤῈ distinct rays VB and VC are between rays 
VA and VD andif Z AVC = ZBVD, then ZAVB = Z CVD. 


Proof: If f VB and VC are between VA and VD, then VC and VB are 
between VA and VD. The corollary follows immediately from The- 
orem 4.4 4 by interchanging VB and VC, that is, by renaming ray \ VB 
as ray VC and renaming ray VC as ray VB. 


COROLLARY 4.4.2 If VA, VB, VC, VD are distinct coplanar 


rays such that A-V-D, B and C are on the same side of AD, and 
ZAVB = Z£CVD, then ZAVC = / BVD. 


Proof: There is a unique ray-coordinate system in which cd VA = 0, 
cd VB=b, ed VC =c, cd VD = 180, b#0, Ὁ « b < 180, and 
0< ¢< 180. Then 

mZAVB=b—0=—b5, 

mZAVC=>c—Oz=~c, 

πι BVD = 180 — b, 

πι ΟΥ̓ = 180 — «. 


Since 4 AVB = Z CVD, then b = 180 — ce. It follows that b + ¢ = 
180, c = 180 — bh, mf AVC = m/ BVD, and / AVC = / BVD. 


EXERCISES 4,4 


Exercises 1-10 refer to a ray-coordinate system in which the numbers as- 
= ee er - 

signed to VA, VB, VC, VD, VE, and VF are 0, 28, 47, 139, 263, and 319, 

respectively, In Exercises 2-9, compute the angle measures using the given 

ray-coordinates. 


1. Draw a figure to illustrate the given situation, 

2. mé BVC 6. mAPFVE 
3. m/ BVF 7. mi AVE 
4, mi CVE 8 méBVD 
». mé DVE 9. miCVF 


10. What can you say about rays VD and VF? 


4 παρ τὸς ῳ —+ — 
11. Let three distinct concurrent rays VA, VB, VA’ such that VA — opp VA" 
be given. Prove that 


m/ AVB + πὶ BVA’ = 180. 


4.4 Ray-Coordinates 
12. In the situation of Exercise 11, explain why it is incorrect in our formal 
geometry to say that 
mé AVB + mZ BVA’ = πι AVA’. 


Exercises 13-19 refer to a ray-coordinate system in which the numbers as- 


τ τ τες 
signed to WA, VB, vc, and VD are 0, b, c, and εἰ, respectively, where 
0<b<e< d « 180, In Exercises 14-19, express the angle measures 
using the given ray-coordinates. 


13. Draw a figure to illustrate the given situation. 


14. πε AVC 17. m4“ CVD 
15. πε BVD 18. m/ AVD 
16. m4“ BVC 19. mz AVB 


In Exercises 20-26, the same situation as in Exercises 15-19 is given except 
that 0 <b « ὁ < WO and 270 < εἰ < 360, In Exercises 21-26, express the 
angle measures using the given ray-coordinates, 


20. Draw a figure to illustrate the given situation. 


31. mZ AVC 24, m7 CVD 
229. m/ BVD 25. m/AVD 
23. mi BVC 26. m/ AVB 


Exercises 27-38 refer to Figure 4-19, If the ray-coordinates of VA, VB, vc, 


WD, VE. and VE are as shown in the figure, name the theorem, definition, 
or postulate that justifies the statement in the exercise. 


110 70 


Figure 4-19 
27. VD is between VC and VE 33. £BVC = /DVE 
28. m“ CVE =mzCVD + 34. £BVD= / CVE 
mz” DVE 
29. VC is between VF and VB. 35. mZ AVE = 140 — 0 = 140 
30. m/ BVF = m/ BVC + 36. πὶ BVF = 180 — 40 = 140 
π CVF 
31. mZBVC = 70 — 40 = 30 47. ZAVE = ZEBVF 


32, m DVE = 140 — 110 = 30 38. ZAVB = ZA EVF 
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Exercises 39 and 40 refer to Figure 4-20. Use Corollary 4.4.2. 


Figure420 8 ¥ ΗΝ 
39, If ¢-MVN = ὁ RVS, name an angle congruent to 4 MVR. 
40. If ΣΥΝ = “AVM, name an angle congruent to “ SVR. 


41. In the figure below, 4 DBA = 2 CBE. What can you conclude about 
#land £2? What are you assuming from the figure about the points 
A, B, C, D, EP About the points A, 8, C in particular? About D and E 


in relation to ἀ ἢ 


42. In the figure below, 21 = £2. What can you conclude about “ ΒΑΕ 
and “CAD? Name the theorem you are using. What assumption are 
you making about the figure? 


4.5 SOME PROPERTIES OF ANGLES 


Two distinet intersecting lines form four angles as suggested by 
Figure 4-21. Two angles such as a and ὁ or b and d, which appear “‘op- 
posite” each other in the figure, are called vertical angles. Two angles 
such as ὦ and ἢ or b and ¢ are called a linear pair of angles. We state 
these ideas more precisely in the following definitions, 


4.5 Some Properties of Angles 


Definition 4.6 Two angles are called vertical angles if and 
only if their sides form two pairs of opposite rays. 


Definition 4.7 Two angles are called a linear pair of angles 
if and only if they have one side in common and the other 
| sides are opposite rays. 

Note that two angles are vertical angles if their union is the union 
of two distinct intersecting lines, Note also that two angles are a linear 
pair of angles if their union is the union of a line and a ray whose end- 
point lies on that line. 


THEOREM 4.5 Vertical angles are congruent. 


Proof: Let AB and OD intersect at V to form two vertical angles 
£AVC and ὦ BVD as in Figure 4-22. Let a be the plane determined 
by A, V, and Οἱ Let § be the unique ray-coordinate system in ἃ relative 
to V in which cd VA = 0 and cd VC = mZ AVC. (Which postulate 
tells us there is one and only one ray-coordinate system with these 


properties?) For convenience, let ed VB = b, cd VC = ¢,cd VD = ἃ. 


6 Figure 4-22 

The rest of the proof follows from the definition of a ray-coordinate 

system, 
b=180 and d=c+ 180 Why? 
méBVD = d— b= (c + 180) — 180 =e =mZAVC 
ZAVC = £BVD 


Definition 4.8 Two angles (distinct or not) are complemen- 
tary, and each is called a complement of the other if the sum 
of their measures is 90. Two angles (distinct or not) are sup- 
plementary, and each is called a supplement of the other if 
the sum of their measures is 180. 
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THEOREM 4.6 Tf two angles form a linear pair of angles, then 
they are supplementary angles, 

Proof: Let a linear pair of angles, 4 AVB and 2 BVC, in plane ἃ as 

indicated in Figure 4-23 be given. Let § be the unique ray-coordinate 

system relative to Vin a such that ed VA = Oand cd VB = mZ AVB. 


ΒΕ 


Figure 4.23 A ν Ὁ 
Then cd VB<180 and ed VC = 180 
mZAVB + mZ BVC = (ed VB — ΟἹ + (180 — cd VB) = 180. 
Therefore 4 AVB and 4 BVC are supplementary. 


Notice that Exercise 11 of Exercises 4.4 is Theorem 4.6. 
THEOREM 4.7 Complements of congruent angles are congruent. 


Proof: Let 4 Aand 2B be two congruent angles, let 4 C be a com- 
plement of 2 A, and let 4 D be a complement of / B. Then 
miA+mC= 90 
mZB4m4D= 90 
mZA=m/B 
mZA+mZC=mZB4m/D 
m£C=msD 
£Ca ἐ ἢ 


THEOREM 4.8 Supplements of congruent angles are congruent. 


Proof: Assigned as an exercise, 


Aspecial ray associated with an angle is its midray. Here is a defini- 
nition for a midray. 


Definition 4.9 A ray is amidray of an angle if it is between 
the sides of the angle and forms with them two congruent 
angles. A midray of an angle is said to bisect the angle; it is 
sometimes called the bisector of the angle or, briefly, the 
angle bisector. 


4.5 Some Properties of Angles 


Tt appears from Figure 4-24 that an angle should have one and only 
one midray. This suggests our next theorem. 


Figure 4-24 


THEOREM 4.9 Every angle has a unique midray. 


Proof: Let ὁ AVC as in Figure 4-25 be given. Let § be the unique 
ray-coordinate system in which ed VA=0 and οἱ VC=c 
= m2 AVC. Then there is a unique ray VB such that ed VB = b = = 
Why? 
mé£AVB + mZBVC = (b — 0) + (c — b) 
=c=mZAVC ε bes 

VB is between VA and VC. c 
méAVB=b—0O=5b 
méBVCO=c—b=2)—b=b 

: Vv 
mZ AVB = mZ BVC ὩΣ 
Therefore VB is between VA and VC, and VB forms with VA and VC 
two congruent angles. Therefore VB isa midray of 4 AVC. 

We prove next that 4 AVC has only one midray. Suppose that VD 

is a midray of 4 AVC, Let ed VD = d, 

Then VD is between VA and VC. Why? 

O<d<e by Theorem 4.3 

mfAVD=d—-0=d 

mfDVC=c-—d 


c—d=d, c = 2d, d=£=h}b 
VD = VB Why? 
Therefore the midray is unique. 
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EXERCISES 4.5 


1. In the figure several rays and their ray-coordinates are marked. Com- 
pute the measures of the following angles. 
(a) ZAVB 


(b) ZAVC 
[ὃ £AVH 
(dq) ZAVG 
(ce) ZAVF 
() 2£DVC 
ig) ZDVB 
(h) £DVA 
(i) 2DVH 
ἢ ZDVG 


2. In a ray-coordinate system the numbers assigned to VA, VB, VC, VD 
are 0, 30, 130, 180, respectively. 
(a) Draw a figure to illustrate the given situation. 


(b) Compute se several angle measures and use them to prove that VB is 
between VA and VC. 

(c) Is VB between VA and VD? Justify your answer. 

(4) Is VA between VB and VC? Justify your answer. 

(e) Is VC between VB and VD? Justify your answer. 


3. In a ray-coordinate system the numbers assigned to VA and VB are 0 
and 100, respectively, All of the rays and angles in this exercise are in 
the plane determined by the points A, V, and B, 


(a) If mZ AVC = 50 and if B and C are on the same side of VA, find 
ed VC. 

(b) If m4 AVC = 50 and if B and C are on opposite sides of VA, find 
ed VC. 

{c) IfmZBVD = 150 andif A and D are on the same side of VB, find 
cd VD 

[ἃ] lfm ὦ BVD = - 150 and if A and D are on opposite sides of VB, find 
ed VD. 

(e) If cd VE = 200, is VB between VA and VE? 

(ἢ If cd VE = 200, is VA between VB and VE2 


1] 


4.5 Some Properties of Angles 


(2) If cd VE = 200, is VE between VB and VA? 
(h) If ed VF = 981, is VB between VA and VF? 
i) If cd VF = 281, is VA between VB and VF? 
fi) If cd VF = 281, is VF between VB and VA? 
(k) Find ed VK if VK is the midray of Z AVB. 


. Given a ray-coordinate system in which the numbers assigned to VA, 


VN, VD, VY are a, b, ας d, respectively, let VA’, VN’, VD’, VY’, be the 


rays opposite to VA, VN, VD, vy, respectively. Assume that 0 < a < 
b < ες d < 180. Derive formulas in terms of a, b, c, εἰ for the follow- 
ing measures. 


(a) mZAVN (ε) mZDVA 
(b) mZ AVY (ἢ mZDVY 
(οὐ mZ AVN’ (g) mZ DVN 
(4) mZ AVD’ (8) mZ DVN’ 


. Referring to the figure, describe in your own words the following sets. 


af c 


A v R 


(a) The union of VA and VR. (c) The union of /AVBand 2 BVC. 
(δ) The union of VA and VB. (4) The union of ZAVB and / RVC. 


. Referring to the figure, describe in your own words the following sets. 


(a) The intersection of VR and VP. 

(b) The intersection of Z RVP and Z PVX. 
(ce) The intersection of 2 RVP and / XVY. 
(d) The intersection of ὦ PVX and / XVP. 


. Let AB be the edge of a halfplane 50 that contains points C and D, As- 


sume that A, C, D are noncollinear and that B, C, D are noncollinear. 
Describe the following sets. 

(a) The intersection of 56 and AB. 

(b) The intersection of 4“ CAD and 3. 

(c) The intersection of 2 CAD and AB. 

(d) The intersection of “CAD and / CBD. 

[ΕἸ The union of “Ὁ and AB. 

(f) The union of SC and 4 CAD. 

[ἢ The union of JC and “ ACB. 

(h) The intersection of σῷ and “ ACB. 
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10, 


11. 


12, 


Let four coplanar rays VA, VB, VC, VD be given such that VB is be- 
tween VA and vc. VC is between VB and VD, and VD = opp VA as 
indicated in the figure. Complete the following proof that 

méZ AVB + mZBVC + mZCVD = 180. 


B δ 
A ἢ 
: ¥ 
Proof: m£ZBVD = mé£BVC +mZCVD Why? 
méZAVB +méZBVD = 180 Why? 
Therefore [7]. 
Fe - — 
. Let four coplanar rays VA, VB, VC, VD be given such that VB is be- 


tween VA and VC, VD = opp VA, and mZ AVC >> m Z AVB as indi- 
cated in the figure. Justify each step in the following proof that 


méAVB + m/BVC + m4éACVD Ξ 180. 


c 
i] B ἃ 


A D 
0 π 180 


Proof: Let § be the unique ray-coordinate system in which cd VA Ξε ἢ 
and 
ed VE = mé AVB = b< 180. 


Then B and C are on the same side of AV. Let cd VW= ἃ Then 
0< c< 180, wherec = mZ AVC. Then 0 < b< ὁ < 180. Therefore 


mZAAVB + mé28BVC4+mzCVD 
= (b — 0) + (fe — Bb) + (180 — οἱ = 180. 


In the figure AB and CD intersect at O 
forming four angles, If m4 AOD = 133, 
find 

(a) πε COA 

(b) mé BOC 

ic) m4 BOD 

If £Aand / B are supplementary angles and x is a number such that 
mZA = 3x + Gand mZ B = 2x + 12, find the measures of 4 A and 
é B. Check your results by finding the sum of these measures. 

If £Pand 4 Q are complementary angles and y is a number such that 
méP= y+ 30 and m/Q = y — 30, find the measures of 4 P and 
£Q. Check your result by addition, 


. Twice the measure of an angle is 24 more than five times the measure of 


its supplement. Find the measure of the angle and check your result. 


14. 
15. 
16. 
11. 


18. 


19. 


21, 
22. 


25. In the figure at the right, 


4.5 Some Properties of Angles 


Find the measure of an angle if its measure is twice the measure of its 
complement, 

Find the measure of an angle if its measure is one-half the measure of its 
complement. 

If A and 2 B are both congment and supplementary, find the mea- 
sure of each. 

If “Aand # B are both congruent and complementary, find the mea- 
sure of each. 

The figure shows three coplanar lines and six angles marked a, b, ας d, 
x, and y. Complete the following state- 
ments. (There are several correct re- 
sponses for some items.) 

(3) aand b are a [5] pair of angles. 

(b) aand b are [7] angles. 

(Ὁ) band c are [7] angles. 

(d) Ifa = x, then b =& [7]. 

Given an angle “ AVA, let σῷ be the set of all points that are on the 
same side of VBas A, that is, 3 is the A-side of VB. Let X be the B-side 
of VA. Make a sketch showing 3€ by shading with vertical halflines and 
* by shading with horizontal halflines, How is the interior of ¢ AVB 


marked in your sketch? Is the interior of 4 AVB the intersection of δ 
and *, or the union of # and K, or some other set related to δ and K? 


. In the proof of Theorem 4.7, justify each of the five equations and the 


congruence. 
Prove Theorem 4.8. 

In the figure below, AC is the midray of 2 BAD and VS is the midray 
of /RVT. 1 BAD = /RVT, prove that 4 BAC= /RVS. 


ν 


. Speaking informally, does the result of Exercise 22 prove that “halves” 


of congruent angles are congruent? 


. Using Theorem 4.8 and the reflexive property of congruence for angles, 


write an alternate proof of Theorem 4.5. 
£2 a £3. 


Prove that 
fl=Zs and f4= £5. 
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4.6 INTERIORS OF ANGLES 


In Chapter 2 we defined the interior of “ ABC as the intersection 
—* 
of two halfplanes, the C-side of AB and the A-side of BC. 

Another way to think of the interior of an angle is in terms of the 
rays between the sides of the angle. From our definition of between- 
for rays in Section 4.3, we know that if VD isa ray between the 
sides of Ζ AVC, then every point of VD except V (that is, the halfline 
> = 
VD) lies on the A-side of VC and on the C-side of AV. Hence VDis con- 
tained in the interior of the angle. What we have shown for VDis true 

— 
for every ray between VA and VC. For convenience let ΟἹ denote the 
union of the interiors of all rays between VA and VC and let 9 denote 
the interior of 4 AVC, We have shown that ἢ lies in 9, that is, that 
RC 9. 


In Lemma 4.10.1 we shall show that if a point is in 9, it is also in ®. 
Then we shall have ® C αὶ and J C (ἢ, andhence 9 = MR, which we 
state formally in Theorem 4.10. 


LEMMA 4.10.1 Tf a point is in the interior of an angle, then it is 
an interior point of a ray between the sides of that angle. 


Proof: Let D be a point in the interior of “ AVC, and let ἃ be the 
plane containing the points A, V, C, D. Then it follows from the defini- 
tion of the interior of an angle that (1) A and D are on the same side of 

— — 
VC and (2) Dand C are on the same side of VA. We shall show that VD 
is between VA and VC, and hence that D is an interior point of a ray 
between the sides of 4 AVC. 

Let ὃ and §’ be ray-coordinate systems in a relative to V with co- 
ordinates as indicated in the table and such that ἢ < ¢ < 180, 
O< α' < 180. Since ὃ < υ < 180 and since C and D are on the same 
side of VA, it follows that 0 < d < 180. Since 0 < a’ < 180 and since 
A and D are on the same side of νὰ it follows that 0 < d’ < 180. 


ὃ δ΄ 
οἷ VA 0 a’ 
ed VD ad a 


eel ve c ὦ 


4.6 Interiors of Angles 


Suppose that c = d. Then εἶ = 0 (Why?), D lies on Ve, and D is 
not in the interior of 4 AVC, Since this contradicts the hypothesis of 
the theorem, it follows that ¢ = εἰ. 

Then 0 - d « ὁ < 180 or 0 < ὁ «- ἃ « 180. Suppose that 

0<c<d< 180. 
Then it follows from Theorem 4.3 that VC is between VA and VD and 
from Definition 4.3 that A and D are on opposite sides of VC. However, 
A and D are on the same side of VC. (See (1) in proof.) Since this con- 
tradicts the Plane Separation Postulate, it follows that 

0 « ἃ «- ὁ ς 180. 
Using Theorem 4.3 and Definition 4.3 again, we deduce that VD is 

—> —» 

between VA and VC and hence that D is an interior point of a ray be- 
tween the sides of 4 AVC. 

We have proved the following theorem. 


THEOREM 4,10 The interior of an angle is the union of the in- 
teriors of all rays between the sides of the angle. 


Another way to consider the interior of an angle is in terms of the 
segments whose endpoints lie on the sides of the angle. (See Figure 
4-26.) 


Figure 4-26 


Given 4 ABC, let D be any point on BA except B and let E be 
any point on BC except B, Let P be any interior point of the segment 
DE. In other words, P is any point between D and E. Since all of DE 
except E lies on the A-side of BC and all of DE except D lies on the 
C-side of AB, it follows that P lies in the interior of Ζ ABC. Thus we 
have the following theorem. 


THEOREM 4.11 If AB is a segment joining an interior point of 
one side of an angle to an interior point of the other side, then the 
interior of AB is contained in the interior of the angle. 
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4.70 ADJACENT ANGLES AND PERPENDICULARITY 


A linear pair of angles is a special case of a pair of coplanar angles 
having one side in common and interiors which do not intersect. (See 
Figure 4-27.) It is convenient to introduce a special word for angles 


with this property. 


Figure 4-27 


Definition 4.10 Two coplanar angles are adjacent angles if 
they have one side in common and the intersection of their 
interiors 1s empty. 


In Figure 4-28, 4 AVBand 4 BVC are adjacent angles and 4 AVB 
and “ AVC are adjacent angles. Although “DWE and ὦ EWF are 
adjacent angles, note that 4 DWE and 4 DWF are not adjacent angles. 

All of you have a background of experience with right angles, per- 
pendicular lines, acute angles, and obtuse angles. Following are the 
formal definitions for these terms. 


Definition 4,11 An angle whose measure is 90 is a right 

angle. An angle whose measure is less than 90 is an acute 

angle. An angle whose measure is greater than 90 is an obtuse 

angle. (See Figure 4-29.) 

Right angle Acute angle Obtuse angle | 
Figure 4-29 


4.7 Perpendicularity 
THEOREM 4.12 If the two angles in a linear pair are congruent, 
they are right angles. 


Proof: (See Figure 4-30,) Let the measure of each angle in the linear 
pair be r. It follows from Theorem 4.6 that r+ r= 180. Therefore 
r = 90 and each of the angles is a right angle. 


Figure 4-30 
THEOREM 4,13 Any two right angles are congruent. 
Proof: Every right angle has a measure of 90. Hence all right angles 


have the same measure and hence all right angles are congruent to each 
other, 


If £AVB is a right angle, then AV and VB are perpendicular lines. 
(See Figure 4-31.) 


Definition 4.12 If the union of two intersecting lines con- 
tains a right angle, then the lines are perpendicular, 


Figure 4-31 Figure 4-32 


It is easy ἢ to show t that two perpendicular lines form four right 


angles. Let AA’ and BE’ be perpendicular lines which intersect at V 
as indicated in Figure 4-32 and let 4 AVB be a right angle. Then 
é A'VB' is a right angle since 4 A’VB' and ΖΦ AVB are vertical angles 
and vertical angles are congruent. Also, 4 AVB' is a right angle since 
2 AVB’ and 4 AVB form a linear pair. Then m2 AVB = 90, 
m£AVB + m2 AVB' = 180, and therefore πὶ AVB' = 90, Why is 
2 A'VB a right angle? 
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When are two rays perpendicular? It seems natural enough to say 
that two rays are perpendicular if the lines which contain them are per- 
pendicular. We extend this idea to any combination of segments, rays, 
and lines in the following definition. 


Definition 4.13 Two sets, each of which is a segment, a ray, 
or a line, and which determine two perpendicular lines are 
called perpendicular sets, and each is said to be perpendicu- 
lar to the other. 


Notation. We write @ 1 @ to mean that @ and (δ are perpendicular 
sets. We may read @ 1 @ as “Ὁ is perpendicular to 63." Note that if 
@ 1 ὦ, then ® 1 @. 

If @ and @ are perpendicular sets, then @ is contained in some line 
i, Gis contained in some line m, and! 1 m. Since perpendicular lines 
are distinct intersecting lines, it follows that if @ 1 ὦ, then @ and @ 
have at most one point in common. As indicated in Figure 4-33, the 
intersection of two perpendicular sets is a set consisting of at most one 
point. 


Figure 4.33 


4.7 Perpendicularity 


In a figure two perpendicular sets may be marked with a little 
“square corner’’ as illustrated in Figure 4-34. 


ie eas Se 


Figure 434 

A typical exercise in informal geometry involves constructing a per- 

pendicular to a line at a point on it. Our formal geometry is sufficiently 
developed now so that we can prove that such perpendiculars exist. 


THEOREM 4.14 For each point on a line in a plane, there is one 
and only one line which lies in the given plane, contains the given 
point, and is perpendicular to the given line. 

Proof: See Figure 4-35. Let P be a point on line [in plane ἃ. Let dC 


be one of the two halfplanes in αὶ with edge ἰ. There exists a point A 
different from P on ἰ, Why? 


Let ἢ be any point in 3. Let § be the unique τὸ ray-coordinate 
system in a relative to P in which cd PA = Oandcd PR = mZ APR. 
Let PB be the unique ray with cd PB = 90. ZAPBisa right angle 


and PB 1 PA. Why? 
Therefore there is at least one line in a through P perpendicular to I. 
Let m be any line in « through P and perpendicular to |, Then 
m Ul [contains four right angles. One of these right angles is the union 


of PA anda ray, say P PC, such that PC C 0, 


mZ APC = 90 
0<ed PC < 180 

ed PC = 90 

PC = PB Why? 
m = PB Why? 


Hence there is only one line in ἃ through P and perpendicular to 1. 
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In connection with Theorem 4,14 there is an interesting question 
to consider. If lis a line and Pis a point not on /, is there one and only 
one line through P that is perpendicular to [? (See Figure 4-36.) Maybe 
there is no line m such that m 1 I. Maybe there is just one such line m. 
Maybe there are several. We shall prove later that in our formal ge- 
ometry there is one and only one line m through P and perpendicular 
to . The point in which m intersects | is called the foot of this perpen- 
dicular from P to 1. 


Figure 4-36 
It is important to emphasize that all lines considered in Theorem 
4.14 lie in one plane. If we remove this restriction, it seems reasonable 
that there are many lines perpendicular to a given line at a given point 


on it, as suggested in Figure 4-37. This idea comes up again in a later 
chapter. 


Figure 417 


EXERCISES 4.7 


Let a ray-coordinate system § ina plane a relative toa point V be such that 


the ray-coordinates of VA, VB, VC are a, b, c, respectively. In Exercises 1-5, 
given the values of a, b, c, determine whether or not B is in the interior of 
# AVC. 


L@a@=0,b=6%,c = 175 4.a=—0,b = 270,c = 175 
2a=0,b=6,¢ = 185 5.4¢=9,b= 360, ὁ ξξ ἢ 
ἃ. a=0,b = Τῇ, ὃ = 185 


4.7 Perpendicularity 


ΝΒ In Exercises 6-16, A, 8, C are three noncollinear points and D is an interior 
point of BC. 
6. Is D an element of the interior of “ BAC? 
7. Is D an element of the interior of 4 BCA? 
8. Is D an element of the interior of “ CAB? 
9. Is B an element of the interior of 4 CAD? 
10. Is C an element of the interior of “4 DAB? 
11. Is AB a subset of Z ABC? 
12, Is AB a subset of ὁ ABC? 
13. Is the interior of AB a subset of “ ABC? 
14. Is BC a subset of 4 ABC? 
15. 15 AD a subset of the union of Ζ BAC and its interior? 
16. Answer each question under “reason” with a definition, a postulate, ora 
theorem in the following proof that m “ DAC + m4 DAB = mZ BAC. 


(a) Dis an interior point of BC. (a) Given 
(b) D is in the interior of 

ZBAC. τ (b) Why? 
{c) AD is between AB and AC. (c) Why? 
(d) m4 DAC + mZ DAB = 

mZ BAC (4) Why? 


ΜῈ In Exercises 17-22, state which of the following descriptions, (a) to (e), cor- 
rectly identifies the perpendicular sets in the given diagrams. 
(a) Two perpendicular rays. 
(b) Two perpendicular segments. 
(c) A line and a ray perpendicular to each other. 
[Ὁ Α τὰν and a segment perpendicular to each other. 
(6) A line and a segment perpendicular to each other. 


Ι. .----- --ο..-:---. 20. 


21. 
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In Exercises 23-27, supply the missing word so that each sentence is true. 

23. If the angles in a linear pair of angles are congruent to each other, then 
each of them is a [Ὁ] angle. 

24. If the measure of an angle is less than 90, then it is an [7] angle. 

25. If the measure of an angle is greater than 90, then it is an [5] angle, 

26. If one angle of a linear pair of angles is acute, then the other one is [7]. 

27, If / ABC is a right angle, then BA and BC are [7] lines. 


Let a set of coplanar rays be given asin Figure 4-38 such that m4 DVM = 
130, mZ MVR = 65, mZ SVM = 30, VF is the ne midray of ὦ RVD, VS is 
between VM and VR, VA is between vs and VD. Use this information to 
find the measure of the given angle in Exercises 28-32, 

28. 2 RVS 
29. “DVR 
30. 2 DVT 
31, 2 DVS 
32, £TVM 


Figure 4-38 Vv 
In Figure 4-39, AB, CD, EF ore coplanar lines that intersect at V and 
mé£ AVC = 32.3 and πὶ AVF = 151.7. Use this information to find the 
measure of the given angle in Exercises 33-37. 
33. “CVF 
a4, “F VE 
95, ἐ BVE 
36, 4 EVA 
37. ZEVC 


Figure 4-39 
In Exercises 38-42, “ AVB in plane ἃ and a ray-coordinate system in a such 
—? 
that ed VA = 270 are given. In each exercise, supply the two numbers that 
are as close together as possible and that make the resulting statement true. 
38, If 4 AVB is obtuse and cd VB< 90, then cd VB is a number between 
ΓῚ and [5]. a. 
39. If “ AVB is acute and cd VE < 270, then cd VB is a nwmber between 
and [7]. : 
40, If 4 AVB is obtuse and ed VB > 90, then ed VB is a number between 
and [7]. 
41, lf 4 AVB is acute and ed VB > 270, then cd VB is a number between 
42, If“ AVBis a right angle, then ed VB is ΓΠ or [7]. 


4.8 Polygons 

43. Copy and complete the proof of the following theorem, Draw a figure 

to help you understand the result. 

THEOREM If ZAVB, £BVC, and 2 CVA are three coplanar angles 

such that the interiors of no two of them intersect, then the sum of the 

measures of these three angles is 360, 

Proof: In plane AVB there is a unique ray-coordinate system § relative 

to Vin which ed VA = ὃ απ cd VB = mZAVB. From the [7] Postulate 

it follows that m 4 AVBis less than [7], hence that cel VB is less than eae 

By [7] the interiors of 4 AVB and “ AVC do not intersect. Therefore 

C and B lie on [7] (the same side, opposite sides) of ‘AV. Therefore the 

ray-coordinate of VE, call it ¢, is [Π than 180. Since the interiors of 

£BVCand £ AVC do not intersect, it follows that cis less than b + [7]. 

Then 

m/AVB=b—0O=b6 


πὶ BVC = [7] 
π ΝᾺ = [7] 
π 2 ΑΥ̓Β + méZBVC + mZCVA = b + (c — b) + ΓΠ = 360 
44. In the proof of Theorem 4.14 there is a statement that πὶ U 1 is the 
union of four right angles. One of these angles is described in terms of 


PA and a ray PC such that PC C 50. Describe the other three angles 
in a similar way. 


4.8 POLYGONS 


As stated before, triangles are three-sided polygons and quadri- 
laterals are four-sided polygons. A polygon is a plane figure with n ver- 
tices and n sides, where n is an integer greater than or equal to 3. The 
figures shown in Figure 4-40 are polygons, but the figures shown in 
Figure 4-4] are not. 


a ee Te 


Fizure 441 
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Our formal definition is as follows. 


Definition 4.14 Let n be any integer greater than or equal 
to 3. Let Py, Po... Pai, Py be n distinct coplanar points 
such that the n segments PP, PoPs,..., Paoiln Pak have 
the following properties: 

1. No two of these segments intersect except at their 


endpoints. 
2. No two of these segments with a common endpoint are 


Then the union of these n segments is a polygon. Each of the 
n given points is a vertex of the polygon. Each of the n seg- 
ments is a side of the polygon, 


If n = 3, the definition of a polygon yields a triangle; if n = 4, it 
yields a quadrilateral. Sometimes a polygon with n sides is called an 
n-gon. For example, a polygon with 13 sides is a 13-gon. The following 
list gives the names commonly used for the polygons having the num- 
ber of sides indicated. You should learn these names. 


Triangle 
Pentagon 
Hexagon 
Heptagon 
Octagon 
Decagon 
Dodecagon 


3 
4 
5 
6 
τι 
8 
ῃ 
2 


— —_ 


Notation. The polygon whose vertices are P;, Pz,..., P, and whose 
sides are P,P, P3Ps, samy F4F,. PP, is called the polygon Pi Ps ait: Paes 


Definition 4.15 Two vertices of a polygon that are end- 
paints of the same side are called consecutive vertices. ‘Two 
sides of a polygon that have a common endpoint are called 
consecutive sides, A diagonal of a polygon is a segment 
whose endpoints are vertices, but not consecutive vertices, 
of the polygon. 


4.8 Polygons 


Most of our work with polygons is restricted to polygons like those 
in Figure 4-42, 


ΠΗ aay oa 


We usually exclude polygons like those in Figure 4-43 because they 
are not convex polygons. 


Figure 4-43 
The polygons that interest us are the convex polygons. The follow- 
ing is our formal definition. 


Definition 4.16 A polygon is a convex polygon if and only 
if each of its sides lies on the edge of a halfplane which con- 
tains all of the polygon except that one side. 


You must be careful not to confuse the idea of a convex polygon 
with that of a convex set as defined in Section 2.5. A convex polygon 
is not a convex set of points, although the union of a convex polygon 
and its interior is (see Definition 4.17). 

Figure 4-44 illustrates Definition 4.16. It shows the halfplanes as- 
sociated with the sides as required in the definition. 
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Figure 4-45 shows a quadrilateral ABCD that is not convex. Neither 


the D-side of BC nor the A-side of BC contains all points of the quadri- 
lateral not on BC. Draw a figure to convince yourself that every triangle 
is a convex polygon. 


Figure 445 A B 


Definition 4.17 The interior of a convex polygon is the in- 
tersection of all of the halfplanes, each of which has a side of 
the polygon on its edge and each of which contains all of the 
polygon except that side, 


Figure 4-46 illustrates this definition for a convex quadrilateral 
ABCD. 


σα = C-side of AB 2 
§ = D-side of BC 
ΕἸ - A-side of CD 
ἥς = B-side of DA 
Interior of ABCD = HNININK A 


Figure 446 


Definition 4.18 An angle determined by two consecutive 
sides of a convex polygon is called an angle of the polygon. 
Two angles of a polygon are called consecutive angles of the 
polygon if their vertices are consecutive vertices of the 


polygon. 


For a triangle, any two of its vertices are consecutive vertices, any 
bwo of its sides are consecutive sides, and any two of its angles are con- 
secutive angles. For a quadrilateral we use the word opposite when 
consecutive is not applicable as in the following definition. 


Definition 4.19 If two sides (or vertices, or angles) of a 
quadrilateral are not consecutive sides (or vertices, or angles), 
then they are opposite sides (or vertices, or angles) and each 
is said to be opposite the other. 


4.3 Dihedral Angles 
Figure 4-47 illustrates this definition. For this example we have 
A and C are opposite vertices. D 
B and D are opposite vertices. 
AB and CD are opposite sides. 
BC and DA are opposite sides. δ 
fAand / C are opposite angles, A 
£ Band 2 D are opposite angles. 


Figure 4-47 


4.9 DIHEDRAL ANGLES 


Angles are plane figures. Every angle is a subset of a plane. Closely 
related to the idea of an angle is the idea of a dihedral angle. Sometimes 
we say plane angle when we want to emphasize that an angle is nota 
dihedral angle, A plane angle is the union of two noncollinear rays hav- 
ing the same endpoint. A dihedral angle is formed by two halfplanes 
and a line. Here is the formal definition, 


Definition 4.20 If two noncoplanar halfplanes have the 
same edge, then the union of these halfplanes and the line 
which is their common edge is a dihedral angle. The union of 
this common edge and either one of these two halfplanes is a 
face of the dihedral angle. The common edge is the edge of 
the dihedral angle. 


A dihedral angle is suggested by Figure 4-48. In this diagram, 
Band C are points on the edge, A is a point in one face but not on the 
edge, D is a point in the other face but not on the edge. A suitable 
name for this dihedral angle is A-BC-D or < A-BC-D. The letters 
at both ends of this symbol are names of two points, one in each face 
but not on the edge; the two letters in the middle are names of distinct 
points on the edge. 


Figure 4-48 
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The same way two intersecting lines form four angles, two inter- 
secting planes form four dihedral angles as indicated in Figure 4-49. 


D-UV-C in Figure 4-49, which have a common edge and 
whose union is the union of the two intersecting planes are 


Definition 4.21 Two dihedral angles, such as A-UV-B and 
vertical dihedral angles. 


EXERCISES 4.9 


1. Copy and complete the following definition of a pentagon: 
Let P, Ὁ, R, 5, T be five distinct coplanar points such that the five seg- 
ments [Π|, 2), [ΠἸ have the following properties. 
3 ΕἸ 
(b) ΠῚ 
Then the [3] of these five segments is a pentagon. 


@ In Exercises 2-7, one of the sides of hexagon ABCDEF is given. In each 
exercise, name two sides which are consecutive with the given side. 


2, AB 5. DE 
3. BC 6. EF 


4, CD 7. FA 
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8. Copy and complete the following proof that if ABCD is a convex quad- 
rilateral, then the interior of AC is contained in the interior of the 
quadrilateral. 

Proof: Let # denote the interior of AC und let § denote the interior of 
the quadrilateral. 


4 τ C-side of AB- 
4. C Cside of AD 
3 C A-side of BC 
9 C A-side of CD 


But J is the intersection of [5]. Therefore 9 [7]. 
9. (a) Draw a convex pentagon and all of its diagonals. 
(b) How many diagonals does a convex pentagon have? 
(¢) Does the interior of each diagonal of a convex pentagon lie in the 
interior of the pentagon? 

10, Draw a pentagon which is not convex. Label it and explain why it is 
not convex. 

11, Draw all of the diagonals of the pentagon you drew in Exercise 10. 
How many diagonals are there? 


Figure 4-50 shows a labeled cube. In Exercises 12-16, a quadrilateral whose 
vertices are vertices of this cube is given. In each exercise, write a suitable 
name, using four of the letters from the figure, for a dihedral angle contain- 
ing the given quadrilateral. 


12. ABCD 15, CGHD 
13, ABFE 16. EFGH 
14. BOGF 


B Figure 4-50 
Exercises 17-2] also refer to Figure 4-50. Base your answers on examining 
the figure. In some cases the formal geometry that we have developed up 
to this point is inadequate to prove the correctness of these answers. 
17. Is A-BF-H a dihedral angle? 20, Is A-BF-D a dihedral angle? 
18, Is A-BE-C a dihedral angle? 21, Is C-HE-C a dihedral angle? 
19. Is A-BF—E a dihedral angle? 
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In Exercises 22 and 23, a dihedral angle A~BC_D, a line | in plane ABC 
through A and not intersecting BC, and a line min plane DBC through D 
and not intersecting BC are given, 


22. Draw a figure to illustrate this situation. 
23. Explain why | and m do not intersect. 


24, Figure 4-51 shows two planes, a and £, intersecting in line AB. How 
many dihedral angles are formed by these two intersecting planes? 
Name them. 

25. Define the interior and exterior 
of a dihedral angle. 

26. Define adjacent dihedral angles, 
27. Name a pair of adjacent dihe 
dral angles in Figure 4-51. 

28, Name a pair of vertical dihedral 
angles in Figure 4-51, 


CHAPTER SUMMARY 


The central theme of this chapter is properties of angles. We intro- 
duced three new postulates; The ANGLE MEASURE EXISTENCE POS- 
TULATE, the ANGLE MEASURE ADDITION POSTULATE, and the 
PROTRACTOR POSTULATE. The definitions include the following. 


CONGRUENT ANGLES SUPPLEMENTARY ANGLES 
MEASURE OF AN ANGLE MIDRAY OF AN ANGLE 
BETWEENNESS FOR RAYS ANGLE BISECTOR 
RAY-COORDINATE SYSTEM ADJACENT ANGLES 


VERTICAL ANGLES PERPENDICULAR SEGMENTS, 
LINEAR PAIR OF ANGLES RAYS, AND LINES 

RIGHT ANGLE POLYGON 

OBTUSE ANGLE CONVEX POLYGON 

ACUTE ANGLE DIHEDRAL ANGLE 


COMPLEMENTARY ANGLES 


Review Exercises 


This list of terms should remind you of many of the ideas and theorems 
of this chapter. Ray-coordinates have been used extensively in developing 
the ideas and in proving the theorems that are included. Theorems 4.2 
(ANGLE CONSTRUCTION THEOREM), 4.4 (ANGLE MEASURE AD- 
DITION THEOREM), 4.5, 4.6, 4.7, and 4.8 are important for the work that 
you will do in Chapter 5. Be sure that you know the statements of these 


REVIEW EXERCISES 


In Exercises 1-10, write definitions for the following terms. 


1. Congruent angles 
2. Vertical angles 
3. Adjacent angles 
4, Linear pair of angles 
3. Complementary angles 
6. Supplementary angles 
7. Right angle 

§. Acute angle 

9. Obtuse angle 

10. Dihedral angle 


In Exercises 11-20, a, b, c are the ray-coordinates of VA, VE. Vc. respec- 
tively. In each exercise, determine if one of the three rays is between the 
other two. If one is, name it. ΠΕ none is, write “none.” 

lla=Ob= 10, ¢ = 170 

12. 2—= 0,5 = 10,c = 180 

13. a= 0,b= 10,c = 190 

14. ¢—0,b= 10, ¢ = 200 

15. a = 350, b = SO, c= 110 

16. a = 270, b = 180, ὁ = 135 

11. a= 270,6=0Q,¢ = 135 


18. a = 180, b = 90, ὁ = 20 
19. a= 195, b = 315, ¢ = 0 
20. a= 0,b = 300, ¢ = 100 
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In Exercises 21-30, a and b are the ray-coordinates of VA and VB, respec- 
tively. In each exercise, compute the measure of “ AVB. 


21. 


22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 
Tn 


In each exercise, determine whether or not the given statement is true. 


41, ¢BVH = ΕἼΗ, 
ZIVH = £DVE 
fSVB= ΒΥ 
éBVE and 2 DVH are supplementary angles. 
£CVE and 2 SVI are supplementary angles. 

36. {KVL and 4 AVE are complementary angles. 


Ὁ ΒΕ 


S86 Ξ 


41. 


Explain how betweenness for rays is related to betweenness for ray- 
coordinates. 


. Vil is the midray of 2 DVJ. 
. VNis the midray of ὁ MVP. 
. VM is the midray of / KVE. 
. 2 SVA is an acute angle. 


a= 38,b= 106 

a= 300, b = 150 

a = 300,b = 100 

a— 359,b= 1 

a= 270,b = 100 

a= 38, b = 50 

a= 198, b= 0 

Ξε 15,6 = 300 

a=6,b= 40 

= 315, b = 345 

Exercises 31-40, 

—_—* — 

el VA = 0 ed VJ = 150 
ed VB = 10 ed VK = 200 
ed VC = 20 ed VL = 250 
ed VD = 30 cd VM = 300 
ed VE = 40 ed VN = 305 
cd VF = 50 ed VE = 310 
cd VG = 75 ed VO = 315 
cd VH = 90 cd VR = 325 
ed VI = 100 ed VS = 330 


Review Exercises 


42. Explain how betweenness for rays is related to the addition of angle 
measures. 

43. If “A and 4B are complementary angles and if m4A =x and 
m/ B= 3x + 10, find x. 

44. 1f ΣΤ and 4 W are supplementary angles and if m/T=-x and 
méW = ἃχ + 10, find x. 

45. Use ray-coordinates to prove that vertical angles are congruent, 

46. Use ray-coordinates to prove that the angles of a linear pair are 
supplementary, 

41. If A-V-A', B-V-B’, cd VA = 143, ed VB < ed VA, and AA’ 1 BB, 
find ed VB, cd VA’, cd VB". 

48. lf ABCDis a convex quadrilateral and E is a point not in the plane of the 
quadrilateral, which of the following are names of dihedral angles: 
A-BC-D, A-BC-E, D-BC-E, E-AD-C? 

49, Explain why a convex polygon is not a convex set. 

50. Explain why a dihedral angle is not a convex set. 
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Congruence 
of Triangles 


5.1 INTRODUCTION 


Suppose you placed a sheet of carbon paper between two sheets of 
paper and drew a picture of a triangle on the top sheet. Will the carbon 
copy of the triangle that appears on the second sheet be the same size 
and shape as the one you have drawn on the top sheet? The idea of two 
physical objects being carbon copies of one another is what we have 
in mind when we say that the two objects have the same size and shape. 
Obviously, we cannot take a physical object such as a house and, using 
carbon paper, make a carbon copy of it, We can, however, take the 
same set of blueprints that were used in constructing one house and 
construct another house that is exactly like it, that is, having the same 
size and shape as the first one. 

In this chapter we are concerned with the “size and shape” of ge- 
ometrical objects such as segments, angles, and triangles. These geo- 
metrical objects are not the physical objects that we draw on our paper. 
They are the mathematical objects which exist in our minds and whose 
properties have been described in our postulates, definitions, and the- 
orems. The mathematical concept corresponding to “same size and 
shape” is congruence. We have already defined congruence of seg- 
ments in Chapter 3 and congruence of angles in Chapter 4. Since all 
segments have the same shape, we say that two segments are congruent 
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if they have the same size, that is, if the measures of their lengths are 
equal. Similarly, two angles have the same size and shape or are con- 
gruent if their measures are equal. 


5.2 CONGRUENCE OF TRIANGLES 


In order to arrive at a definition of congruence for geometrical tri- 
angles, let us consider again two physical triangles, one of them a car- 
bon copy of the other, Consider first a triangle that has sides of three 
different lengths, a scalene triangle. The definition we will obtain ap- 
plies, however, to all triangles regardless of their shapes. Figure 5-1 
shows two scalene triangles, AABC and its carbon copy, A.A‘B’C’, 


ν 
Figure 5-1 A’ ΒΕ" 

If you are to make AABC “fit” on ΔΙΑ’ ΒΓ Ο᾽, you must match up the 

vertices of the two triangles according to the scheme in Figure 5-1; 

A --» A’, 

B —> B, 

ει, 
This matching is called a one-to-one correspondence between the two 
sets of vertices. The correspondence between the vertices of the two 
triangles also gives a correspondence between the sides of the triangle. 

BC <— > BC, 

If a correspondence between the vertices of two triangles is such 
that the corresponding angles and corresponding sides of the two tri- 
angles are congruent, then the correspondence is called a congruence 
between the two triangles. The correspondence we have been discuss- 
ing is a congruence between AABC and ΔΑ’ ΒΟ. On the other hand, 


5.2 Congruence of Triangles 
itis possible to write a correspondence between the vertices of the two 
triangles that is not a congruence. For example, the correspondence, 

A «> PB, 

Β:-- Ὁ, 

ε΄ A’, 
is not a congruence between the two triangles shown in Figure 5-1 be- 
cause, by this matching of vertices, it is not possible to make AABC 
coincide with AA’B’C’, Write four more correspondences between 
the vertices of AABC and AA'’B’C such that no two are the same and 
such that none is a congruence between the two triangles. 

It is convenient to write a correspondence, such as 

Ao AY 

B «<> Β', 

Ce C, 
on one line as ABC <—+ Αἰ ΒΟ". When this notation is used, it is un- 
derstood that the first letter on the left corresponds to the first letter 


on the right of the double arrow, the second corresponds to the second, 
and the third corresponds to the third as shown below. 


ABC <— ABC 
| | 


Note that there are several ways of writing this same correspond- 
ence. For example, both BAC <—> B'A’C’ and CBA <— + C’'B’A' 
name the same correspondence as ABC <—> A'B'C, 

The foregoing discussion about corresponding vertices of physical 
triangles can be made to apply equally as well to abstract geometrical 
triangles. Thus, if ABC <> DEF is a correspondence between the 
vertices of any two geometric triangles, this correspondence provides 
us with three pairs of points. We are interested primarily in these points 
as vertices of the angles of the triangles and as endpoints of the sides of 
the triangles. In connection with this correspondence we speak of six 
pairs of corresponding parts. Three of these six pairs are pairs of angles: 


LA ἐττῷ £D, 
{Be > ΣΕ, 
LOC <—s 2 Ὲ. 
The other three pairs are pairs of sides: 
BC ε-- ἘΞ 
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We are now ready to state the definition of a congruence between 
two triangles. 


Definition 5.1 Two triangles (not necessarily distinct) are 
congruent if and only if there exists a one-to-one correspond- 
ence between their vertices in which the corresponding parts 
are congruent. Such a one-to-one correspondence between 
the vertices of two congruent triangles is called acongruence. 


If ABC ς- > DEF isa congruence between AABC and A DEF, 
then we write AABC = ADEF and note that the following six state- 
ments are true: 

LA ae ZD, AB = DE, 

LBau ΖΕ, BC = EF, 

ZC = ΖΕ, AC = DF. 
We can also say that, for AABC and A DEF, if all of these six state- 
ments are true, then ABC ς--- DEFisa congruence, or what means 
the same thing, AABC = ADEF, In view of the definition of con- 
gruent triangles, we sometimes say that “corresponding parts of con- 
gruent triangles are congruent.” 

If AABC = ADEF, explain why each of the following six equa- 
tions is true: 


mZiA=mZD, AB = DE, 
πι ΚΒ Ξ mE, BC = EF, 
mZC=mZF, AC = DF. 


Note that if AABC and ADEF are distinct triangles and if 
ABC <—> DEFis a congruence, then it is correct to write AABC = 
ADEF, but that it is incorrect to write AABC = A DEF. The state- 
ment “A ABC = A DEF” is a short way of saying “ABC «—» DEF 
is a congruence;” it is a statement about a one-to-one correspondence 
between the vertices of two triangles. The statement “AABC = 
ADEF” is a statement that two sets are equal; it means that AABC 
and A DEF are names for the same triangle. 

Note also that 

if AABC=ADEF, then ABAC& AEDF. 


For AABC = ADEF means that ABC <—> DEF is a congruence; 
ABAC = AEDF means that BAC <> EDF is a congruence; and 
ABC <—> DEF and BAC <—» EDF are two ways of describing the 
same one-to-one correspondence between vertices. On the other hand, 
if ABC <—+ DEF is a congruence but ABC —=» FED is not a con- 
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gruence between the two triangles, then it is incorrect to write 
AABC = AFED. 

In drawing figures it is convenient to label congruent angles and 
congruent sides of triangles with the same number of marks as shown 
in Figure 5-2. 


Figure 5-2 
Three of the six congruences indicated in the figure are 


LAS ZF, ἐβεε ΖΕ, £4C= 2D. 


Name the three pairs of congruent sides indicated in the figure. The six 
congruences tell us ABC <—> FED and AABC = AFED. 

It is also helpful to label the side that is opposite a given angle in a 
triangle with the same number of marks used in labeling the angle, as 
has been done in Figure 5-2. For example, in AABC, 4 C and side AB 
(which is opposite 4 ΟἽ both have the same number of marks. 


‘XERCISES 5.2 


Exercises 1-6 refer to Figure 5-3. 


A Vi B 

. Is AABC = ADEF? Why? 

. Explain why the correspondence ABC <—+ EDFis not a congruence. 

. Is it correct to write AABC = AEDF? 

. Is it correct to write ABCA = AEFD? Why? 

. Write four more statements of congruence between the two triangles, 
each of which follows immediately from the fact that ABC <—+ DEF 
is a congruence. 

6, Write three correspondences between the vertices of the two triangles 

such that each is not a congruence, 


D Figure 5-3 


a γ5. μὰὸ 
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7. The following figure shows two scalene triangles with corresponding 
congruent sides and angles marked alike. 


Ρ rT 
if, is 
E K R 


Copy and complete the following correspondences so that the re- 
sulting statements are true, 
LKP <—+ [7] is a congruence, 
LPK «—» [7] is a congruence, 
KLP «— [7] is a congruence. 
KPL <—+ (7) is a congruence. 
PRL —» [Π] is a congruence. 
PLK «<— [ΠῚ is ἃ congruence. 
8. In Exercise 7, why is the correspondence LKP ——> RST not a 
congruence? 
9. In the figure, AAEC = APOR. Copy and complete the following 
statements by supplying the missing symbols. 


Pp 
ah 
A ¢ Ξ 
@ 


The correspondence AP] ——> [JOR is a congruence. 
ΖΑ £P AE = 


LE = Ff] EC = [7] 
ΣΟ: ΓΙ CA = 7] 
A 


10. In the figure, AABC = A DBC. List the 


six pairs of corresponding, congruent parts 
of these two triangles. 
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11. In Exercise 10, if 4 ABCand 4 DBC are distinct coplanar acute angles, 
does ray BC bisect 2 ABD? Why? 

12. In Exercise 10 (with the figure appropriately mc modified), if 4 ABC and 
é DBC are coplanar obtuse angles, does ray BC bisect 2 ABD? Why? 


13. The figure below shows eight triangles, If two triangles look congruent, 
assume that they really are congruent. Write congruences between such 
congruent pairs of triangles. 


14, Without using a figure, list the six pairs of corresponding, congruent 
parts for the triangle congruence 


AEFK = AABT. 


15. Without using a figure, list the six pairs of corresponding, congruent 
parts for the triangle congruence 


ARPS = ALSP. 


198 


Congruence of Triangles Chapter 5 


16. For SABC and AGRS, it is true that AB = SG, AC = SR, BC = GR, 
ἔλεξε “45, 4C = ZR, and £4B= /G. Write a statement of con- 
gruence between these two triangles, 

17. If ADEF is a scalene triangle, prove that the statement 

ADEF = A DFE 
is false. 

18. If ARST = ASTR, what special property does A RST have? Draw a 
suitable igure for A RST. 


19. If ALMN = AMLN, what special property does A LMN have? Draw 
a suitable figure for A LMN, 


In Exercises 20 and 21, complete the proof of the following theorem. 


THEOREM Congruence for triangles is reflexive, symmetric, and 
transitive. 


Proof: Let AABC be any triangle. Then ZA 4A, 4B 28, and 
£C = £C by the reflexive property of congruence for angles. Also 


AB = AB, BC = BC, and AC=AC 


by the reflexive property of congruence for segments. Therefore AABC = 
“ABC by the definition of congruent triangles. Therefore congruence for 
triangles is reflexive. 


20. Prove that congruence for triangles is symmetric. 
21, Prove that congruence for triangles is transitive. 


22. In the figure at the right, 


CD 1 AB, 

AC = BC, 
AD = BD, 
£ACD = ἐ BCD, 
mZA= GO, 
mz B= 60. 


Prove that AAGD = ABCD. A Ὠ B 


23. In the figure at the right, 
M is the midpoint of 5), 
M is the midpoint of ΚΕ, 
KS = FJ, 
mZS= = mj, 


Prove that ASKM = AJEM. 
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5.3 “IF-THEN" STATEMENTS AND THEIR CONVERSES 


Many of our definitions, postulates, and theorems have been stated 
in the “if-then” form, They have been statements of the type “Tf p, 
then q,”’ where p and g are statements, (Remember that a statement is 
a sentence which is either true or false.) In other instances we have 
used the phrase “if and only if” in the statement of some of our defi- 
nitions, postulates, and theorems. 

As an example of the use of the phrase “‘if and only if” consider the 
definition of congruent segments given in Chapter 3: Two segments 
are congruent if and only if they have the same length, This statement 
isa conjunction of the following two statements: 


1. Two segments are congruent if they have the same length. 
2. Two segments are congruent only if they have the same length. 
Statements 1 and 2 can be restated in the “if-then” form as follows: 


3, If two segments have the same length, then they are congruent. 

4, If two segments are congruent, then they have the same length. 

We note two important things about these last two statements. 

(a) Each is written in the “if-then" form. The if-clause of each 
statement is the then-clause of the other. (This also means that 
the then-clause of each is the if-clause of the other.) 

(b) Both statements may be used in proofs. For example, if we 
know AB = CD and want to establish AB = CD, we can use 
statement 4 to justify our writing AB = CD. On the other hand, 
if we know AB = CD and wish to establish AB = CD, we can 
use statement 3 for justification. 

The two statements, 1 and 2, or alternatively 3 and 4, are called 
converses of each other. That is, the statement “If p, then q” is called 
the converse of the statement “If g, then p,” and “Tf q, then p” is the 
converse of “If p, then q.”’ The converse of a statement in the “if-then™ 
form can be obtained by interchanging the if- and then-clauses. 


If p, then. 4. 


If g, then p. 
For example, the converse of the statement: 
“If I live in Seattle, then I live in the state of Washington” 
is the statement 
“If I live in the state of Washington, then I live in Seattle.” 
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It is evident from this example that a statement and its converse need 
not both be true, 

When a definition is given in the “if-then” form, it is understood 
that the statements of the definition and its converse are both true. As 
an example, consider Definition 1.1 of Chapter 1: 


Space is the set of all points. 
This definition can be restated in the “‘if-then” form as follows: 
1. If S is space, then S is the set of all points. 
The converse of (1) is 
2, If 5 is the set of all points, then S is space. 


Thus the complete definition is: If § is space, then S is the set of all 
points; and if 5 is the set of all points, then 5. is space. The “if and only 
if” form (which is logically equivalent to the complete definition) is; 
S is space if and only if S is the set of all points. 

Although a definition in “‘if-then” form always implies the converse 
statement, this is certainly not true of all postulates and theorems. We 
discuss the “if-then” form of a theorem more fully in Section 5.4, 

As an example of a postulate whose converse is not true, consider 
Postulate 2 (The Line-Point Postulate). 

“Every line is a set of points and contains at least two points.” 
We can restate this postulate in the “if-then” form as follows: 

“If Lis a line, then | is a set of points and contains at least two 
points.” 

The converse of this statement is 
“If Lis a set of points and contains at least two points, then I is a 
line.” 


Clearly, this last statement is false. There are many sets of points such 
as planes that contain at least two points and that are not lines. 
Consider the following theorem proved in Chapter 4. 


“Vertical angles are congruent.” 
In the “if-then” form, this theorem can be stated as follows: 
“If ΖΑ and / B are vertical angles, then 7A = / 8." 
Surely the converse of this theorem, stated as follows, is false: 
“If £A = 28, then ZA and 2B are vertical angles.” 


5.3 0 “If: Then’ Statements 


We conclude this section with some remarks about definitions and 
truth. A definition in our formal geometry is accepted as a true state- 
ment. Why is “Space is the set of all points” a true statement? It is true 
“by definition.” Definitions help us communicate. It is helpful to have 
one word that means the same thing as “‘the set of all points.” It is help- 
ful to have one word to describe several points that all lie on the same 
line. Why do collinear points all lie on the same line? They do, by 
definition. 


EXERCISES 5.3 


@ In Exercises 1-5, a definition in “if-then” form is given. Write its converse. 

1. If the points of a set are collinear, then there is a line which contains all 
of them. 

2. If there is a plane which contains all the points of a set, then those 
points are coplanar, 

3. If point A is between points B and C, then rays ABand ACare opposite 
rays. 

4, If an angle is a right angle, then its measure is 90. 


5. If BP is the midray of Z ABC, then BP is between BA and BC and 
ZLABP = £ PBC. 


@ In Exercises 6-8, write the definition of the given phrase using the “if and 
only if” form. 
6. Acute angle 
7. Linear pair 
8. Vertical angles 


@ In Exercises 9-16, is the statement true or false? Write the converse of the 
statement. Is the converse true or false? 
9. If two sets are convex, then their intersection is convex. 
10. If two angles are right angles, then they are congruent. 
11. If two angles are complements of congruent angles, then they are 
congruent, 
12. If Καὶ is the interior of an angle, then S is a convex set. 
13. If two angles are congruent, then they are supplements of congruent 
angles. 
14, If AB = CD, then CD = AB. 
15. αὶ AABC = AKLM, then AKLM = AABC. 
16. If AABC = ADEF and ADEF = ARST, then AABC =@ ARST. 
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ἘΠΕ τ ππππερἧἑ τ EEE 
5.4. THE USE OF CONDITIONAL STATEMENTS IN PROOFS 


As you have seen, many of the theorems have the form “Tf p, then 
αν Where p and q are statements. Not all theorems are stated in this 
way, however, because it is sometimes easier to state them otherwise, 
but every theorem can be restated in the “If p, then gq” form, 

A statement of the form “Tf p, then q” is called a conditional. The 
if-clause (the p statement) is called the hypothesis and the then-clause 
(the g statement) is called the conclusion. In order to understand math- 
ematical proof better, we examine how such statements are used in 
proofs, 

Let us consider the following statements concerning two numbers 
xand y about which we know nothing except what we are told in the 
statement (A). 


(A) Ifx = y, then x? = y?, 
We see that (A) involves two statements. 


(B) x=y (the hypothesis) 
(C) x?=y? — (the conclusion) 


Even though we do not know the replacements for x and y, can we say 
anything about the truth of statements (A), (B), and (C)? Do we know 
that (B) is true? Do we know that (C) is trae? What about statement 
(A)? Your experience in working with numbers should help you to see 
that even though (B) need not be true and that (C) need not be true, 
(A) is true. Thus a conditional may be true even though its hypothesis 
and conclusion are not. Replace x and y with several pairs of numbers, 
some of which are equal and some of which are not. You should find 
that in those cases where you chose unequal numbers for x and y, both 
(B) and (C) are false and in those cases where you chose equal numbers 
for x and y, both (B) and (C) are true. But, in every case, (A) is true. 

Let us examine one such case where the replacements for x and y 
are unequal numbers. Suppose we replace x with 2 and y with 1. Then 
statement (B) becomes 2 = 1 and statement (C) becomes 22 = 1°, or 
4 = 1. Of course, both statements (B) and (C) are false. However, if 
we accept the hypothesis that 2 = 1, use the multiplication property 
of equality to write 3-2 = 3.1, or 6 = 3, and use the subtraction 
property of equality to write6 — 2 = 3 — 2, or4 = 1, we have shown 
that the statement “If 2 = 1, then 22 = 12” is true, 

Of course, a general statement in the form of a conditional is of no 
value in a specific situation if the hypothesis of the conditional is false 


5.4 Conditional Statements in Proofs 201 


in that situation. The truth of “If p, then q” does not by itself guarantee 
the truth of either p or ῳ. But the truth of the conditional and of the 
hypothesis is a different story, as we shall see. 

Let us go back, then, to the three statements (A), (B), and (C) in- 
volving x and y. Suppose that (A) and (B) are both true. That is, suppose 
that the conditional and the hypothesis are both true. Then it follows 
logically that the conclusion (C) is true. Check this with our example. 
This is a most important concept in mathematical proofs. It means that 
we can assert (C) after we have proved or know that both (A) and (B) 
have been established. On the other hand, it does not mean that (B) 
follows from (A) and (C). (In our example, x = y does not follow from 
x? = 4°, since we could also have x = — y.) In general, 

if a conditional and its hypothesis are both known 
to be true, then the conclusion of the conditional 
is also true. 


More concisely, if we know that the following two statements have 
been established; 


1. if p, then ἢ 

2. p 
then we may conclude that g has been established. This means, in our 
example, that if we know the following two statements are both true: 


(A) ifx = y, then x? = 4? 


then we can conclude x = y?. 

How are you to know when a conditional is true? In our example, 
the conditional 

if sx=y, then fF = 1 

is a theorem that can be proved using the properties of numbers. In our 
geometry, a conditional is accepted as being true if it is a postulate, a 
previously proved theorem, or part of a definition. 

Let us look at two more examples, 


Example 1 We know that the conditional 


if AB=CD, then AB=CD 


is true. Why? Suppose that we also know or have been able to establish 
that AB = CD. What can we conclude? 
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Example 2 We know that the conditional 
if two angles are right angles, then they are congruent 


is true. Why? Suppose that you are able to establish that 2 A and /B 
are right angles. What can you conclude? If, in connection with the 
same conditional, you are able to establish that 7A = / B, can you 
then conclude that 4 A and Z B are right angles? Why? 


EXERCISES 5.4 


Write the theorems in Exercises 1-6 in “‘if-then” form. State the hypothesis 
and the conclusion of each, 

1. Supplements of congruent angles are congruent. 

2, Right angles are congruent. 

3. Vertical angles are congruent. 

4. Two angles of a linear pair are supplementary. 

5. The intersection of two convex sets of points is a convex set. 

6. The interior of a triangle is a convex set. 


In Exercises 7-10, a statement p and a statement g are given. In each exer- 
cise, write the truth value (that is, true or false) (a) for the statement “If p, 
then gq” and (b) for the statement “If q, then p.” The answers to Exercise 7 
have been given as a sample, 


7. p: mZ£A = WandmZB = 90 


gq: A= 2B 
(a) T (b) F 
8. p: VB is the midray of 2 AVC, 
ι΄ ZAVB= ZBVC 
9. p: A-M-B and AM = MB 
q: Mis the midpoint of AB. 
10. p: 4#Aand 4B are supplementary angles. 


: 2Aand ZBarea linear pair of angles. 


= 


In Exercises 11-20, certain given statements are to be accepted as tme. 
Then a conclusion is stated. In each exercise, state whether the conclusion 
is true, false, or inconclusive (that is, not enough information is given to 
decide whether the conclusion is true or false). 


11. Given: x+y=16, x—y= 12. 
Conelusion: x = 15, 
12, Given: If there is not a cloud in the sky, then it is not raining, 


There is not a cloud in the sky. 
Conclusion: It is not raining. 


5.5 Proofs in Two-Column Form 


13. Given: If there is not a cloud in the sky, then it is not raining. 
It is not raining. 
Conelusion: There is not a cloud in the sky. 
14, Given: You are a member of the team only if you obey the training 
rules. 
Ken is a member of the team. 
Conclusion: Ken obeys the training rules. 
15. Given: You are a member of the team only if you obey the training 
Tules. 
Bill obeys the training rules. 
Conclusion: Bill is a member of the team. 
16, Given: 224+ 3y=12, x-y=4 
Conclusion: 3x + 2y = 16 
17. Given: The intersection of two convex sets of points is a convex 
set. S and T are convex sets of points. 5 Γ T= R. 
Conclusion: R is a convex set. 
18, Given: If cand b are numbers and if ab = 0, thena = Oorh = 0. 
a and 6 are numbers, ab = ἢ, and a + 0. 
Conclusion: b = 0 
19. Ginen: If mZA = 30 and mB = 60, then “A and £B are 
complementary angles. 
fAand 4B are complementary angles. 
Conclusion: mé A = 30 and mZ B = 60 
20. Given: Linda will marry Joe only if he will buy her a new house. 
Joe will buy Linda a new house. 
Conclusion; Linda will marry Joe, 


5.5 PROOFS IN TWO-COLUMN FORM 


Students often ask, ‘What is a correct proof?’ Unfortunately, there 
is no simple answer to the question. Making correct proofs is something 
that each of us learns by experience. A proof that may seem convincing 
to you may not be at all convincing to another person with much less 
experience in geometry than you. A deductive proof of a theorem is a 
set of statements, one or several or many, that shows how the conclu- 
sion follows logically from the hypothesis. To make a good proof it is 
important to think clearly about what is given and what is to be proved, 
and to consider various possibilities of statements which will lead from 
what is given to what is to be proved. It will help you considerably if 
you have a firm understanding of the postulates, definitions, and 
theorems already stated or proved. 

The proof of a theorem is often given in paragraph form. We have 
used this form of proof for most of the theorems proved thus far. For 
illustrative purposes look at the proof for Theorem 4.13 in Chapter 4. 
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THEOREM 4.13 Any two right angles are congruent. 


Proof: Every right angle has a measure of 90. Hence all right angles 
have the same measure, and hence they are congruent to each other. 


This proof consists of two sentences. Since the second sentence 
consists of two parts, there are really three steps in the proof. These 
three steps, or links, form a chain of reasoning that shows how the 
conclusion, 

they are congruent, 
follows logically from the hypothesis, 
two angles are right angles. 
In writing this proof we did not provide reasons to support these three 
steps because we felt that the proof as given could be understood by 
someone with your background in geometry. If we were trying to con- 
vince someone with less practice, it would be necessary to give addi- 
tional statements for justifying each of the statements in the proof. 

One of the advantages of the paragraph type of proof is that it is 
not always necessary to give the reasons for all the statements when 
those reasons are obvious. However, when you give a proof in this 
form, you should be prepared to fill in the reasons. 

A two-column proof of a theorem consists of a chain of statements 
written in one column with a supporting reason for each statement 
written in a second column, When a statement in this. chain is estab- 
lished because it is part of the hypothesis of the theorem, we simply 
write “hypothesis” or “given” as the reason, Otherwise, a statement 
may have as its supporting reason a combination of a conditional and 
its hypothesis. As stated before, a conditional is acceptable if it is a 
postulate, a part of a definition, or a previously proved theorem. The 
hypothesis of this conditional should have appeared as an earlier state- 
ment in the proof. The conclusion of the conditional should apply to 
the statement that is being supported. 

A two-column proof of Theorem 4.13 follows. Note that in reasons 
which are conditionals, we write the numbers of the statements in 
which we have established the hypothesis of the conditional. 


THEOREM 4.13 Any two right angles are congruent. 

RESTATEMENT: If 4A and £8 are any two right angles, then 
LAs 2B, 

Proof: 

Hypothesis: ΖΑ and £ B are right angles. 

Conclusion: /A = 2B 


5.5 Proofs in Two-Column Form 


1. 4Aand #Bareright angles. 1. Hypothesis 


2,mZA=—90,mZB = 90 2. If an angle is a right angle (1), 
then its measure is 90. 

3m/A—m/B 3. Substitution property of 
equality (2) 

4. A= 2B 4. If two angles have equal meas- 


ures (3), then they are con- 
gruent, 


We note several important points about this proof. 


1. 


2. 


3. 


The proof is not complete until the last statement in the left- 
hand column is the same as the conclusion. 

When a statement is part of the hypothesis, we write “hypoth- 
esis or “given’’ as its reason. 

When a reason is in the “if-then” form, its hypothesis refers to 
an earlier statement or statements for support. For example, the 
if-clause of reason 2 refers to statement 1. However, the then- 
clause of reason 2 refers to statement 2. 


. When a reason is not in the “ifthen” form, and it can be written 


in that form, then it must satisfy the requirements stated in (3). 
For example, reason 3 simply states: ‘Substitution property of 
equality (2)."’ We could also have stated reason 3 as follows: “If 
a, b, and ¢ are numbers andif a = candb = ¢ (2), thena = b,” 


. In proving the theorem we have not proved statement 4 con- 


sidered by itself as an isolated statement. Rather we have proved 
the following conditional: If statement 1, then statement 4. 


Your teacher may permit you to list your reasons simply by identi- 
fying the postulate, definition, theorem, or property of equality which 
supports each statement. [f this is the case, the proof of Theorem 4,13 
might read as follows: 


l. ΖΑ διὰ / Bare right angles. 1. Given 


2, mZA = θ0, πε Β = 90 2. Statement (1) and the defini- 
tion of right angle 

3, mZA=mZB 3. Statement (3) and the substi- 
tution property of equality 

4. /A=/B 4. Statement (3) and the defini- 


tion of congruent angles 


206 


Congruence of Triangles Chapter 5 


We have shown three examples of proofs of the same theorem. 
Which is the best proof ? The answer is that they are all good, The two- 
column proof reminds us that we must be able to give a reason for every 
statement we make, and it also makes it easier to see which hypothesis 
we accept to begin our proof. Which proof you choose may depend on 
whom you are trying to convince. Usually in writing a proof your ob- 
jective will be to convince your teacher that you understand the proof! 
Your teacher may want you to have experience in writing both the par- 
agraph type of proof and the two-column type. 


EXERCISES 5.5 


1. In the following two-column proof several reasons are given in the 
“if-then” form. For each such reason indicate to which statement the 
if-clause refers and to which statement the then-clause refers. 


THEQREM Supplements of congruent angles are congruent. 


RESTATEMENT: If “cis asupplement of “aandif / dis a sup- 
plement of 4b and if 4a= /b, then 4c= dd, 


be Se 


Hypothesis: ὦ ὃ is a supplement of 4 a. 
ὦ α ἴδ a supplement of ὦ b. 
fac £b 

Conclusion: Zo ἀεὶ 


l. Ze is a supplement of Za. 1, Hypothesis 
ὦ dis a supplement of 2b. 


2méic+miéa= 180 2. If two angles are supplementary, 
méd+mb= 180 then the sum of their measures 
is 180. 
3. “a= fb 3. Hypothesis 
4.mZa=méb 4. If two angles are congruent, then 


they have the same measure. 
5 mic+mZa=méd + 5. If x, y, and = are numbers and if 


πι ἢ x= yandz= y, then x = 5. 
6 méZec=mid 6. If a, b, x, y are numbers and if 
a= bandx = y, thenx-—a= 
y — Β. 
7. ἐπεὶ La 7. If two angles have the same meas- 


ure, then they are congruent. 


6.5 Proofs in Two-Column Form 


2. Identify each of reasons 2, 4, 5, 6, and 7 in Exercise 1 as a postulate, 
definition, theorem, or property of equality. 

3. Write a two-column proof for these theorems from Chapter 4, 
(a) Complements of congruent angles are congruent. 
(b) Vertical angles are congruent. 

4, Write a proof for the following theorem in (a) paragraph form and 
(δ) tbvo-column form. 


THEOREM If two angles are both congruent and supplemen- 
tary, then each is a right angle. 


5. Write a two-column proof of the theorem that vertical angles are con- 
gruent using (a) the definition of vertical angles, (b) the definition of 
a linear pair, (c) the theorem that if two angles form a linear pair, then 
they are supplementary, and (d) the theorem that supplements of con- 
gruent angles are congruent. (Hint: In the figure, let “a and /c bea 
pair of vertical angles. Prove 4a = £c.) 


In Exercises 6-11, you are to perform some experiments with physical tri- 
angles. You will need a ruler, a protractor, and a compass. You are to use 
these experiments as a basis for formulating the next three postulates in 
Section 5.6. Do the required constructions and measurements carefully and 
answer all the questions before proceeding to the next section, 


6. Construct a triangle, AABC, in which AB = 24 in., AC = G in., and 
mA = δῦ. Measure the remaining three parts (BC, 2 B, 2 C) of your 
constructed triangle and compare your measurements with those of 
two or three of your classmates. Are they nearly the same? 

7, Construct a triangle, ARST, in which ΗΒ = 2 in., m4R = 40, and 
mS = 60. Measure the remaining three parts {4 Τὶ RT, ST) of your 
constructed triangle and compare your measurements with those of 
some of your classmates. Are they nearly the same? 

8. Construct a triangle, APQR, in which PQ = 5 em., PR = 4.5 cm, 
and RQ = 6 cm. (You may need to use a compass for this construc- 
tion.) Measure the three angles of your constructed triangle and 
compare your measurements with those of some of your classmates. 
Are they nearly the same? 

8, Construct a triangle, ADEF, in which m2D = 50,m2E = 60, and 
mé F = 70. Measure the three sides of your constructed triangle in 
centimeters, Compare your measurements with those of some of your 
classmates. Are they nearly the same? 
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10. Construct a triangle, A.LMN, in which m/ L = 40, LM = δ em., and 
MN = 3.5 cm. (You may need to use your compass again for this con- 
struction.) Measure 4 M, 4 N, and LN of your constructed triangle and 
compare your measurements with those of some of your classmates. Are 
they nearly the same? 

11, Using only your ruler, construct a triangle, AADE, which has no two 
of its sides congruent. Now construct Δ ΑΓ’ Ε΄ (distinct from AADE) 
such that AADE = ΑΓ ΒΕ". (You need not restrict yourself to using 
only your ruler for this construction.) How many of the six parts of 
AADE did you use in obtaining ΔΑ ΤΥ ΕΠ Could you have obtained 

AA'D'E’ by using a set of parts different from those that you actually 
used: What is the least number of congruent parts of AADE needed 
to be sure that A A’D’E’ is congruent to AADE? 


5.6 THE CONGRUENCE POSTULATES FOR TRIANGLES 


We asked you to perform certain constructions in Exercises 5.5, 
We now wish to examine these con- c 
structions in more detail, but first 
we need some definitions. In AABC 
(Figure 5-4) we say that ZA is in- 
cluded by sides AC and AB. Simi- 
larly, we say that side BC is included 
by angles 2B and ZC. 2 ‘ 
Figure 34 
Definition 5.2 An angle of a triangle is said to be included 
by two sides of that triangle if the angle contains those sides. 
A side of a triangle is said to be included by two angles of 
that triangle if the endpoints of the side are the vertices of 
those angles. 


In AABC, shown in Figure 5-4, which angle is included by sides 
BC and BA? Which side is included by 4 A and 4 CG? Were you able 
to answer these last two questions without looking at the picture of 
the triangle? Without looking at a picure of A.RST, state which angle 
is included by sides ST and RT. Which side is included by 4 R and / S? 

In Exercise 6 of Exercises 5.5, you should have concluded that all 
triangles having the given parts are congruent; similarly for Exercises 
7 and 8, When this is true, we say that the three given parts determine 
a triangle. In Exercise 6, the three given parts of the triangle were two 
sides and the included angle. In Exercise 7, the three given parts were 
two angles and the included side, and in Exercise 8 the three given 

were the three sides. In Exercises 9 and 10, however, you should 
have found that not all triangles having the three given parts are con- 
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gruent. How many triangles of different size can be constructed if only 
the measures of the three angles are given (assuming there is at least 
one triangle with angles having these measures)? How many triangles 
of different sizes can be constructed using the data of Exercise 10? 

How did you construct A.A’D’E’ in Exercise 11? Make a list of the 
steps you used. Perhaps you have one of the following lists. 


List | List 2 List 3 

1, Draw A'D’ = l. Draw ZA’ = 1, Draw AD’ = 
AD. ZA. AD. 

2, Draw ZA’ = 9. Draw A’D' 2. Draw an are with 
ZA. AD. A’ as center and 

A’'E’ as radius. 

3. Draw A’E’ =x 3. Draw 4D => 3. Draw an are with 

AE. ἐπ. D’ as center and 
D'E’ as radius. 

4, Complete the 4. Complete the 4. Complete the 
construction by construction by construction by 
connecting Κ΄ and drawing the sides connecting the 
D with D'E’. of / A’ and / D’ intersection of the 

long enough. ares to A’ and Γ᾽. 
᾿ x 
For each list, the figure at the bottom shows what the construction 
looks like just before it is completed. 


Look at the first list. How many side measures are used? How 
many angle measures? Is the angle between the two sides? This com- 
bination of two sides and the included angle is abbreviated by the sym- 
bol S.A.5.; the correspondence ADE «-- A'D’E'’ is referred to as an 
S.A.S. congruence because we feel that this much information about 
congruent pairs is enough to guarantee that all matched pairs of parts 
are congruent. We make this conclusion formal in Postulate 23. 

Look at the second list. What combination of measures is used? 
This combination of two angles and the included side is abbreviated 
A.S.A,; the correspondence ADE <= ΑἸ Ε΄ is referred to as an 
A.S.A. congruence, We make this conclusion formal in Postulate 24. 

Look at the third list. This combination of three sides is abbreviated 
5.5.5... the correspondence ADE <—+A'D'E’ is referred to as an 
S.8.S. congruence. We make this conclusion formal in Postulate 25. 
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POSTULATE 23 (The S.A.S. Postulate) Let a one-to-one cor- 
respondence between the vertices of two triangles (not necessarily dis- 
tinct) be given. If two sides and the ineluded angle of the first triangle 
are congruent, respectively, to the corresponding parts of the second 
triangle, then the correspondence is a congruence. (See Figure 5-5.) 


G F 
Pn. rahe ‘ 
AABC => ADEF by the 5.4.5. Postulate 

Figure 5-5 


POSTULATE 24 (The A.S.A. Postulate) Let a one-to-one cor- 
respondence between the vertices of two triangles (not necessarily dis- 
tinct) be given. If two angles and the included side of the first triangle 
are congruent, respectively, to the corresponding parts of the second 
triangle, then the correspondence is a congruence. (See Figure 5-6.) 


Ἢ Ε 
A Η ι ΝΕ ι Ε 


AABC = ADEFP by the A.8,A, Postulate 
Figure 5-6 


POSTULATE 25 (The 5.5.8. Postulate) Let a one-to-one cor- 
respondence between the vertices of two triangles (not necessarily dis- 
tinct) be given. If the three sides of the first triangle are congruent, 
respectively, to the corresponding sides of the second triangle, then 
the correspondence is a congruence. (See Figure 5-7.) 


Cc 


A B 
AABC a ADEP by the 8.5.8, Postulate 
Figure 5-7 
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Note that there is no A.A.A. Postulate (Figure 5-8) and no 5.5.4. 
Postulate (Figure 5-9). Also note how the results of Exercises 9 and 10 
of Exercises 5.5 are related to this statement. 


AABC + ADEF 
Figure 5-§ 
ΖΑ 7A, / 
A B D E 
AARC ΞΕ ADEF 
Figure 5-9 


Our experience with physical triangles suggests that it would be 
proper to include an §.A.A, Postulate (Figure 5-10). Actually, we do not 
need such a postulate, The statement that you might expect as a postu- 
late is, in fact, given as a theorem in a later chapter. We defer the proof 
because we need not only the congruence postulates but also a postu- 
late about parallel lines, which appears later, before we can prove the 
5.A.A, statement. Since it is easy to prove later, we have decided not 
to adopt it formally as a postulate. 


A B dD E 


AABC = ADEF by §.A.A, 
Figure 5-10 


The A.S.A. and §,5.S, Postulates can be proved as theorems once 
the 5.A.5. Postulate is assumed. The proofs are difficult, however, and 
so we have adopted these statements as postulates in order to make 
simpler the development of our geometry, 
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EXERCISES 5.6 


In Exercises 1-16, like markings on the triangles indicate congruent parts. 
In each exercise, determine if a pair of triangles can be proved congruent. 
If a congruence can be proved, write a triangle congruence (in the form 
ABAC = AFDE) and the postulate (5.1.8... 4.8.4., 5.9.8.) you would use 
to prove it. Exercise 1 has been worked as a sample. 


1. 
me τὸς 7 ie 
3. δ Ρ 
A [ΒΕ Do | Ε 
3. D 
Cc 
F 
A B E 
4 ‘< 6. && N 
F 5 ῳ 
L Mf 
5 D c 
7 u r 
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9. 5 
Ρ Τ 
14. 
ϊῖ. » 
G 
N15, 5 
Pe i 


213 


z2i4 


Congruence of Triangles Chapter 5 
17. For AABC and ADEF, 
AB = EF, 
ΣᾺ τὰ ZE, 
AC = ED, 
Write a congruence between the two triangles. What postulate are you 


using? 

18. For ARSU and AGKL, 
Lia £L and ὦ Ξε £K. 
Which two sides must be proved congruent if 
ARUS = ALKG 

by the A.S.A. Postulater 

18, For 4POR and AQSR, 
PAs 5R and FO 80, 


Are the triangles necessarily congruent? Why? Draw a figure. 
20. For AABC and ABCD, 


ZABC= {DBC and /4ACB= £DCB. 
Are the triangles necessarily congruent? Why? Draw a figure. 


In Exercises 21-30, two triangles appear to be congruent in the given figure. 
In each exercise, certain information is given about the figure. Assume that 
all points are coplanar and have the relative positions shown. 


(a) Copy and mark each figure, as was done in Exercises 1-16, to show 
the given information, 

(b) If the given information is sufficient to prove the triangles con- 
gruent, state a congruence between the triangles and the postulate 
you would use (S.A.S., A.S.A., 5.5.5.} to prove it. If the given infor- 
mation is insufficient, write “Insufficient.” 


21. M is the midpoint of PO. 2 ἈΠ. ἢ. _ 
PR = OR D is the midpoint of BC. 
σ 
Α D 
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23. VA is the midray of 2 BVC. 27. L-F-N, N-E-M 
m/VAC = mZVAB D is the midpoint of DM. 
LF = ME 


Ἢ 


24. Consider only APOR and ASRQ. 


ΑΝ Ἵ ὅτ᾽ SR 1 OR, and 
ἘΡΕ 28. In Exercise 27, if, in addition 
Ε 


s to the information given for 
the figure, we also have LV = 
MN, is AFND = AEND? 
Why? (Hint: Use ND in your 


ΠῚ R proof. This segment exists 
even though it is not shown in 
25. Consider only ARTS and ARVS. the figure.) 
RT = RV 
ST = SV 29. N-H-M 
mZ STV =mZSVT H is the midpoint of GK. 
méZRATV = m/RVT NG 1 GK 
ME L GK 
᾿ Ν 
K 
Ε 5 Η 
Vv G 


26, A-E-D, D-F-C 


F is the midpoint of AC. 
BE 1 AD 
BF | GD 
AE = CF 
A Ε D 
F 
Β 
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5.7 USING THE S§.A.S., A.S.A., AND 3.5.5. POSTULATES 
IN WRITING PROOFS 


In this section and the following one, you will be asked to write 
your own proofs, In writing these proofs you will usually need to prove 
one or more pairs of triangles congruent by using the 8.A.5,, A.S.A., 
and §.8.5. Postulates. Therefore, in planning your proof, you should 
look for the opportunity to apply one of these postulates to some pair 
of triangles. We illustrate with some examples. 


Example 1 If M is the midpoint of AB and CD, then AC = BD. 


In starting to construct a proof for this statement, we first draw a 
figure which seems to fit the hypothesis. 
c 


Figure S11 ἡ D 

Figure 5-11 shows M to be the midpoint of segments AB and CD, 
(Can you draw a different figure which shows the same information?) 
We have marked AM and with the same number of marks since, by 
the definition of a midpoint, we know that AM = MB. CM and MD 
have been marked alike for the same reason. 

Before attempting to construct a proof of a theorem, it is helpful to 
have a definite plan in mind. In this example, we want to prove that 
two segments are congruent. We know that two segments are congru- 
ent if they are corresponding sides of congruent triangles. Our plan is 
to prove AAMC = A BMD in Figure 5-11. For completeness the fig- 
ure is included as a part of the proof, as it should be. 


Proof: 
Hypothesis: M is the midpoint of AB and CD, 
Conclusion: AC = BD 
(Plan: Prove AAMC = ABMD.) 
C 


5.7 Using the $.A.S., A.S.A., and 8.5.3. Postulates 


M is the midpoint of AB and 1. _ Hypothesis 
CD, 
. AM = MB. CM = MD 


= 


2 2, Definition of midpoint (1) 

3. ZAMC = “BMD 3. Vertical angles are congruent. 
4, AAMC = ABMD 4. 8.4.5. Postulate (2, 3) 

5. AC = BD 5. If two triangles are congruent 


(4), then their corresponding 
parts are congruent. 


Note that there are essentially the following five steps to writing a 
geometric proof in two-column form. 


1, Draw a figure which seems to fit the hypothesis and, where pos- 
sible, mark on the figure the information given in the hypothesis. 

2, State what is given (the hypothesis) expressed in terms of the 
figure. 

3, State what is to be proved (the conclusion) also expressed in 
terms of the figure. 

4. State a plan for the proof. The plan need not be expressed in 
written form, but should be carefully thought through before at- 
tempting to write the proof. 

5, Write out the proof in two-column for, 


Now let us examine the proof for Example 1. You probably noticed 
in the statement of Step 3 that we relied strongly on the figure for giv- 
ing us the information that 4 AMC and / BMD are a pair of vertical 
angles. If our figures are carefully drawn, we can rely on them to give 
us correct information, However, we must always be prepared to be 
able to justify any information that we take from a figure by postulates, 
definitions, and theorems, In the figure for the example, we know that 
points A, M, 6 are collinear and that points C, M, D are collinear 
(Why?). We also know that when two lines intersect, vertical angles 
are formed. Since the figure clearly shows all of this information, we 
did not bother to establish in our proof that 4 AMC and / BMD are 
vertical angles. 

Since this may be your first experience in writing geometric proofs 
in two-column form, your teacher may want you to write a more com- 
plete proof than the one given. In other words, your teacher may not 
want you to assume any information from a figure without establishing 
this information in your proof. If this is the case, we give a second, more 
complete proof of the theorem in Example 1 for your consideration, 
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Hypothesis: M is the midpoint of AB and CD. 
Conclusion: AC = BD 

Cc 


1, M is the midpoint of AB and 1. Hypothesis 
CD 


2. Mis between A and B, and M 3, Definition of midpoint (1) 
is between C and D, 

3, MA, MB and MC, MD aretwo 8. Definition of opposite rays (2) 
pairs of opposite rays. 

4, AMC and “BMD are ver- 4. Definition of vertical angles 


tical angles. (3) 
5. ZAMC = 4 BMD 5. If two angles are vertical (4), 
then they are congruent. 


6. AM = MB. CM = MD 
7. AAMC = ABMD 
8, = BD 


. Definition of midpoint (1) 

. 5.4.5. Postulate (δ, 6) 

. If two triangles are congruent 
(7), then their corresponding 
parts are congruent. 


5 =] > 


Note that some of the reasons are written in abbreviated form. For 
example, reason 4 is “Definition of vertical angles” rather than the com- 
plete statement of this definition. Be quite certain that you know the 
complete statement before using the abbreviated form in your proofs. 


Example2 ΤΕ, in quadrilateral ABCD, AD = BC and AB = CD, then 
Az ZC. 
Hypothesis: AD πε BC 
AB = CD 


D ΗΝ & 


Conclusion: 4A = ἐδ Ἔ A 

(Plan: We want to prove 4A = £C by showing they are corre- 
sponding angles of congruent triangles. But there are no triangles in our 
figure. We therefore draw DB to show which triangles we shall use.) 


5.7 Using the $.A.S., A.5.A., and 5.5.5. Postulates 


Note that the segment DB in Figure 5-12 is dashed to distinguish 
it from the parts of the figure given in the hypothesis, 
ue 


A B 
Figure 5-12 

We call a segment such as DB an auxiliary segment. Thus an aux- 
iliary segment is a segment that is not a part of the figure given in the 
hypothesis, but does exist by the definition of a segment and the Point- 
Line Postulate. Such segments should be drawn into your figure when 
it is convenient to use them in the proof. We now continue with our 

Since two sides of AABD are congruent to the corresponding sides 
of ACDB, we would expect to prove these triangles congruent by ei- 
ther the S.A.S. Postulate or the 5.8.5. Postulate. If we were to use 
5.A.8.,we would need 4A = “C. But since this is what we are trying 
to prove, We cannot use it as part of our proof. That leaves the 85.8.8. 
Postulate. In AABD, the third side is BD and in ACDB, the third side 
is DB. But BD and DB are the same segment and are congruent by the 
reflexive property of congruence. We can now write the proof. 


Ι. AB=CD 1. Hypothesis 

2. AD = CB 2, Hypothesis 

3. Segment BD exists. 3. Point-Line Postulate and the 
definition of segment 

4. BD = DB 4, The reflexive property of con- 

ence for ents. 
5. AABD = ACDB 5. 5.5.5. Postulate (1, 2, 4) 
6. A= ZC 6. Lf two triangles are congruent 


(5), then their corresponding 
parts are congruent. 


Note that when we wrote AD = CB in statement 2 and BD = DB 
in statement 4, we were adhering to the correspondence ABD <—» 
CDB for the two triangles. Of course, it would be correct to write 
AD = BC in statement 2 and BD = BD in statement 4, But it helps 
to keep things clear for both the writer of the proof and someone read- 
ing it if itis written the way we wrote it, keeping the order of the letters 
consistent with their order in the congruence we wish to prove. 
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Example 3 If points are as shown in Figure 5-13 and if AB = CB, 
FE = DF, and BE = BD, prove AF = FC. 


How do we formulate a plan for B- 
this proof? A plan for a proof can 
often be formed by “working back- ! 
wards,” That is, we begin with the 
conclusion and try to work our way a 
back to the hypothesis. If these . 
steps can then be reversed, we have 
a plan for our proof. This method 4 » 
A c 


consists of writing (or thinking of) 


information in two columns: Figure 5-13 
I Can Prove If I Can Prove 
1. AF = FC 1. (a) AE & CD? 
(b) FE = DF 
2. AE x CD 2, AABE = ACBD? 
3. AABE = ACBD 3. (a) AB = CB (S)V 


(b) 48 Ξε 2B(A)y 
(c) BE=BD(s)y 


We read line 1 as follows: I can prove AF = FC if I can prove 
(a) AE = CD and (b) FE = DF. (Note that if we know statements (a) 
and (b) of line 1 in the second column, then we can deduce statement 1 
in the first column from Corollary 3.4.3.) Because (b) is given in the 
hypothesis, it is checked. Statement (a) is then to be considered. It is 
brought down to line 2. We read line 2 as follows: “I can prove AE = 
CD if I can prove AABC = ACBD.” Since this triangle congruence 
is not given, we bring it down to line 3. Line 3 is read as follows: “I can 
prove AABE = ACBD if I can prove (a) AB = CB, (b) 4B = 28, 
and (οὐ BE = BD.” Since all three of these statements are given or can 
easily be proved, they are checked, We can now write the proof by re- 
versing the order of the statements. 


-. ΒΕ 
Proof: . 
Hypothesis: AB = CB 
FE = DF = 
BE = BD 
Conclusion: AF = FC 
μ. c 


5.7 Using the 5.A.5., A.S.A., and 8,8.58, Postulates 


1. BE = BD 1. Hypothesis 

2 Z4Ba ZB 2. Reflexive property of congru- 
ence for angles 

3. AB = CB 3, Hypothesis 

4. AABE = ACBD 4. §.A.S. Postulate (1, 2, 3) 

5. = 5. [f two triangles are congruent 


AE = CD : 
(4), then their corresponding 
parts are congruent. 

6. FE = DF 6. Hypothesis 
7, AF a FC 7. Corollary 3.4.3 (5, 6) 


Example 4 In Figure 5-14, all points are coplanar. 
Hypothesis: Ε 
Cis in the interior of 4 ADE, 
F is in the interior of 4 (ΠΗ. 


Copy and complete the proof 
that AE = CB. Figure 5-14 


(Plan: We plan to use ADE <—+ CDB. We can show AD = CD, 
ΑΒΕ = £CDB by the Angle Measure Addition Postulate, and 
DE = DB. We can then use $.A.S.) 


1. AD 1 DC, BD 1 DE 1, Hypothesis 
2. mZ ADC = 90, mZ BDE = 90 2. [7] (1) 
3. Cis in the interior of ADE. 3. [7] 

E is in the interior of 4 CDB. 


4, mZADE = % 4+ mZCDE 4. Angle Measure Addition Pos- 
m£CDB = 90 + mi CDE tulate (2, 3) 
5. mZ ADE = m/ CDB 5. Substitution property οἵ 
6. ADE = 4 CDB 6 pati 
r ; 
7. AD = CD, DE = DB 7. [Π 
8. AADE = ACDB 8. [7] (6, 7) 
9, AE = CB 9, (7) (2). 2 
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EXERCISES 5.7 


ΜῈ In Exercises 1-22, write two-column proofs. In each exercise, copy the fig- 
ure and mark on it the given congruences, 


1, In the figure, a a RS | PO, and 41 =& 22. Prove 
that 5. is the midpoint of PO 


Oe wk 


Copy the following outline and supply the missing reasons, includ- 
ing the numbers of Ee statements. 


1. 51: 8 1. Hypothesis 

2, RS = RS 2. 

3. RS 1 PO 3. Fl 

4. £RSPand 2 RSQ are right 4. If lines determined by two seg- 

angles. ments are perpendicular ([7]), 

then [7]. 

5, <RSP= “ASO 5. Any two right angles are [7] 
(3). 

6. APSR = AQSR 6. PELE 

1. ΡΒ =S γῇ FEV, then (Fl 

8. Sis between F and QO, 8. 

9. Sis the midpoint of 9. ΓῚ {{1 [Π]} 
Α 


2. Τὴ πὸ figure, “ABD and 4 CBE 
are vertical angles, B is the mid- 
point of DE, and 4D=& ZE. 
i that B is the midpoint of 


3. In the figure, point B is between 
points A and C and point C is 
between points B and D, Given 
Chea DS, 4la/2 and 
AB = CD, copy and complete 
the proof that 9 ἢ = ZS. 


5.7 Using the $.A.S., A.S.A., and 5.5.5. Postulates 


l. Bis between A and C, and 
Cis between B and D, 


4. In the figure, A is between C and D, B is be- 
tween C and E, K is the midpoint of AR. 
41 τ £2, and AC = BC. Copy and com- 
plete the proof that 4ACK = 4 BCK. 


1. Zlae £2 

2, D-A-C and E-B-C 

3. £land 4 CAK form a lin- 
ear pair, and 42 and 
£ CBK fonm a linear pair. 

4. £CAK is a supplement of 
£1,and 4 CBE is a supple- 
ment of 22. 

5. 2CAK = #CBK 


6. Kis the midpoint of AB. 
7. [Π = [Π] 


he 
8. AC = BC 

10. ACAK = ACBK 
ll. ZACK = “ BCK 


1, Hypothesis 
2. 
a 


2) 
4. Length-Addition Theorem for 
Segments (1, 2, 3) 


5 
6. [lypothesis 
- @) (2), 2) 2) 
Corresponding parts of congru- 
eat triangles are congment 
{{Π}. 


Hypothesis 
. Definition of linear pair (2) 


oo bos 


4. If two angles form a linear pair 
(3), then they are supplemen- 
tary. 

4, The supplements of congruent 
angles are [?] (1, 4). 


H 
. Definition of congruent seg- 
ments (8) 
[Π| {{{|. 2) 2) 
[1] (E)) 


6. 27) 

7. Definition of midpoint (6) 
&. 5 

8) 


μα επ 
--ὉΘ9 
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5. In the figure, LR = RN and # 
LM = MN. Prove that 
m/L=m/N. ᾿ ‘a 
M 


8, Hypothesis: For AABC, BF is the midray of Z ABC intersecting AC 


in ἢ), AGi is the midray of “4 BAC intersecting BC in ὦ, Points H, A,B, ἃ 
are collinear in that order, 4 RAD = / SBE. 


Conclusion; AE = BD 

(Plan: Show that AB = BA, that 4ABE = / BAD (supplements of 
congruent angles), and that m4 BAE = m/ ABD (halves of equals). 
Then use the A.S.A. Postulate to prove AABE = ABAD.) 


7. Givens DA CB D c 
DA 1 AB 
ΓΒ. AB 
To Prove: £D = £C 
8. Does your proof for Exercise 7 de- 
pend on points A, B, C, and Dheing 4 


coplanar? 
9, Given: 41a 22 
f/sz i4 
To Prove: PS = AQ and 
mZS=mZQ 
c 
10. Given: Dand E are between 
A and B as shown in 
the figure. 
fACE = “BCD 
AC = BC 
DC = EC 
To Prove: AACE = ABCD 
AE = BD 
A D ΠΕ Ἢ 


11, Use the same hypothesis and figure given in Exercise 10 and prove 
(a) AACD = ABCE, (b) AD = ΒΕ. 


5.7 Using the §.A.S., A.5.A., and 5.3.5. Postulates 


13. Given; AB = CB 
AD = CD 


12. In the figure, E is in the interior of 
£ BAC, A-D-E, £ EDC = ZEDB, 
and BD = CD. Prove that AE is 
the midray of 4 BAC. 


14. In the figure, R, S, 7, and N 
are collinear in that order. 
ἐδ = / PIN, RS = TN, 
PT = VS. 

Prove: £4P=/V 


15. In the figure, A-E-C, D-E-B, 
fla 42, /3a 44, and 
AD = BC. 

Prove that AC and BD bisect 
each other at £. 


16. In the figure, E is the midpoint 
of DF, H is in the interior of 
é DEG, G is in the interior of 
éFEH, £DEG = £FEH, and 
HE=GE. Prove that /H=/ CG. 


— 


D E ᾿ F 


17. Given the situation of Exercise 16, prove in two different ways that 


/ DEH = # FEG. 


18 Given: 41= 42 
M is the midpoint of RS 
RT = ST 


Prove: £3 74 
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19, In the figure, AD = BC, E is the midpoint of CD, and AE = BE, Prove 
that = BD, 
D E τ 
Ε 


Copy and complete the statements in the following plan. 


I Can Prove 11 Can Prove 


Ι. AC = BD 
2, AADC = ABCD 


3, ADC = £BCD 
4. AP] = AP] 


(ὦ {Π|ΞΞΕῚ (δὺν 
Now reverse the steps in the second column and complete the proof. 


. In quadrilateral ABCD, M is the midpoint of AC and 41 = £2, Prove 


that any segment which contains M 
and has its endpoints in the inte- 
riors of CD and AB is bisected at M. 
(Hint: Draw EF such that E-M-F, 
A-E-B, and D-F-C. Now prove 
that AEMA = AFMC and hence 
that EM = FM.) 


D mis Ee: 


. CHALLENGE PROBLEM. In AABC, AC = AB. A 


Prove that the correspondence CAB <—> 
BACis a congruence using the 8.4.5. Postulate. 
Hence conclude that ACAB = ABAC. Does 
this prove that 4 Ba £C? Why? Does this 
prove that if a triangle has two congruent 
sides, then the angles opposite those sides are 
congruentr B C 


5,8 Isosceles Triangles 


22. CHALLENGE PROBLEM. In A AST, 45 = 2 T. Η 
Prove that the correspondence STR <—+ TSR 
is a congruence using the A.S.A. Postulate. 
Hence conclude that ASTR = ATSR, Does 
this prove that RS = AT? Why? Does this 
prove that if a triangle has two congment 
angles, then the sides opposite those angles are 
congruent? 


5.8 ISOSCELES TRIANGLES 


Each triangle shown in Figure 5-15 has at least two congruent sides, 
Such triangles are called isosceles (from the Greek words iso and skelos 
meaning “equivalent” and “legs,” respectively}. 


oes 


Figure 5-15 


Definition 5.3 An isosceles triangle is a triangle with (at 
least) two congruent sides. If two sides are congruent, then 
the remaining side is called the base. The angle opposite the 
base is called the vertex angle. The two angles that are op- 
posite the congruent sides are called the base angles. 


In AABC of Figure 5-15, AB and AC are congruent sides. The base 
is BC, the vertex angle is 4 A, and the base angles are 4 Band /C. 
Name the base, vertex angle, and base angles of Δ DEF in Figure 5-15, 

If a triangle has three congruent sides as does A POR in Figure 
5.15, then any side may be considered as a base of the triangle. The 
angle opposite a base is considered the vertex angle corresponding to 
that base, and the angles that include a base are called the base angles 
corresponding to that base. 
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Definition 5.4 A triangle with three congruent sides is 
called an equilateral triangle. A triangle with three congruent 
angles is called an equiangular triangle. 


If you worked Exercises 21 and 22 of Exercises 5.7, you already 
proved the following two theorems. 


THEOREM 35.1 (The Isosceles Triangle Theorem) The base an- 
gles of an isosceles triangle are congruent. 
RESTATEMENT: In AABC (Figure 5-16), AC = AB. 

Prove that 4B= ZC. 


Figure 5.18 Ν᾿ Cc 


(Plan: We will show that, for AABC, the correspondence 
BAC <— CAB is a congruence using $.A.8., and hence 4B = 4C 
by the definition of congruent triangles.) 


Proof: 

1. AC =AB 1. Hypothesis 

2 £Az 4A 2. Reflexive property of congru- 
ence for angles 

3. AB a AC 3. Symmetric property of con- 


gruence for segments (1) 


4. ABAC = ACAB 4, §.A4.8. Postulate (1, 2, 3) 

5. £B= 4C 5. Corresponding parts of con- 
gruent triangles (4) are con- 
gfruent. 


Theorem 5.1 implies the result which follows, Its proof is left as 
an exercise. 


5.8 Isosceles Triangles 


COROLLARY 3.1.1 If a triangle is equilateral, then it is 
equiangular. 


We know from Theorem 5.1 that if a triangle has a pair of congru- 
ent sides, then the angles opposite these sides are congruent. The con- 
verse of Theorem 5.1 is also true, and we state it as our next theorem. 


THEOREM 5.2 (Converse of the Isosceles Triangle Theorem) 

If a triangle has two congruent angles, then the sides opposite these 

angles are congruent and the triangle is isosceles. 

RESTATEMENT: In A DEF (Figure 5-17), 4E = /F. Prove that 
DF = DE and hence that A DEF is isosceles. 


E F Figure 517 

(Plan: We will show that, for ADEF, the correspondence 
EFD <—+ FED is a congruence using A.S.A. and hence DF = DE 
by the definition of congruent triangles.) 


Proof: 


1. ΖΕ τ ZF 1. Hypothesis 


2. EF = FE 2, Reflexive property of congru- 
ence for segments 

3. £P ex ΖΕ 3. Symmetric property of con- 
gruence for angles (1) 

4. AEFD = AFED 4. A.S.A. Postulate (1, 2, 3) 

5. DF = DE 5. Corresponding parts of con- 
gruent triangles (4) are con- 

ent. 

6. ADEF is isosceles, 6, Definition of isosceles triangle 

(5) 


The proof of the following corollary of Theorem 5.2 is left as an 
exercise, 

COROLLARY 6.2.1 If a triangle is equiangular, then it is 

equilateral. 
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EXERCISES 5.8 


1, Is every equilateral triangle isosceles? Is every isosceles triangle 
equilateral? 


2, In the figure, P is in the interior of 
AABC, AB = AC and PB = PC. 
Prove, without using congruent 
triangles, that 4 ABP = / ACP. 


3. Write a two-column proof of Corollary 5.1.1, 
4, Write a proof, in paragraph fonn, of Corollary 5.2.1, 
5. Prove Theorem 5.1 using the 8.8.8. Postulate. 


6. Inthe figure, 4 AST is an isosceles 
triangle with vertex angle at ἢ. 


κε 
Give a proof different from that 
given for Theorem 5.1 that base 
angles of an isosceles triangle are 
congruent. (Hint: Let M be the 
midpoint of ST and proves uM T 


ASRM = ATRM.) 


7. Given: P-Q-S, P-R-T, and 8. Given: A-B-D, A-C-E, 
fl= £2 AB = AC, and 
Prove: AQPR is isosceles, BD = CE 
Prove: ABDC = ACEB 
A 
ἊΝ 
D E 


9, CHALLENGE PROBLEM. Did you use the Isosceles Triangle Theorem in 
your proof of Exercise 8? If not, write a different proof, using the Isos- 
celes Triangle Theorem, If you did, write a different proof in which the 
Isosceles Triangle Theorem is not used. 


10. Given: ADEF is isosceles with 


11. 


13. Inthe figure, 41 = £2, points B, D, E, C are collinear, and BD = EC, 


vertex angle at D, 
EG = HF 

Prove: (a) AGDH is isosceles. 
(b) 2DGH = 2 DHG 


If points A, B, C, D, E, F have the 
betweenness relations shown in 
the figure, if AABC is isosceles 
with vertex angle at B, and if 
AAFC is isosceles with vertex an- 
ele at F, prove AD = EC. (Plan: 
Use the Isosceles Triangle The- 
orem to prove AADC = ACEA 
by A.S.A,) 


In convex quadrilateral ABCD, 
AB=AD and CB= CD. (ὦ 
Prove ABC = ADC without 
proving any triangles congruent. 
(b) Draw AC intersecting BD at 
E. Prove BE = ED and AC 1 BD. 


Prove that A ABC is isosceles. 


Cc 
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14, Given; ARST is equilateral. N 

Prove: A RST is equiangular, (Plan: 
Show that the correspond- 
ence RST <>» TRS is a 
congmence by 8.5.5. and 
that 4R=ZT=ZS by 
the definition of congruent 8 Τ 
triangles.) 


15, Given: APOR is equilateral, with 
A, B, and C the oo 
PO. oe and PR, respec- 


16, CHALLENGE ProBLEM. We can prove the A.S.A. Postulate as a theorem 
once we have assumed the 5.A.8. Postulate. Complete the proof of the 


following statement. 
Given an A.S.A. correspondence 


FAM —» RSP 
as indicated in the figures, if 
ἔα / fF, 
TA = Bg, 
Z£FAM = ZS, 
prove that AFAM = A RSP. 


Proof: There is a point M’ on FM such that ἘΠ’ ~ RP. Why? (Note 
that our figure shows Μ΄ and M to be different points. We will prove 
that they are the same point.) Therefore AFAM’ = AASP by 5.4.5. 
(Show this.) 4 FAM’ = RSP. Why? Therefore AM’ = AM by the 
Angle Construction Theorem. It follows that Μ' = M (Why?) and 
AFAM τὸ ARSP. 


5,Β Isosceles Triangles 


17. CHALLENGE PROBLEM. We can prove the 5.5.5. Postulate as a theorem 
once we have assumed the S.A.S. Postulate and proved the Isosceles 
Triangle Theorem. Complete the proof of the following statement. 

Given an 5.5.5. correspondence 


ABC <—> POR 
as indicated in the figure, if 


AB = PO, 

EC = OR, 

AC = FR, 
prove that A.ABC κα APOR. 


1. Given 


2. There is a point F on the 2. Angle Construction Theorem 
opposite side of AB from C 
such that “BAF ΘΕ ἐδ 

3. There is a point D on AF 3, Segment Construction The- 
such that AD = PR. orem 

4. AABD = APOR 4. S.A.S. Postulate (1, 2, 3) 


Since C and D are on opposite sides of ‘AB, CD intersects AB ina 
point ZZ. Our figure shows H to be between A and B. We could have, 
however, A = H, or B = H, or A-B-H, or H-A-B, Complete the proof 
for the case where A-H-B by using the Isosceles Triangle Theorem and 
the S.A.S. Postulate to prove that AABC = AABD. It will then follow 
from step 4 and the transitive property of congruence for triangles that 
SABC = A POR. Draw a figure and complete the proof for the other 
four cases, that is, for A = H, B = H, A-B-H, and H-A-B, 
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5.9 MEDIANS AND PERPENDICULAR BISECTORS 


In Figure 5-18, M is the midpoint 
of side BC of AABC, Seyment AM is 
called a median of AABC. Since each 
side of a triangle has exactly one mid- 
point, every triangle has exactly three 
medians. Draw a triangle and its me- 
dians. What property do the medians 
appear to have? 


Definition 5.5 A median of a triangle is a segment whose 
endpoints are a vertex of the triangle and the midpoint of the 
side opposite that vertex. 


THEOREM 35.3 The median to the base of A 
an isosceles triangle bisects the vertex angle 
and is perpendicular to the base. 
RESTATEMENT: In AABC (Figure 5-19), 

AB = AC and AM is the median to BC. 

Prove: 1. AM is the midray of # BAC. 
2. AM 1 BC 
B MM Cc 

Proof: Copy and complete the following proof. — Figure 5.19 


AB = AC 


Ἰ. 1. Hypothesis 
2. 48Βτι ZC 2. [F] (fA) 
3. AM is the median to BC. 3. Hypothesis 
4. Mis the midpoint of BC. 4. PI(E]) 
5. BM = CM 5. P(E) 
6. AABM = AACM 6. [Π᾿|[ΠΠ} 
7. £BAM = “CAM 1. [3] (2) 
8. Misin the interior of 4 BAC. 8. Theorem 4.11 (4) 
9, AMisthe midray of BAC. 9, Definition of midray (7, 8) 
10. 2BMA = £CMA 10. (FE) 
11. £BMA and £CMA are ἃ 11. Definition of linear pair (4) 
linear pair. 
12. £BMA and #CMAareright 12. Theorem 4.12 (10, 11) 
angles. 
13. AM 1 BC 13. 7] (EA) 


5.9 Medians and Perpendicular Bisectors 


In Figure 5-20, A ABC is isosceles with vertex angle at A. Ray AG 


is the midray of the vertex angle. It appears from the figure that AG 
bisects BC and is perpendicular to BC at M. This brings us to our next 
theorem. 


Figure 5-20 


THEOREM 3.4 The midray of the vertex angle of an isosceles 
triangle bisects the base and is perpendicular to it. 


Proof: In proving this theorem it is necessary to show that ray AG 
intersects BC in a point M that is between B and C (as Figure 5-20 sug- 
gests), By the definition of midray, AG is between rays AB and AC. By 
the definition of betweenness for rays, B and C are in opposite half- 
planes with edge AG. By the definition of opposite sides of a line, there 
is a point M of AG between B and C. Since M is between B and C, it 
follows from Theorem 4.11 that M is in the interior of 2 BAC. Since 
Mis in the interior of 4 BAC and since it is a point of AG or of opp AG, 
but not both, it follows from Theorem 4.10 that M isa point of AG. The 
rest of the proof of Theorem 5.4 is straightforward and is left as an 
exercise. 


In Theorem 5.4, it was required to prove that a certain ray was per- 
pendicular to a certain segment and that the ray bisected the segment. 
The line that contains the ray and that is in the same plane as the seg- 
ment is called the perpendicular bisector of the segment in that plane. 
We state this formally in the following definition. 


Definition 5.6 The perpendicular bisector of a segment in 
a given plane is the line in that plane which is perpendicular 
to the segment at its midpoint. 
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In Figure 5-21, line 1 is perpendicular to AB at M, the midpoint of 
AB. Since | and ‘SB determine exactly one plane (Why?), we say that I 
is the perpendicular bisector of AB in that plane. We sometimes write 
“I L bis AB” for “Lis the perpendicular bisector of AB.” 


t 


Figure 5-21 


Note that, in space, there is more than one line (How many?) that 
is a perpendicular bisector of a given segment. However, in a given 
plane the perpendicular bisector of a segment is unique, since a seg- 
ment has exactly one midpoint and, by Theorem 4.14, in a given plane 
there is exactly one line that is perpendicular to a given line at a given 
point on the line. The next two theorems serve to characterize the set 
of points in the perpendicular bisector of a segment. 


THEOREM 5.5 (The Perpendicular Bisector Theorem) Tf, in a 

given plane ας, P is a point on the perpendicular bisector of AB, then 

P is equidistant from the endpoints of AB. 

RESTATEMENT: In Figure 5-22, P is a point on line | in a plane a. 
| 1 bis AB at M in a. F 

Prove: PA = PB Ρ 


Proof: Uf P = M, then PA = PB 

by the definition of midpoint. If P 

is any point in / different from M, 

then AAPM = ABPM by §.A.S. 

(show this); hence PA = PB bythe 4 M 8 
definition of congruent triangles 

and PA = PB by the definition of 

congruent segments. 


Figure 5-22 


5.9 Medians and Perpendicular Bisectors 
THEOREM 5.8 (Converse of the Perpendicular Bisector The- 
orem) If, in a given plane a, P is equidistant from the endpoimts 
of AB, then P lies on the perpendicular bisector of AB. 
RESTATEMENT: In plane a, PA = PR, M is the midpoint of AB. 
Prove: P is on I, the perpendicular bisector of AB. 


i 


Proof: If P is on line AB, then PF = M because AB has only one.mid- 
point. In this case, P is on line I by the definition of the perpendicular 
bisector of a segment. If Pis not on line AB, then AAPM = ABPM by 
5.5.5. (show this). Therefore / AMP is a right angle (Why?) and PM 
1 bis AB, Since, in a given plane, a segment has only one perpendicu- 
lar bisector, P is on I, 


EXERCISES 5.9 


1. Copy and complete the proof of Theorem 5.3. 
2. Complete the proof of Theorem 5.4 by writing it in two-column form. 


You may assume that it has been proved that AG intersects BC ina point 
M which is between B and C. (See Figure 5-20.) 
3. Copy AABC below. 
(a) Construct the median from A to BC. 
(b) On the same figure construct 
the midray of ΖΦ BAC. A 
(c) Does the midray contain the 
median? 
(dq) What must be true about 
AABC if the midray from A 
is to coincide with the median 
from A? B Ὁ 
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4. Copy A DEF in the figure. D 
(a) Construct the perpendicular 
bisector of EF in plane DEF. 

(Ὁ) Does the perpendicular bi- 
sector of EF contain point D? 

(c) What must be true about 
ADEF if the perpendicular 
bisector of EF is to contain ΠΡ 


5. From which theorem may we deduce that the vertex of the angle op- 
posite the base of an isosceles triangle lies on the perpendicular bisector 
of the base? 

6. In the figure, A, B, C, D are distinct coplanar points, AB = AD, and 
BC = CD. 

(a) Is BD the perpendicular bisector of AC? 


(hb) Is AC the perpendicular bisector of BD? 
is Which auxiliary segment is needed to 
prove AABC = AADC? 
(d) How do we know this segment exists? 
(e) Why is 9 ΒΞΞ ὁ ΠΡ 
(ἢ) Lf your answer to (a) is Yes, prove it is 
correct with a paragraph style proof. 
Do not use congruent triangles. 
(g) If your answer to (b) is Yes, prove it is rd 
correct with a paragraph style proof. Do 
not use congruent triangles. 
7. Inthe figure, {is the perpendicular bisector of PO. If the lengths of seg- 
ments are as marked, find a, b, ὦ, and d. 


5.9 Medians and Perpendicular Bisectors 


8. In the figure, AABC is isosceles with AB = BC. If BD is a median, 
prove that AABD = ACBD. 


B 


A D c 


% Inthe figure, A POR is isosceles with PQ = PR. The midrays of 4 ORP 
and ὦ POR intersect at T. Prove that PT 1 OR. Do not use congruent 


P 


Q R 
10. If | 1 bis AB at M, and if Pis a point on / different from M, prove that 
PM is a median of A PAB. 
11. If Sis the midpoint of OR and PS 1 OR, prove that A POR is isosceles. 
(It is not necessary to use congruent triangles in your proof.) 


12, Given the figure as marked with F the midpoint of AB, prove that 
DF 1 AB. 


A F B 


13. cHattence PRosLeM. If AB and OR are coplanar and congruent seg- 
ments, 1. bis AQ, m L bis BA, andm M n = P, prove that AABP = 
AORE. 
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In Exercises 14-22, you will need to prove certain triangles congruent that 
are not necessarily coplanar. You should look at the figures in perspective 
and be aware that angles or sides that are congruent may not look congruent 
in the figures. In every case, carefully draw a figure on your own paper and 
mark on it the congruent parts before writing a proof. 


14. In the figure, points A, B, and C 
are in plane a. Point P is not in 
plane a. PB | AB and PB 1 BC. 
pane θε τ τα, prove AP = 


15. In the figure, points D, E, and F 
are in plane β. Point R is not in 
plane 8. If RD 1 DE, RD 1 DF, 
and DE = DF, prove AREF is 
isosceles and that “AREF= 
£ RFE, 


16. In dihedral angle A~RS-B, ACis in plane a, BC isin plane 6, AC 1 RS, 
BC 1 RS, D is in RS, and AACB is isosceles with vertex at C. Prove 
that A BDA is isosceles. 


5.9 Medians and Perpendicular Bisectors 


17. Given PR, Dj, and RT bisect each other at 5, Prove AKDP = ATJR, 
A 


18. In dihedral angle E-AB-F, Ε isin plane a, F isin plane β, and AB con- 
tains C and D. If triangles DEC and DFC are isosceles with vertex an- 
gles at E and F, respectively, prove that 4 EDF = 2 ECF. (Plan: Prove 
AEDF = AECF by 5.8.5} (See figure above at right.) 


19. In Exercise 18, is DC between rays DF and DE? Can we prove 
£EDF = 4 ECF by the Angle Measure Addition Postulate? 


20. In the figure, PA = PB = 
PC and 4APB=/BPC= 
Z APC, Prove that AAKRC is 
equilateral, 


21. In Exercise 20, if we accept the hypothesis (but disregard the figure), is 
it possible that P, A, B, C are coplanar? Try to draw a figure for the 
“plane case.” 

22, CHALLENGE PROBLEM. In the figure, P and O are on opposite sides of 
plane ἃ which contains points D, E, and F. If 1 DE at E, PO 1 FE 
at E, and PE = OE, prove APDF = AQDF. 
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CHAPTER SUMMARY 


The Definitions 
If, for AARC and A DEF, 
LA e— ZD, AB <—-+ DE, 
{Bes ΣΕ, BC <> EF 
απ, ΣῈ AC «— ΠΕ 


we indicate this correspondence by writing ABC «—» DEF where the or- 
der in which the vertices are named preserves the six correspondences. We 
speak of the pairs in the six correspondences named as CORRESPONDING 
PARTS of the two triangles. Two triangles (not necessarily distinct) are 
CONGRUENT if and only if there exists a one-to-one correspondence be- 
tween their vertices in which the corresponding parts are congruent. Such 
a one-to-one correspondence between the vertices of two congruent trian- 
ales is called a CONGRUENCE. 

An ANGLE of a triangle is said to be INCLUDED by two sides of that 
triangle if the angle contains those sides. A SIDE of a triangle is said to be 
INCLUDED by two angles of that triangle if the endpoints of the side are 
the vertices of those angles. 

The combination TWO SIDES AND THE INCLUDED ANGLE is 
abbreviated by the symbol 8. A.5. If there exists a correspondence between 
two triangles such that 5.4.5, of one triangle are congruent to §.A.5. of the 
second triangle, then we call this an $.A.8. CONGRUENCE, 

The combination TWO ANGLES AND THE INCLUDED SIDE is 
abbreviated by the symbol A.S.A. If there exists a correspondence between 
two triangles such that A.S.A. of one triangle are congruent to A.S.A. of the 
second triangle, then we call this an A.S.A. CONGRUENCE. 

The combination THREE SIDES is abbreviated by the symbol 5.3.5. 
If there exists a correspondence between two triangles such that 5.5.5. of 
one triangle are congruent to 5.5.5. of the second triangle, then we call this 
an 5.8.8, CONGRUENCE, 

If a triangle has (at least) two congruent sides, it is called an ISOS- 
CELES triangle. The VERTEX ANGLE of an isosceles triangle is the angle 
included by the congruent sides, The BASE of an isosceles triangle is the 
side that is opposite the vertex angle. The BASE ANGLES of an isosceles 
triangle are the angles whose vertices are the endpoints of the base. An 
EQUILATERAL triangle is a triangle that has three congruent sides. An 
EQUIANGULAR triangle is a triangle that has three congruent angles. A 
MEDIAN of a triangle is a segment that has for its endpoints a vertex of the 
triangle and the midpoint of the side opposite that vertex. 

In a given plane, the PERPENDICULAR BISECTOR OF A SEG- 
MENT is the line that is perpendicular to the segment at its midpoint. 

A statement of the form “If p, then gq” is called a CONDITIONAL. 
The statement p is called the HYPOTHESIS of the conditional and the 


Chapter Summary 


statement q is called the CONCLUSION. If a conditional and its hypothesis 
are known to be true, then it follows logically that its conclusion is also true. 

The statement “Tf g, then p” is called the CONVERSE of the statement 
“If p, then q” and the statement “IE p, then q” is called the converse of the 
statement “If q, then p."’ A definition in “if-then” form is to be understood 
asa conjunction of two statements “Tf p, then gq” and “Tf gq, then p.”’ Some- 
times this is abbreviated to “p if and only if ἡ" 


The Postulates 


There were three postulates in this chapter having to do with congru- 
ent triangles, We list them in their abbreviated form only. Be sure that you 
know the complete statement of each postulate, 

POSTULATE 23. The 5.4.3. Postulate, 
POSTULATE 24. The A.S.A. Postulate. 
POSTULATE 25. The 5.5.5. Postulate, 


The Theorems 

There were six theorems and bwo corollaries in this chapter. We list 
them in the order in which they appeared. Be sure that you know what each 
theorem says and that you understand its proof. 


THEOREM 5.1 (The Isosceles Triangle Theorem) The base angles 
of an isosceles triangle are congruent. 


COROLLARY 5.1.1 Ifa triangle is equilateral, then it is equiangular, 


THEOREM 54.2 (Converse of the Isosceles Triangle Theorem). If a 
triangle has two congruent angles, then the sides opposite these angles 
are congruent and the triangle is isosceles, 


COROLLARY 5.2.1 Ifa triangle is equiangular, then it is equilateral, 


THEOREM 3.3 The median to the base of an isosceles triangle bi- 
sects the vertex angle and is perpendicular to the base. 


THEOREM 5.4 The midray of the vertex angle of an isosceles tri- 
angle bisects the base and is perpendicular to it. 


THEOREM 5.5 (The Perpendicular Bisector Theorem) If, in a 
given plane a, P is a point on the ὃς Saar bisector of AB, then P 
is equidistant from the endpoints of AB, 


THEOREM 5.6 (Converse of the Perpendicular Bisector Theorem) 
If, in a given plane a, P is equidistant from the endpoints of AB, then 
P lies on the perpendicular bisector of AB. 
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REVIEW EXERCISES 


1. Write the following statement as a conjunction of two statements in the 
“if-then” form: A triangle is equilateral if and only if it is equiangular. 

2. In your answer to Exercise 1, what is the second statement called with 
respect to the first? Are both statements true? 

3. Write the converse of the statement: If two triangles are congruent, 
then their corresponding parts are congruent. 

4, In Exercise 3, are both the statement and its converse true? 

5. Write the converse of the statement: Vertical angles are congruent. 

6. In Exercise 5, is the given statement true? Is its converse true? 


ΕΒ in Exercises 7-18, decide if the sentence is true or false. 


7. In the statement, “If p, then gq.” p is the conclusion and g is the 
hypothesis. 
8. In the statement, “p only if gq,” p is the conclusion aud g is the 
hypothesis. 
9, In the statement, “p if g,” p is the conclusion and q is the hypothesis. 
10. If we know the statement “If p, then gq” is true and if we know that p 
is true, then we can conclude that q is true. 
11. The statement “If p, then g"” may be true even though the statements 
p aud q are both false. 
12. If A is on the perpendicular bisector of CD, then AC = AD, 
13. = a given plane, PE = PF, then Pis on the perpendicular bisector of 


14. In a given plane, more than one line can be drawn which is both per- 
pendicular to a segment and bisects the segment. 

15. In a given plane, more than one line can be drawn which bisects a 
segment. 

16. If R, S, and T are not collinear and R is on the perpendicular bisector 
of ST, then ARSTis isosceles. 

17. Congruence of triangles has the transitive property. 

18. In our formal development of geometry, we postulated that the sicles 
opposite a pair of congruent angles in a triangle are congruent. 


19. Copy and complete: If, in a given plane, R is [5] from the endpoints of 
ST, then Η lies on the [7] [Π] of ST. 

20. Copy and complete: If AB is a segment and if R and § are distinct points 
such that A, 5, A, B are coplanar, RA = RB, and SA = SB, then PJ is 
the of AB. 

21. If, in AABC, BD bisects 2 ABC and intersects AC at D, AB = BC, 
prove that D is the midpoint of AC. 


22. If, in the figure, AB = BC, does fi 
it follow that / BAD=/BCD 
because base angles of an isosceles 


triangle are congruent? Why? 


Bb 
23. In the figure for Exercise 22, if ZL - 


AB = BC, 4 BAD = ὁ BCD, and A c 


D is in the interior of 4 ABC, 


write a plan for proving AABD = 
ACBD. 
AC = BC 
ZACD = ZBCE 
A-D-E, D-E-B 


se: (Π τῷ ΟΕ A D E BE 


34, Given: 


5. Gicen: 


26. Given: 


B-M-D, and AD = BC 


Prove: 


27. In the plane figure, M is the 
midpoint of segments AC and 
EF. BE = FD. Prove 
(a) AAMF = ACME. 
(b) AABC = ACDA. 


28. Given: 


Prowe: 
Plan: 


: A APB is 


A-D-C, c 
B-E-C, B-P-D 

A-P-E, DP = PE 
{CDP = CEP 


isosceles. 
AB = CD, A-M-C, 


(a) AABD = ACDB 

(b) fle ἐᾷ 

(c) AACD = ACAB 

[ἃ] ἔϑεε 44 

(εἰ ACMD = AAMB 

(ἢ Mis the midpoint of 
BD and AC. 


A-D-E, D-E-B 
AD = BE 

CD = CE 

AABC is isosceles. 
Prove, in order, 
fl=/2 

£32 #4 

AACD = ABCE 
AC = BC 

AARC is isoseeles, 


Inequalities 
in Triangles 


6.1 INTRODUCTION 


In Chapters 3, 4, and 5 we developed the concept of congruence 
for segments, angles, and triangles. When we say that two segments 
are congruent, we mean that two numbers associated with these seg- 
ments, their lengths, are the same. The concept of congruence for an- 
gles and for triangles is based also on the concept of equal measures, 
and hence on the concept of equality for numbers. 

In this chapter we are concerned with segments and angles, in par- 
ticular with segments that are not congruent to each other and with 
angles that are not congruent to each other. In other words, we are 
concemed with segments of unequal measures and with angles of un- 
equal measures. In comparing two segments (or angles) that are not 
congruent to each other, it is useful to know which one has the larger 
measure. To express such a comparison it is convenient to use some fa- 
miliar words and symbols defined formally as follows. 


CD if and only if AB < CD. 


méDEF,; £ABC < £DEF if and only if mZABC < 


] Definition 8.1 ΔΒ.» CD if and only if AB > CD; AB < | 
m é DEF. 


Definition 6.2 £ABC > / DEF if and only ifm 2 ABC > 
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When used to compare segments, the symbol ““>>" may be read as 
“greater than,” or “longer than,” or “larger than.” Similarly, “<< may 
be read as “less than,” or “shorter than,” or “smaller than.” 

When used to compare angles, the symbol “>” may be read as 
“greater than” or “larger than.” Similarly, “<<.” may be read as “less 
than” or “smaller than.” 

Note that Definitions 6,1 and 6.2 express a comparison of segments, 
or of angles, in terms of an inequality involving numbers. It should be 
clear that an inequality involving segments or angles is really a state- 
ment of “not-congruence” together with a statement of which seg- 
ment, or angle, has the greater, or lesser, measure, Because the proper- 
ties of inequalities for numbers are essential for the development of in- 
equalities for segments and angles, we review them in Section 6.2. 

This chapter includes several important theorems, some of which 
involve comparisons of parts of one triangle. Others involve compan- 
sons of parts of one triangle with parts of another triangle. To save time 
we shall, in some cases, give “abbreviated proofs” of these theorems, 
that is, just the key steps in the proofs. You should be able to supply a 
complete proof if asked to do so. 


6.2 INEQUALITIES FOR NUMBERS 


We begin by defining, formally, less than and greater than for 
numbers. 


only if there is a positive number p such that b = a + p. 
Also a > 6 if and only if there is a positive number p such 
that a = b + p- 


Definition 6.4 If a and b are numbers, then a < b if and 


Definition 6.3 If a and b are numbers, then a < } if and 
only if a< bora = b, : 


Example 1 The statement 4 < Sis read “4 is less than or equal to 5” 
and, by Definition 6.4, it means 4 < 5 or 4 = 5. We know that a dis- 
junction of two statements is true if either of the two statements is true. 
Therefore 4 < 5 is a true statement because 4 < 5 is true. Similarly, 
5 < 5(which means 5 < 5or5 = 5) isa true statement because 5 = 5 
is true. 


Most of the numbers in our geometry are positive numbers and 
represent lengths of segments, measures of angles, measures of plane 


6.2 Inequalities for Numbers 


regions (areas), or measures of regions in space (volumes), From Defi- 

nition 6.3 we can conclude that if x, y, and z are positive numbers and 

ifx = y + 2, then both y and zare less than x. We get this by first con- 

sidering z as the positive number p in the definition and then consider- 

ing y as the positive number p. This gives us the two statements 
t=y+p and wx=2+4 p. 


Thus, by Definition 6.3, y <. x and z < x. That is, both numbers ina 
sum of two positive numbers are less than the sum. For example, 


15 = 9+ 6, 


Hence 9 < 15 and 6 < 15. From the second part of Definition 6.3, we 
can conclude that the sum of two positive numbers is greater than 
either of them. For example, 


Hence 32 > 21 and 32 > 11. 
The following theorem is easy to prove using Definition 6.3, 


THEOREM 6.1 If x and y are numbers, then x <_y if and only if 
y > 2. 


There are two parts to Theorem 6.1, 


1, If x and y are numbers, and if x < y, then y > x. 
2. If x and y are numbers, and if y > x, then x - ἡ. 


Proof of part I: 


1.x and y are numbers and 
x< y. 
2. y=x+p, where pisaposi- 2. Definition 6.3 
tive number. 
3. y > x 3. Statement 2 and Definition 
6.3 


Proof of part 3: Assigned as an exercise, 


1. Hypothesis 


We now state five properties of order (inequalities) that are helpful 
in proving theorems about geometric inequalities. You may consider 
these properties as postulates for the real number system, although we 
could prove Properties O-3, O-4, and ὃ-- by using Definition 6.3 and 
Properties 0-1 and 0-2, 
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Θ-1 The Positive Closure Property. If x and y are numbers, and 
x > Oand y > 0, then x + y > Oand xy > 0. 


0-2 Trichotomy Property, If x and y are numbers, then exactly 
one of the following is true: x << y,x = y.x > y, 


©-3 Transitive Property. If x, y, and z are numbers, and if x τ y 
and y < 2, then x < 2. Also, if x > y and y > 2, then x > z. 


©-4 Addition Property. If a, b, x, and y are numbers, and if 
x< yanda < b,thenx + a< y + b. Also, ifx > y anda > Bb, 
thenz+a>y +h. 


6-5 Multiplication Property. If x, y, and z are numbers and if 
x< y and z> 0), then az < ys. Also, if x > y and z > 0, then 
xt > yz 


We now prove several theorems which are useful in the sections 
that follow. 


THEOREM 6.2 AB > CD if and only if CD < AB. 


There are two parts to Theorem 6.2. 


1, If AB > CD, then CD < AB. 
2. If CD < AB, then AB > CD, 


Proof of part 1: 


1, AB > CD 1. Hypothesis 


2. AB > CD 2. Definition 6.1 
3. CD < AB 3. Theorem 6.1 
4. CD < AB 4. Definition 6.1 


Proof of part 2: Assigned as an exercise. 


THEOREM 6.3 ZABC> £4DEF if and only if 
é£ DEF < ZABC. 
Proof: Assigned as an exercise. 


THEOREM 6.4 Let three distinct collinear points A, B, C be 
given. Then A-C-B if and only if AB >> AC and AB > BC. 


6.2 Inequalities for Numbers 


There are two parts to Theorem 6.4. (Draw a figure showing the re- 
lationship between points A, B, and C.) 


1, Given three distinct collinear points A, B, C, if point C is be- 
tween points A and B, then AB > AC and AB > BC. 

2. Given three distinct collinear points A, B, C, if AB > AC and 
AB => BC, then C is between A and B. 


Proof of part 1: Since C is between A and B, AB = AC + BC. Why? 
But AC and BC are positive. Hence by Definition 6.3 AB > AC and 
AB > BC. ; 


Proof of part 2: Points A, B, C are collinear (given), so exactly one of 
them is between the other two. Why? That is, we must have exactly 
one of the following three betweenness relations: B-A-C, A-B-C, or 
A-C-B. We shall show that the first two of these are impossible; hence 
the only remaining possibility is A-C-B. Suppose that A is between B 
and C. Then, by the first part of Theorem 6.4, we must have BC > AB. 
But this contradicts the hypothesis that AB > BC; hence A is not be- 
tween Band C. Now suppose Bis between A and C. Again, by part 1 
of Theorem 6.4, we must have AC 5» AB and this contradicts the hy- 
pothesis that AB > AC; hence B is not between A and C. The only 
remaining possibility is that C is between A and B. This completes the 
proof, 
THEOREM 6.5 If point D is in the interior of 4 ABC, then 


m£ ABC > mZABD and mé ABC > mZ DBC. 
Proof: Since D is in the interior of 4 ABC, ray BD is between rays 
a 
BA and BC. B y the Angle Measure Addition Postulate, 
mi ABC =mZABD + πι DBC, 


Since m 4 ABD and m 4 DBC are positive, it follows from Definition 
6.5 that 


mZABC > m2 ABD and mZABC > mZ DBC. 


EXERCISES 6.2 


@ In Exercises 1-10, identify the order property that is illustrated, 
1. lf AB < 6, then AB = 6. 
2 Wfa-—b< l5andb < 3, thena< 18. 
3. Ifx < 7and 7 < y, then x - ἡ. 
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4. Ifa < 5, then 4a < 20, 

5. If AB < RS and BC < ST, then AB + BC < RS + ST. 
6. If $m 4 ABC > 4m Z RST, thenm Z ABC > mZ RST. 
7. IE AB > CDand CD = EF, then AB > EF. 

8. Ifx + 3< 8, then x < 5. 

8. Ifx — y > 12 andy = 7, thenx > 19. 

0. If3 > Oand2 >0,then2 +3>0. 


11. In the figure, AD > BE and DC > EC. 
Prove AC = BC. 


12. Given the figure for Exercise 11, if 
méil<m/2 and πὶ ἐ83 « πι /4, 
prove that πὶ ABC > m 2 BAC. 


13. ImZA = 90 + k, where k >> 0, and 48 is a supplement of 4A, 
prove that 4 Bis an acute angle. 


14. Inthe figure, “D= “DBC. 15. Inthe figure, CD 1 bis AB and 
Prove that m“ ABC > mZD. C-P-B. Prove that AC > CP. 


UPN 
Ἢ A Dp B 


16. Prove part 2 of Theorem 6.1. 

17. Prove part 2 of Theorem 6.2. 

18. Prove Theorem 6.3. 

19. Explain why Theorem 6.4 has the following consequence. If A, B, C 
ure three distinct collinear points, then C is between A and B if and only 
if AC < AB and BC < AB. 

20, Explain why Theorem 6.5 has the following consequence. If D is a point 
in the interior of “ ABC, then 


m £ ABD < m ἐ ABC and πὶ £DBC « m ZABC. 


FP 
21. In the figure, M is the midpoint 
of AP and BC. Prove that 
mz BCD > m/# ἢ. 
A ἡ c D 


D 


Al 


6.2 Inequalities for Numbers 


22. For each figure use your protractor to measure 4 BCD, 2 A,and “8B, 
Record your results in a table. How does m/ BCD compare with m4 A 
in every case? m4 BCD with m £ B in every case? 


m Z BCD mA més 


ἃ ΜΙ: ΠῚ 
ἃ)" ΠῚ ΓΗ Bi 
(e) ΓῚ a [Π 
B 
A Cc D 


(a) 
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23, CHALLENGE PROBLEM. Given the coplanar points A, B,C, D, M, P such 
that A, B, C are noncollinear, A-C-D, B—M-C, and A-M -P, prove that 
P is in the interior of 4 BCD. (Hint: You must show that P is on the 
B-side of CD and that Pis on the D-side of BC)) 

24, CHALLENGE PROBLEM. Prove the Transitive Property of Order (Prop- 


erty O-3). (Hint: You will need to use Definitions 6.3 and 6.4 and the 
Addition Property of Equality in your proof.) 


6.3 THE EXTERIOR ANGLE THEOREM 


In both figures of Figure 6-1, “ABC, “BCA, and 2 CAB are 
called interior angles of AABC. We call 2 BCD, which is adjacent 
to £ ACB and forms a linear pair with it, an exterior angle of AABC. 


A C A Cc 
Figure 61 


Both 4 Aand / Bare called nonadjacent interior angles of the exterior 
angle 4 BCD, The term “‘interior angle” is convenient when you want 
to emphasize the distinction between an exterior angle of a triangle and 
an angle of a triangle, Note that the adjectives ‘‘adjacent’’ and “‘non- 
adjacent” apply to an interior angle and describe its relation to a par- 
ticular exterior angle. We formalize these ideas in the following 
definition. 


Definition 6.5 Each angle of a triangle is called an interior 
angle of the triangle. An angle which forms a linear pair with 
an interior angle of a triangle is called an exterior angle of the 
triangle. Each exterior angle is said to be adjacent to the in- 
terior angle with which it forms a linear pair and nonadjacent 
ta the other two interior angles of the triangle. 


Every triangle has six exterior angles, two at each vertex, as shown 
in Figure 6-2. The two exterior angles at each vertex are vertical angles 
and hence are congruent. 


8.3 The Exterior Angle Theorem 


Figure 6-2 


Note that 2 DCE in Figure 6-2 is not an exterior angle. Why? In 
Figure 6-2, 4 KAC and 4 HAB are the two exterior angles at vertex A 
of AABC, and £ ABC and # BCA are the two nonadjacent interior 
angles of each of them. Name the two exterior angles at vertex B of 
ABC in Figure 6-2 and their nonadjacent interior angles. 

If you worked Exercise 22 of Exercises 6.2, your results should sug- 
gest the following theorem. 


THEOREM 6.6 (The Exterior Angle Theorem) Each exterior 
angle of a triangle is greater than either of its nonadjacent interior 
angles, 


Proof: Let the vertices of the triangle be A, B, and C, Let D bea point 
on AC such that C is be- 
tween A and D. (See Figure 
63.) We must prove that 

£BCD> £BAG 
and that 

ΒΟ. Σ £B. 
We first prove that A τῇ 

{BCD > £B. Figure 63 

Let M be the midpoint of BC and let P be the point on AM such that 

A-M-P and AM = MP, Then AAMB = 4 PMC by S.A.S. (show this) 
and m4 BCP = m2ZB. Why? Since P is in the interior of ὦ BCD, 
πι ὦ BCD > mZ BCP by Theorem 6.5, We have shown that 


πι BCD > m2Z BCP 


and that 
m/ BCP = mB. 


It follows from the Transitive Property (0-3) that m4 BCD > mZB, 
and from Definition 6.2 we have 4 BCD > / B. 


255 


256 


Inequalities In Triangles Chapter 6 

To prove that 4 BCD > / BAC, we use the midpoint of AC and 
show that the other exterior angle at C ( 4 ACE in Figure 6-4) is greater 
than 4 BAC in the same way as in the part above. Since the two ex- 
terior angles at C are congruent (Why?), it follows that 


ὁ ΒΟ ZBAC. 


Figure (4 


The proof that we have given for one exterior angle of the triangle 
can be easily modified to show that the theorem holds for any of the six 
exterior angles of the triangle. However, it is not necessary to go to all 
this trouble since our choice of the exterior angle at C was strictly an 
arbitrary choice. The fact that we were able to prove the theorem by 
choosing arbitrarily any one of the six exterior angles of A ABC insures 
us that there is no need to prove the theorem for every exterior angle. 

In the proof of Theorem 6.6, we stated that point P (in Figure 6-3) 
isin the interior of 2 BCD, You are asked to prove this in the Exercises 
αἴ the end of this section, 


COROLLARY 6.6.1 If one of the angles of a triangle is a right 
angle, then the other two angles of the triangle are acute angles. 


Proof; Assigned as an exercise. 


COROLLARY 6.6.2 If one of the angles of a triangle is an obtuse 
angle, then the other two angles of the triangle are acute angles. 


Proof; Assigned as an exercise. 


It follows from the Exterior Angle Theorem (more directly from 
its corollaries, Corollary 6.6.1 and Corollary 6.6.2) that no triangle has 
more than one right angle or more than one obtuse angle. An important 
kind of a triangle is one that has one right angle. There are special 
names for triangles with a right angle and for triangles with an obtuse 
angle. 


5.3 The Exterior Angle Theorem 


angle, ‘he hypotenuse of a right triangle is the side opposite 
the right angle. The other two sides of a right triangle are 


Definition 6.6 A right triangle is a triangle with one right 
called legs. 


Definition 6.7 An obtuse triangle is a triangle with one ob- 
tuse angle. 


Definition 6.8 An acute triangle is a triangle with three 
acute angles. 


Theorem 4.14 asserts that for each point on a line in a plane, there 
is one and only one line which (1) lies in the given plane, (2) contains 
the given point, and (3) is perpendicular to the given line. We can now 
use the Exterior Angle Theorem to prove a companion theorem. 


THEOREM 6.7 Given a line and a point not on the line, there is 
one and only one line which contains the given point and which is 
perpendicular to the given line. 


Proof: Let [ be the given line and P the given point not on L In part | 
of the proof we show that there is a line containing P and perpendic- 
ular to /. In part 2 we show there cannot be two such lines. 


1. Existence. (See Figure 6-5.) Let A and B be any two points of 
—-> 

line I. [. Then PA is either perpendicular to | or not perpendinalss to I. 

if PA 1 |, then the existence part of our proof is complete. If PA is not 


perpendicular to [, then there is a ray AC, with C on the opposite side 
of | from P such that 4 PAB = 
£ BAC. Why? There is a point D 
--- oe 
on AC such that AD = AP. Why? 
Pand C are on opposite sides of ἰ, 
and C and PD are on the sume side 
of [; hence P and D are on opposite 
sides of |. Therefore PD intersects 
lat some point F. APAF= A. DAF 
by S.A.S. (show this) and so 
é PFA = £DFA. Therefore, by 
Theorem 4.12, 4 PFA is a right 


angle and PF LL 
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2. Uniqueness. (See Figure 6-6.) Let G be any point of ] other than 
F and let H be any point of / such that G-F-H. Then 4 PGTis an angle 
of APGF and is a nonadjacent 
interior angle of the exterior 
angle 4 PFH. Since m 4 PFH = 
90, it follows from the Exterior 
Angle Theorem that m “PGF 
< 90 and therefore PC is not 
perpendicular to | It follows 
that PF is the only line through 
P and perpendicular to 1, 


Figure 6-5 


EXERCISES 6.3 


1. Refer to Figure 6-4 and prove that 4 BCD > 2 BAC, thus completing 
the proof of Theorem 6.6. 


2. Prove Corollary 6.6.1. 

3. Prove Corollary 6.6.2. 

4. Given AABC with B-C-D and mZ ACD = 70, what must be true 
about m4 ABC? About m Z BAC? About m 4 ACB? 

5. In the figure, name the two 
nonadjacent interior angles of 
#BAF, Which exterior angle 
has £CAB and 4 ABC as its 
nonadjacent interior angles? 
Name all the exterior angles 
shown in the figure and their 
corresponding nonadjacent inte- 
rior angles. 


5 Using the figure, copy Exercises 6-11 and replace the question marks by 


<, =, 0r > to make a true statement. a, b, c, x, y, z denote angle measures. 


8.3 The Exterior Angle Theorem 


6. If b = 40, then x [Π 40 and y [J 140. 

1. If ς = 90, then z [7] 90, a [7] 90, b ΓΞ] 90, x (2) 90, and y [7] 90. 
8, lfa = 40 and b = 60, then καὶ [7] 60, 

8. If y = 140, then a [3] 140 and ¢ [Π 140. 

10. If x = 130, then b [5] 130, 

11. If a = 55 and ὁ = 80, then y [7] 80. 


Refer to the figure for Exercises 12-18. In each exercise, arrange the num- 
bers in order, starting with the smallest. In these exercises, a, b, c,d, ¢, f, g 
denote angles. 


12. πα, πο 16. μι Ὁ, πε ας πα ὦ 8 
13. πι  ι mid 17. κι σ, πὶ δι πὲ 
14. πε πε 18. méic,mAa,még,mZe 


15. πι ἃς πι  [ 


19. In the figure, prove that m4 ACB > m ZB. 
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21. In the proof of Theorem 6.6 it was stated that the point P (Figure 6-3) 
was in the interior of 4 BCD, To prove this, we must show that P is on 


the D-side of BC and on the B-side of CD. 


Copy and supply the missing reasons in the following proof, 


1. A-C-D, A-M-P, B-M-C I, Given 


3. M and P are on the same 3. Theorem 3.3 
side of CD. 
3. M and &B are on the same 3. [Ὁ] 
side of CD. 
4. Pis on the B-side of CD. 4. Statements 2 and 3 
5. A and D are on opposite 5. [7] 
sides of BC. 
6. A and P are on opposite 6. [2] 
sides of BC. 
7. Pis on the D-side of BC. 7, Statements 5 and 6 
& P is in the interior of 8. 7) (7) [Π]]} 
¢ BCD, 


22. Is it possible for a triangle to have two right angles? Justify your answer. 
23. Suppose that / is a line in plane ἃ and that P is a point not in ἃ. Does 
Theorem 6.7 still apply? Draw a figure and explain your answer. 


34. Given: AAMC, A-F-5, 25. Gicen: AADB, A-C-D, 
Ε-5 Ὁ AD = AB 
Prove: 41> £2 Prove: £ ACB> £ DBA 


Fi he 


26. Given; B is the midpoint of 
AE, B is the midpoint of FC, 
B-C-D 
Prove; £DCE> ZA 


27, Given: ARTS, R-W-T, SW 
is the midray of # RST 
Proves £3 > £1 


s 


8.3 The Exterior Angle Theorem 


28. Given: Quadrilateral ABCD, 
B-E-C, BD=& DE, δια 
£2 
Prove: £3> £41 


B 


E 
ieee 


pe 


29. Given: F is the midpoint of 
AD and BE 
Prove: £2< £1 


30, Measure the sides in centimeters and the angles in degrees of the scalene 
triangle in the figure, Record the measurements to the nearest tenth of 
a centimeter and the nearest degree in a table as shown. You will need 
to refer to the results of this exercise in Section 6.4. 
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31, Draw three scalene triangles of different sizes and shapes and label the 
vertices and sides as in Exercise 30. Also make and record measure- 
ments for each triangle. You will need to refer to the results of this ex- 
ercise in Section 6.4. 

32. CHALLENGE ProBLEM. If P is any point in the interior of AABC, prove 
that m# APB > m/C. 

33. CHALLENGE ProRLEM. Prove that the sum of the measures of any two 
angles of a triangle is less than 180, 


6.4 INEQUALITIES INVOLVING TRIANGLES 


If all three sides of a triangle are congruent, then the three angles 
of the triangle are congruent, and if two sides of a triangle are congru- 
ent, then the angles opposite these sides are congruent. In this section 
we investigate how the angles of a triangle are related to each other 
when they are opposite sides of unequal length, 

Refer to the table you prepared in Exercise 30 of Exercises 6.3 and 
answer the following questions. 


Which side is the longest? 

Which angle is the largest? 

How are the longest side and the largest angle of 
A ABC situated with respect to each other? 

Which side is the shortest? 

Which angle is the smallest? 

How are the shortest side and the smallest angle of 
A ABC situated with respect to each other? 


Observe the order relation among the measures of the angles of 
ABC and complete the following statement: 


mé[7])>mZE) > m/[F} 


Observe the order relation among the measures of the sides of 
A ABC and complete the following statement: 


[1.» ΕἸ Ch 


How do the order relations among the measures of the angles of 
the triangle compare with the order relations among the measures of 
the corresponding opposite sides of the triangle? 

Refer to the tables you prepared for the three triangles in Exercise 
31 of Exercises 6.3 and answer the same questions as the preceding 
ones for each of these triangles. Make a general statement about the 
relative position of the longest side and the largest angle of a triangle; 
the shortest side and the smallest angle. 


6.4 Inequalities Involving Triangles 


The comparisons suggested by the preceding experiment are for- 
mulated in the following two theorems. 


THEOREM 6.8 (Angle-Comparison Theorem) If two sides of a 
triangle are not congruent, then the angles opposite them are not 
congruent and the greater angle lies opposite the greater side. 


Proof: 
ρθη: 


AABC, 
with AB > AC 


To Prove: £ ACB > £ ABC (See Figure 6-7.) 


A 


I, 1, Given 
2, AB> AC 2. Definition 6.1 
3. There is a point D on AB 8. Segment Construction The- 
such that AD = AC. orem 
4,AD=AC 4. Definition of congruence for 
segments (3) 
5. AB > AD 5. Substitution Property of 
Equality (2, 4) 
6. Dis between A and B, 6. Theorem 6.4 
7. Disin the interiorof ACB. 7. Theorem 4.1] 
8 m£ACB > mZACD 8. Theorem 6.5 
9. ZACD = ZADC 9. Isosceles Triangle Theorem 
(3) 
10. mZACD = mZADC 10. Definition of congruence for 
angles (9) 
11. mZACB > m/ADC 11, Transitive: Property (8, 10) 
12. ADC > £ABC 12. Exterior Angle Theorem 
13. mZADC > mZ ABC 13. Definition 6.2 (12) 
14, mZACB > mZ ABC 14, Transitive Property (11, 13) 
15. ZACB > ZABC 15, Definition 6.2 (14) 
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We now state and prove the converse of Theorem 6.8. 


THEOREM 6.9 (Side-Comparison Theorem) If two angles of a 
triangle are not congruent, then the sides opposite them are not 
congruent and the greater side lies opposite the greater angle. 


Proof: Let AABC be any triangle with two angles that are not con- 
gruent, Suppose it has been named so that these noncongruent angles 
are £Band “Cand such that “C > / B. In terms of this situation 


the hypothesis and the conclusion to be proved are as follows, 


Hypothesis: £C > 28 A 
Conclusion: AB > AC 
(See Figure 6-8.) 
B Cc 
Figure 6-8 


Since AB and AC are numbers, one of the following must hold: 


(1) AB<AC 
(2)  AB=AC 
(3) AB>AC 
Which property of numbers are we using here? 
The method of proof is to show that (1) and (2) are impossible, so 
(3) must hold, thus proving the theorem. 

(1) LE AB < AC, then, by Theorem 6.8, 4C < 28. This contra- 
dicts the hypothesis; hence AB < AC is impossible. 

(2) If AB = AC, then AABC is isosceles and 2 Ο = 2B. Again 
this contradicts the hypothesis; thus we see that AB = AC is 
impossible. 

It follows then that AB > AC so that AB >> AC and the desired 

conclusion has been proved. 


The following two corollaries follow immediately from Theorem 
6.9 and Corollary 6.6.1. 


COROLLARY 6.9.1 The hypotenuse of a right triangle is the 
longest side of the triangle. 


Proof: Assigned as an exercise, 


6.4 Inequalities Involving Triangles 


COROLLARY 6.9.2 The shortest segment from a point to a line 
not containing the point is the segment perpendicular to the line. 
RESTATEMENT: Given a line | na 
and a point P that is not 
on 1, if PA 1 lat A and 
B is any other point of 1, 
then PA < PB. (See Fig- 
ure 6-9.) 
: A B ‘ 
Proof: Assigned as an exercise. Figure 89 
When we speak of the distance between a point P and a line 1, we 
naturally mean the shortest distance from P to 1. It follows from Corol- 
lary 6.9.2 that there is such a shortest distance, and so we make the 
following definition. 


Definition 6.9 The distance between a point and a line not 
containing the point is the length of the perpendicular seg- 
ment joining the point to the line. The distance between a 
line and a point on the line is defined to be zero. 


It is customary to associate three “distances between a point and a 
line” with every triangle, With AABC there is associated the distance 


between A and BC. the distance between B and CA, and the distance 


between C and AB. Any side (or its length) of a triangle may be thought 
of as the base. Associated with each base is the segment (or its length) 
joining the opposite vertex to a point of the line containing the base. 

The following definition has two parts. In (1), we define base and 
altitude, thought of as segments. In (2), we define base and altitude, 
thought of as numbers (lengths of segments or distances). 


Definition 6.10 

l. Any side of a triangle is a base of that triangle. Given a 
base of a triangle, the segment joining the opposite vertex to 
a point of the line containing its base, and perpendicular to 
the line containing the base, is the altitude corresponding to 
that base. 

2. The length of any side of a triangle is a base of that tr- 
angle, The distance between the opposite vertex and the line 
containing that side is the corresponding altitude. 
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Figure 6-10 shows two triangles, AABC and AA‘B’C’. In each tri- 
angle the segments from the vertices to the lines containing the oppo- 
site sides have been drawn. These segments are the altitudes of the 
triangles. Thus AD is an altitude of AABC. It is the altitude from A to 
side BC. The point Dis the foot of the altitude from A to BC. Note for 
an acute triangle, such as A ABC in the figure, that the foot of each 
altitude is an interior point of a side. Note for an obtuse triangle, such 
as AA’B'C’ in the figure, that the feet of two altitudes are not points of 
the triangle. Even though point Ε΄, for example, is not a point of side 
A’C, it is frequently called the foot of the altitude from B’ to side A'C. 


Figure 6-10 


Draw a right triangle, AABC, with the right angle at C. Draw the 
altitude from C to the hypotenuse. Is the foot of this altitude a point 
of the triangle? Name the other two altitudes of AABC. Are the feet 
of these altitudes points of the triangle? 

In Chapter 3 we postulated that if A, B, C are noncollinear points, 
then for distances in any system, AB + BC > AC. The postulate was 
called the Triangle Inequality Postulate. We now have the necessary 
weometric properties to prove this statement as a theorem, 


THEOREM 6.10 (Triangle Inequality Theorem) The sum of the 
lengths of any two sides of a triangle is greater than the length of 
the third side. 


Proof: Given any triangle, it follows from the Trichotomy Property 
for numbers that there is one side of the triangle which is at least as long 
as each of the other two sides. Suppose, in AABC, that BC > AB and 
that BC > AC. (See Figure 6-11.) 


A 


Figure 6-11 Β c 


8. Inequalities Involving Triangles 
We must prove the following three statements: 
(1) AB+ BC> AC 
(2) AC+ BC> AB 
(3) AB + AC > BC 
(1) By hypothesis, BC > AC. Since AB > 0, (that is, AB is a 
positive number), we have 
AB + BC > AC 
by the Addition Property of Order (0-4). 
(2) By hypothesis, BC > AB. Since AC > 0, we have 
AC + BC>AB. Why? 
ae 
(3) On opp AC choose point D so that AD = AB, (See Figure 
6-12.) 
D 
1 
\ 
\ 


\ 


\ 
i) 
1 

ΒΕ 


© Figure 6-12 
Since A is between C and D, A is in the interior of 4 DBC. Also 
mZDEC >m£ABD by Theorem 6.5. But m/ABD = 
m £ ADB by the Isosceles Triangle Theorem, and so 

mZ DBC > m/ ADB. 


Therefore, by the Side-Comparison Theorem (applied to 


ADBC), 
DC > BC. 
Since DC = DA + AC (Why?) and DA = AB, we have 
DC = AB + AC. 


We have shown that DC > BC and that DC = AB + AC. 
Therefore, by the Substitution Property, 


AB + AC > BC. 


It follows from Theorem 6.10 that, in informal language, the short- 
est distance between two points is the length of the segment joining 
them. In formal geometry, of course, once a unit of distance is given, 
there is only one distance between two points. 

It follows from Theorems 6.8 and 6,9 that, in any one triangle, the 
greater angle lies opposite the greater side and conversely, the greater 
side lies opposite the greater angle. Let us now consider two compan- 
ion theorems involving two triangles. 
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In Figure 6-13, AB = A'B’ and BC = B'C’. What can you say 
about these triangles if m 4 B=m 2 ΒΡ How do AC and A‘C’ compare? 
B 


~*~ /x~ 
Figure 13 ἡ c A’ 


In Figure 6-14, we again have AB = Α'Β' and BC = B’C’, but this 
time mB > m Β΄. Is the correspondence ABC «—> A'B’C’ a con- 
gruence? How do AC and A’C’ compare in this case? 


Η is 
A ἢ ΩΝ 
Figure 6-14 C 


In Figure 615, we have AB=A'R’, BC=B'C’, and 
méB< mB’, Is the correspondence ABC <> A'B'C a congru- 
ence? How do AC and A’C’ compare in this case? 


Ε Β' 
Figure 18 A Cc A’ 


On the basis of the preceding discussion, it would appear that if 
two sides of one triangle are congruent, respectively, to two sides of a 
second triangle and if the corresponding included angles are not con- 
gruent, then the sides opposite these included angles are not congru- 
ent and the side opposite the larger angle is the larger side. 

It may help you to understand this last statement by examining a 
pair of compasses, Observe that, as the angle formed by the pointers 
of the compasses gets larger, so does the distance between the ends of 
the pointers. We make this idea formal with our next theorem. 


THEOREM 6.11 (Side-Comparison Theorem for Two Triangles) 
If two sides of one triangle are congruent, respectively, to two sides 
of a second triangle, and if the angle included by the sides of the 
first triangle is greater than the angle included by the sides of the 
second triangle, then the third side of the first triangle is greater 
than the third side of the second triangle. 


8.4 Inequalities Involving Triangles 
RESTATEMENT: Given AABC and AA‘B'C’ with AB = A’B’ and 
BC=PFC. If £ B> 28’, then AC>A'C. (Sce Figure 6-16.) 

B Β΄ 


δ᾽ Εἴματε 616 
Proof: By the Angle Construction Theorem, there is a point (9 on the 
C-side of AB such that ZABQ = ZA’B'C’, (See Figure 6-17.) Since 
fABC > £A‘'P'C’, QO is in the interior of 4 ABC. Choose point Ρ on 
BO such that BP = B’C’. There are now three cases to consider. 


Case 1. P is in the exterior of AABC. 
Case 2, Pis on AC, 
Case 3. FP is in the interior of AABC, 


We consider only Case 1 here. The proofs of Cases 2 and 3 are left 
as exercises. 


Proof of Gase 1: In Figure 6-17, AABP = ΔΑ’ ΒΟ by 5.4.5, Let BR 
be the midray of 4 CBP intersecting AC at E. Then APBE = ACBE 
by 5.4.8, Applying the Triangle Inequality Theorem to AAFP, we 
have AE + EP > AP. 


Figure 6-17 
But AP = A’C” (Why?) and EP = EC. Why? By the Substitution 
Property, we get AE + EC > A’C’, and by the Distance Betweenness 
Postulate, ACG => A’C’, Therefore AC > and this completes the 
proof for Case 1, 
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The converse of Theorem 6.1] is also true and we state it as our last 
theorem of this section. 


THEOREM 6.12 (Angle-Comparison Theorem for Two Triangles) 
If two sides of one triangle are congruent, respectively, to two sides 
of a second triangle, and if the third side of the first triangle is 
greater than the third side of the second triangle, then the angle in- 
cluded by the two sides of the first triangle is greater than the angle 
included by the two sides of the second triangle. 
RESTATEMENT: Given AABC and AA‘B’C’ with AB = A’B’ and 
BC= BC, if AC> AC, then 28. ZB’. (See Figure 
6-18.) 


Η Β' 
7 a: IN 
Figure 6-15 ; 


Proof: SincemZ Band m Z B’ are numbers, one of the following must 
hold; 


(1) méiB< m/B' 
(2) mézB=mZB' 
(3) mB Ξπ 2 Β' 


Which property of numbers are we using here? 

The method of proof is to show that (1) and (2) are impossible, so (3) 
must hold, and the theorem will be proved. The problem of showing 
that (1) and (2) are impossible is left as an exercise. 


EXERCISES 6.4 


1, Given AABC with AB = 12, BC = 15, and AC = 10, name the angles 
in order of size beginning with the angle of least measure. 

2, In ASKM, πε ἃ = 47 πι ἐ Καὶ = §5,andm/M = 48. Name the short- 
est side; the longest side. 

3. Name the longest side of AABC if (a) mZA = 44, mZB = 90; 
(b) mZA = 120, m2 B = 40. 

4. Does a triangle exist with the following numbers as side lengths? Why? 
(a) 5, 3, 10 (b) 5,3, 8 (c) 5, 3, 4 

3. Given AABC with A-B-D, ifm ZABC > m4 CBD, prove AC > BC. 


6.4 Inequalities Involving Triangles 


6. Given the following figure with angle measures as marked, for each of 
the three triangles name the sides of the triangle in order of increasing 


length. 


A 
7. In the figure for Exercise 6, which segment is the shortest? 
8. Given the following figure with angle measures as marked, prove that 
CD is the longest segment. 


9, In the figure, if the angles have the indicated measures, which segment 
is shortest? 


Β In Exercises 10-12, get the “best” answer you can in the sense that the 


smaller number is as large as possible and the larger number is as small as 

possible, 

10. Copy and complete: If the lengths of two sides of a triangle are 7 and 
12, then the length of the third side must be greater than [7] and less 
than [7]. 

11, Copy and complete: If the lengths of two sides of a triangle are 6 and 9, 
then the third side must have a length less than [7] and greater than [7]. 

13. Between what two numbers must the length of the third side of a tri- 
angle lie if two of its sides have lengths of 17 and 28? 


271 


272 — Inequalities in Triangles 


Chapter 6 


13. Given A-C-D, E-C-B, and with angle measures as marked, prove that 


BE > AD. 


B 


14. Prove that the sum of the lengths of the diagonals of a convex quadri- 
lateral is less than the perimeter of the quadrilateral. 


15. 


16. 


17. 


18. 


19. 


Given AABC with D a 


point on AC such that BD 
bisects 2 ABC, prove that 
AB > AD. 


In the figure, PS < SR 
and PO < OR. Prove that 
τ ὦ SPO > πι ὁ 880, 


A B 


Prove Corollary 6.9.1. (Hint: You will need to use Corollary 6.6.1 and 


Theorem 6.9 in your proof.) 


Prove Corollary 6.9.2. (See Figure 6.9.) 


Given AP > PB, prove that 
méACP > mZ BCP. (Hint: 
Use Theorem 6.12.) 


. Given APOR with M 


the midpoint of FO, if 
mZRMQ > πι PMR, 
prove that OR => PR, 


21. Given a convex quadrilateral ABCD μ᾿ 
with AD = BC, if AB > DC, com- 
pare m2 CAD with m2 BCA, 


22. Prove the following theorem. 


THEOREM [If a, b, δ are the side lengths of ἃ triangle and if hg is the 
altitude corresponding to base a, then h, < b and hg < 6. 

23. CHALLENGE PROBLEM. Prove Case 2 of Theorem 6.11. This is the Case 
where point P is on AC. (Hint: In Figure 6-17 for Theorem 6.11, recall 
that AABP = AA'B'C’, You must show that AC > A’C’.) 

R 


24. CHALLENGE ΡΒ ΕΜ. Prove Case 3 of Theorem 6.11. This is the Case 


where point Pisin the interior of AABC. (Hint: Let BR be the bisector 
ray of 4 CBP, peg, τα at EF. Why is APBE = ACBE? Why is 


AE + EC > AP? Prove AC > AC’) 


25. CHALLENCE PROBLEM. Complete the proof of Theorem 6.12 by show- 
ing that Cases 1 and 2 are impossible. (Hint; Use Theorem 6.11 for Case 
1 and the 5.4.8, Postulate for Case 2.) 


26, CHALLENGE PROBLEM. If P is any 
point in the interior of AABC, prove 
that AP + PB < AC + CB, (Hint: 
Let AP intersect BC at D, Apply the 
Triangle Inequality Theorem to 
AACD and to ABDP.) 
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CHAPTER SUMMARY 


In this chapter we dealt with geometric inequalities involving angles 
and sides for any one triangle and also for two triangles. We defined 
GREATER THAN and LESS THAN for angles in terms of their measures 
und for segments in terms of their lengths. 

We stated some order properties for numbers which are listed below 
by name only. You should know the complete statement of each of these 


properties. 


6-1 POSITIVE CLOSURE PROPERTY 
0-2 TRICHOTOMY PROPERTY 

0-3 TRANSITIVE PROPERTY 

0-4 ADDITION PROPERTY 

8-5 MULTIPLICATION PROPERTY 


The key theorem conceming geometric inequalities is the EXTERIOR 
ANGLE THEOREM which states that an exterior angle of a triangle is 
greater than either of its two nonadjacent interior angles. 

Other important theorems involving inequalities in any one triangle 
are listed below by name only, It is important that you be able to state these 
theorems in your own words and that you understand their proofs. 


THEOREM 6.8 (The Angle Comparison Theorem) 
THEOREM 6.9 (The Side-Comparison Theorem) 
THEOREM 6.10 (The Triangle Inequality Theorem) 


The following two theorems give inequalities concerning two triangles. 
Be sure that you know the complete statement of these theorems. 


THEOREM 6.11 (The Side-Comparison Theorem for Two Triangles) 


THEOREM 6.12 (The Angle-Comparison Theorem for Two 
Triangles) 


We defined the DISTANCE between a point and a line not containing 
the point to be the length of the perpendicular segment joining the point to 
the line. The distance between a line and a point on the line is defined to be 
zero. 

We proved that the hypotenuse of a right triangle is the longest side of 
the triangle and that the shortest segment from a point not on a line to the 
line is the segment perpendicular to the line. 
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REVIEW EXERCISES 


@ In Exercises 1-7, identify the order property that is illustrated. 
1, Πα ἃ >m/Bandm/B = mC, thenm/A > mC. 
2. If x — y > 5and y = 4, then x > 9. 
3. lEmzA > mz B, then ἀπ A > dm ZR. 
4, fx y, then x > ἢ οὐ αὶ τί y. 
3. If AB « RS and BC < ST, then AB + BC < RS + ST. 
6. fx + y > =, then x > z — y. 
7. fa+b>canda+h<d,thend>c. 


8. In the figure, what must be true about m2 ΠΡ About πε DFE? About 
m Z Ep 


DB F 


ΜΒ Refer to Figure 6-19 for Exercises 9-14, Copy each exercise and replace the 
question marks by the symbol <, =, or > to make a true statement. 


9. bd 
10. ace 
11. cfd 
15. Qf 
13, «Τῇ f | ! 7 
4. »ΓΠ 4 Γ[] {ΠΣ [Πα Figure 6-19 


15, Which theorem do the markings 16. In the figure, which angle is 
on the figure contradict? the largest? The smallest? 


§ 
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17. In the figure, which side is the longest? The shortest? 


D "- 
18. In the figure, if the angles have the indicated measures, which segment 
is shortest? What theorem did you use to decide? 


19, In the figure, if the angles have the indicated measures, arrange the seg- 
ments PO, OR, RS, OS, PS, and PA in order of increasing length, 


P 


20. Copy and complete the following statement, putting the largest number 
in (a) and the smallest number in (b) which will make a true statement. 
If the lengths of two sides of a triangle are 8 and 15, then the 
length of the third side must be greater than (a) [7] and less 
than (b) [7]. 


Review Exercises 


ΙΒ Exercises 21-26 refer to Figure 6-20 showing AABC with A-D-C, B-E-C, 
B-F-D, and A-F-E. You should be able to defend your answers using the- 
orems that you know, 


21. 


B 


Figure 6-20 
Name five angles whose measures are less than m 2 10. 


22. Name two angles whose measures are less than m 45. 


27. 


. Name four angles whose measures are greater than m 4 |, 
24d. 
. Is 46 an exterior angle of A BFE? 
. Ism£8 > m2? Explain why. 


£7 is an exterior angle of which two triangles? 


In the figure, if BC is the longest side and DA is the shortest side, prove 
that πὶ  Α > mC, (Hint: Draw CA and use the Angle-Comparison 


Theorem.) 


1 
A £ 
. Given: SK = KM 
Prove: KM > KJ 
(Hint: Use the Exterior Angle Theorem, the Isosceles Triangle Theorem, 
and the Side-Comparison Theorem.) 
E 
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29. For AABC prove that AB — BC < AC, 


fea 
A 
30. If, in AABC, BC = AC, prove that AC > LAB. 
31, Given the e with angle and side measures as marked, name the 


sides SR, RO, and OP in order of increasing length. State a theorem that 
justifies your conclusions. 


32, Given the figure with sides as marked, copy and insert <_ or > in (a), 
(b}, and (ΟἿ so that each is a true statement. 
fa) mZA PP] m2 BEC 
ib) m4 DEC P] m2 BEC 
ic) m4A FP] m4 DEC 


33. State theorems that justify your conclusions in Exercise 32, 


Review Exercises 


34. Given: AABC with median AM 
méAMB = 70 
Prove: mi B>méC 


35, If ASKM is a right triangle with S-M-C, prove that KC ΚΜ, 


8 M Cc 


36, CHALLENGE PROBLEM. If A, B, C, D are four distinct points in space 
and if no three of these points lie on a line, prove that 


AB + BC + CD > DA. 


37. CHALLENGE PROBLEM. Prove that in any triangle there are two sides of 
lengths rand » such that 


: 
1<t<e2. 
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Parallelism 


7.1 INTRODUCTION 


We are now ready to consider one of the most basic ideas in geom- 
etry, the idea of parallel lines. What do you think of when someone says 
“parallel lines?” Perhaps the lines which separate lanes on a straight 
running track, or the cracks between the boards in a floor, or the strings 
ona violin? What are some of the properties of parallel lines? 

If two ships are sailing parallel courses close to one another as sug- 
gested in Figure 7-1, what is the relationship of the angles marked in 


the figure? 
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The congruence of these angles is an example of an idea from in- 
formal geometry that suggests a property of parallel lines in formal 
geometry, 

The set of rails on a railroad track must fit wheels which are fixed so 
that the distance between them cannot change as they roll down the 
track. This suggests another property of parallel lines in formal geom- 
etry, the property of being the same distance apart everywhere, 

What are the basic properties of parallel lines? Can you think of one 
or more properties such that if lines have these properties they should 
then be considered to be parallel lines? It would be natural to use such 
basic properties in deciding on a definition for parallel lines. 

The most basic properties of points, lines, and planes are the Inci- 
dence Properties which were discussed in Chapter 1. Two different 
lines either intersect or they do not. If they do not intersect and are 
coplanar, we call them parallel lines. If they do not intersect and are 
not coplanar, we call them skew lines. We know that two distinct in- 
tersecting lines determine a plane. It follows that, if two lines are not 
coplanar, then they must be nonintersecting lines and hence are skew 
lines. We shall find it convenient to consider a line as parallel to itself. 
We begin our formal treatment with several definitions based on the 
foregoing ideas. 


7.2 DEFINITIONS 


nonintersecting are parallel lines, and each is said to be paral- 
lel to the other. Also, a line is parallel to itself. The lines in a 
set of lines are said to be parallel lines if each two in the set 


Definition 7.1 Two distinct lines which are coplanar and 
are parallel, 


Definition 1.3 Two lines which do not lie in the same plane 
are called skew lines, 


Notation. Ifp and q are lines, then p || g means that p is parallel to q, 
and pj/q means that p is not parallel to q. 


Note that every pair of distinct parallel lines are coplanar, that 
every pair of distinct intersecting lines are coplanar, and that every 
pair of skew lines are noncoplanar, If p and ᾧ are lines, there are four 
distinct possibilities: 
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1. p and g are noncoplanar, in which case they are skew. 

2. p and g are coplanar but not parallel, in which case they inter- 
sect in exactly one point and there is exactly one plane which 
contains them. 

3. p and ἢ are distinct parallel lines, in which case they do not in- 
tersect and there is exactly one plane which contains them. 

4. p and q are nondistinct parallel lines, in which case p and q are 
the same line and there are infinitely many different planes con- 
taining p and 4. 


EXERCISES 7.2 
m@ Exercises 1-5 pertain to the rectangular box suggested in Figure 7-2. 


Figure 7-2 
1. Using A, B, C,..., designate two distinct edges which lie on parallel 
lines. 
2. Using A, B, C,..., designate two distinct edges which lie on intersect- 
ing lines. 
3. Using A, B,C,..., designate two distinct edges which lie on skew lines. 


4. How many edges of the box lie on lines which are parallel to AB? 
5. How many edges of the box lie on lines which are skew to ABP 


6. If p and q are skew lines, why is there no plane which contains both? 

7. If p isa line in a plane a, how many different lines in αὶ are parallel to p? 

8. If pisa line ina plane a, how many different lines in ἃ are perpendicular 
to p? 

9. If pis a line in a plane ἃ, how many different lines in a are skew to pr 

10, Prove that two distinet parallel lines determine exactly one plane. 

11, Given that m is a line and P is a point on m, prove that there is one and 
only one line through P and parallel to m, 

12, Let m be a line in a plane α and P a point in a but not on m. Use your 
knowledge regarding the existence of perpendicular lines and the Ex- 
terior Angle Theorem for triangles to prove that there is at least one 
line through P and parallel to m. 
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7.3 EXISTENCE OF PARALLEL LINES 


Answering questions regarding existence is an important part of 
building a formal geometry. How do we know that there are such 
things as points, lines, and planes? We know that they exist because 
of the postulates and the theorems of Chapter 1 on incidence relations. 
Given two distinct points A and B on a line |, how do we know that 
there is a point C on / such that A-C-B and AC = CB? We know it 
because we can prove it! Our proof depends in a very essential way on 
the Ruler Postulate. Given aline ABina plane a, how do we know that 


there exists a ray AC in ἃ such that mZ BAC = 30? We know it be- 
cause We can prove it! Of course, the proof is easy once we adopt the 
Protractor Postulate, 

Given a line | and a point P not on {, how do we know that there 
exists at least one line through P and parallel to [? It is true in some ge- 
ometries that there are no parallel lines. But in our geometry, the ge- 
ometry that we inherited from Euclid, there are parallel lines, and 
furthermore, we can prove it. In fact, you were asked to prove it in 
Exercises 11 and 12 of Exercises 7.2. These exercises are combined in 
the next theorem. 


THEOREM 7.1 (Existence of Parallel Lines Theorem) If | is a 
line and P is a point, then there is at least one line through P and 
parallel to 1. If Pis on I, there is exactly one line through P and paral- 
lel to 1. 


Proof: There are two cases to consider: (1) Pis on [and (2) Pis not on , 


Case l. Wesuppose first that P is on Ll. Since lis parallel to I, it follows 
that there is a line through P and parallel to 1, If m is any line different 
from / and through P, then it intersects / in exactly one point and hence 
is not parallel to ἰ. Therefore there is one and only one line through P 
and parallel to I. 


Case2. Suppose next that P is not on L (See Figure 7-3.) Then P and [ 
determine a plane. Why? Call it a. 


δι 


Figure 7-3 


7.3 Existence of Parallel Lines 


In ἃ there is a unique line m through P and perpendicular to 1 (see 
Theorem 6.7) and a unique line n through P and perpendicular to m. 
We shall prove that n and / are parallel. 

Suppose, contrary to what we want to prove, that n and / are not 
parallel. Then πὶ, n, and / are distinct intersecting lines forming a tri- 
angle with an exterior angle and a nonadjacent interior angle both of 
which are right angles. (See Figure 7-4.) But this is impossible in view 
of the Exterior Angle Theorem. It follows that n and | are parallel. 
Therefore there is at least one line through P and parallel to |. This com- 
pletes the proof, 


Ak 


Figure 7-4 m 

Along with questions regarding existence in mathematics there are 
sometimes questions regarding uniqueness. Theorem 7.1 settles the 
matter of existence of parallel lines, but it does not settle the matter of 
uniqueness. If / is a line and P is a point on 1, we know that there is one 
and only one line through P and parallel to 1. If | is a line and P is a 
point not on ἱ, we do not know yet that there is one and only one line 
through P and parallel to /, For about 2000 years following the time of 
Euclid, mathematicians tried to prove that, given a line and a point not 
on the line, there is a unique line through the given point and parallel 
to the given line. Finally two mathematicians, a Russian named Nikolai 
Ivanovitch Lobachevsky (1793-1856) and a Hungarian named Janos 
Bolyai (1802-1860), proved independently that it is impossible using 
only the postulates of Euclid (other than his parallel postulate) to prove 
the uniqueness of parallels. Since we want uniqueness of parallels, we 
follow in the footsteps of Euclid and adopt a “parallel postulate.” We 
defer the statement of this postulate, however, to Section 7.6. 

In Sections 7.4 and 7.5 we introduce the concept of a transversal 
and develop some theorems whose proofs do not depend on the Parallel 
Postulate. These are theorems that belong both to the ordinary geom- 
etry of Euclid and to the non-Euclidean geometry of Lobachevsky and 
Bolyai in which the Euclidean Parallel Postulate is replaced by a postu- 
late which says that parallels are not unique. More specifically, the 
Bolyai-Lobachevsky Postulate states that if ] is any line and P is any 
point not on I, then there are at least two distinct lines through P and 


parallel to 1 
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7.4. TRANSVERSALS AND ASSOCIATED ANGLES 


Let p, q, and t be three distinct lines in a plane a. The line t may in- 
tersect both p and q or it may not. If ¢ intersects both p and q, then it 
may intersect them in different points or it may intersect them in the 
same point. In Figure 7-5, p and q are intersecting lines and ὁ intersects 
p and q in different points. In Figure 7-6, p and q are parallel lines and 
t intersects p and ἢ in different points. In Figure 7-7, ¢ intersects both 
p and q in the same point. In Figure 7-8, t intersects g but does not 
intersect p. 


Figure 7-7 Figure 7-8 


In situations like those in Figures 7-5 and 7-6 we say that ὁ is a 
transversal of p and q. In each of these figures ὁ intersects the union of 
pand ἢ ina set consisting of two distinct points. On the other hand, in 
Figures 7-7 and 7-8, t does not intersect the union of p and ᾧ in a set 
consisting of two distinct points. As we said, in Figure 7-5, ¢ is a trans- 
versal of p and q. In Figure 7-5 q is a transversal of p and ἐ, and pis a 
transversal of q and ἡ We are now ready for the following formal 
definition. 


7.4 Transversals and Associated Angles 


Definition 7.3 A transversal of two distinct coplanar lines is 
a line which intersects their union in exactly two distinct 


points. 


In Figure 7-9, A, B, C, D are four of the vertices of a rectangular 
box. 


Figure 7-9 
Note that 
‘AB, BC. CD are three distinct lines. 
BC intersects the union of AB and CD in two distinct 
points. Name them. 
BC is not a transversal of AB and CD, Why not? 
Is it true that if a line is a transversal of two other lines, then the 
three lines are distinct coplanar lines? Give a reason for your answer. 
A transversal of two lines forms with these lines eight distinct an- 
gles. For convenience we give names to certain pairs of these angles. 


t Figure 7-10 


In Figure 7-10, ¢ is a transversal of p and q; angles 1, 2, 3, 4 are the 
angles formed by p and ¢; angles 5, 6, 7, 8 are the angles formed by q 
and t, Angles 1, 4, 6, 7 are called interior angles and angles 2, 3, 5, 8 
are called exterior angles. 
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Angles 1 and 6 are one pair of consecutive interior angles. Figure 
7-11 shows these angles with several points labeled. Notice that / 1 is 
the union of BA and BD and that élis £ABD, Express 46 in terms 
of rays and write a name for it involving names of points. 


Figure 7-1] ἢ 


f 

Notice that 41 and 46 have a segment in common and that their 
interiors are on the same side of the transversal. Name the segment that 
is the intersection of these two angles. 

Lines p and g, which we are considering in connection with a trans- 
versal ft, might be parallel or they might not be. If p and q are not paral- 
lel, then they intersect in a point. This point might be on the opposite 
side of the transversal from the interiors of a pair of consecutive in- 
terior angles, as it would be for 4 1 and 2 6 in Figure 7-11, or it might 
be on the same side, as it is for the pair of consecutive interior angles 
4 and 7 in Figure 7-12, Note that although the intersection of 41 and 
4 6 is a segment, the intersection of 44 and 2 7 is the union of a seg- 
ment and a set consisting of a single point. Name that segment and that 
point, Thus the intersection of two consecutive interior angles may 
be a segment or it may be the union of a segment and a set consisting 
of a single point. 


Figure 7.1 i 
We shall give a formal definition of consecutive interior angles after 
we have introduced two other phrases for angles associated with a pair 
of lines and a transversal. 


7.4 Transversals and Associated Angles 


In Figure 7-13, 4 land 27 are interior angles but not consecutive 
interior angles and not adjacent angles. We call them alternate interior 
angles. The intersection of 2 1 and 27 is a segment and their interiors 
are on opposite sides of the transversal. 


p 


q 
t Figure 7-13 
Another pair of alternate interior angles are “4 and £6. (See Fig- 
ure 7-14.) Their intersection is a segment and their interiors lie on op- 
posite sides of the transversal, 


Ρ 


ἐ Figure 7-14 


In Figure 7-15, 4 land 4 6 are consecutive interior angles. Angles 
land 2 are adjacent angles, Angles | and 7 are alternate interior angles. 
This brings us to “1 and 45. 


Figure 7-15 
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Angle 1 is an interior angle and 2 5 is not. Their interiors lie on the 
same side of the transversal. In Figure 7-16, these angles are shown 
with several points labeled. Examine the intersection of 41 and 25. 


Figure 7-16 
Is the intersection of these angles a ray, the ray BF? Observe that the 
intersection of the interiors of 4 1 and / 5is the interior of / 5, Angles 
1 and 5 are called corresponding angles. 

Another pair of corresponding angles associated with the lines p 
and α and their transversal tare 44 and / 8 as shown in Figure 7-17. 
The intersection of these angles is the union of a ray and a set consist- 
ing of a single point. The interiors of these angles lie on the same side 
of the transversal. Although neither interior contains the other, they do 
intersect. 


Figure 7-17 
Thus far in this section we have introduced alternate interior an- 
gles, consecutive interior angles, and corresponding angles in connec- 
tion with two coplanar lines and a transversal. Actually, it is not neces- 
sary to refer to these lines and the transversal in describing these angles. 
Indeed, no such reference is made in the following definitions. 

The phrase “a segment and a point” appears in the following defini- 
tions. We accept these phrases as a short way of saying “the union of 
two sets of points, one of them a segment and the other a set which 
consists of a single point."” We accept “a ray and a point” to mean “the 
union of two sets, one of them a ray and the other a set consisting of a 
single point.” 
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angles if their intersection is a segment and if their interiors 


Definition 7.4 Two coplanar angles are alternate interior 
| do not intersect. 


angles if their intersection is a segment, or a segment and a 


Definition 7.5 Two coplanar angles are consecutive interior 
point, and if their interiors intersect. 
| 


gles if their intersection is a ray, or a ray and a point, and if 


|| Definition 7.6 Two coplanar angles are corresponding an- 
their interiors intersect. 


EXERCISES 7.4 


1, How do you know that parallel lines exist in Euclidean geometry? Is 
your reason a postulate or a theorem or a definition? 

2, If p is a line, if q is a line, and if p is parallel to q, is it possible that the 
intersection of p and gq is a set which contains more than one point? 
Explain. 

4. If p isa line, if q is a line, and if the intersection of p and q is the null 
set, is it possible that p and ᾧ are not parallel? Explain. 

4. If isa line, if q is a line, and if p is parallel τὸ q, is it possible that there 
is no plane containing the union of p and q? Explain, 


@ Figure 7-18 shows two coplanar lines p and ἢ and a transversal ¢ with several 
points labeled. Copy Exercises 5-10 and replace the question marks with 
one word, two words, or three capital letters so that the resulting statement 
is a true sentence concerning Figure 7-15, 


Figure 7-15 


5. ἐ ΒΠ and £4[?] are corresponding angles. 

6. “ΒΗ and £[7] are alternate interior angles. 

7. £BDC and καὶ [Π are consecutive interior angles. 
8. 2 FDC and Z ACD are [5] angles. 

9. 4 HDF and 2 HCE are [} angles. 

0. 4 FDC and 4 ECD are [7] angles. 
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Figure 7-19 shows two coplanar lines p and q and a transversal t. Eight an- 
gles are labeled. Copy Exercises 11-20 and replace the question marks with 
one word or two words or a letter ora number so as to make a true statement 
about Figure 7-19. 


Figure 7-19 


11. ἃ and ¢ are vertical [7]. 

12. a and d are [7] angles. 

13. a and ὦ are [7] angles. 

14. v and ὃ are [7] angles. 

15. v and [7] are corresponding angles. 

16. x and [7] are corresponding angles. 

17. d and [?] are alternate interior angles. 

18. There are [3] pairs of alternate interior angles among the eight angles. 
19. There are [5] pairs of consecutive interior angles among the eight angles. 
20. There are [7] pairs of corresponding angles among the eight angles. 


Figure 7-20 shows three nonecollinear points A, B, C, the lines AB, BC, CA, 
and 12 angles formed by them. Copy Exercises 21-23 and replace the ques- 
tion marks so as to make ἃ true statement about the figure. 


Figure 7-20 


21. #1 and [Ὁ are corresponding angles; also / 1 and [5] are corresponding 
angles. 

22. / 12 and [3] are alternate interior angles; also / 12 and [7] are alternate 
interior angles. 


23. 


7.4 Transversals and Associated Angles 


£12 and 2] are consecutive interior angles; also 4 12 and [7] are con- 
secutive interior angles, 


Figure 7-21 shows two distinct parallel lines, a transversal, and eight associ- 
ated angles. Copy Exercises 24-28 and replace the question marks 50 as to 
make a true statement about the figure. 


24, 


25. 


26. 


27. 


30. 


ὯΙ. 


Figure 7-21 


Angles 1 and 5 are corresponding angles; their intersection is [7]; their 
interiors lie on [7] of t. 

Angles 3 and 5 are consecutive interior angles; their intersection is [7]; 
their interiors lie on [7] of 1. 

Angles 3 and 6 are alternate interior angles; their intersection is [7]; their 
interiors lie on [7] of ἡ. 

Angles 6 and 7 are vertical angles; their union is the [7] of a pair of lines; 
their intersection is [7]; the intersection of their interiors is [ΤΠ]. 

Angles 5 and 6 are a linear pair of angles; their union is the union of a 
line and a [7]; their intersection is [7]; the union of these angles and their 
interiors is the union of a halfplane and [7], 


. The figure shows AABC and two rays in the same plane such that B is 


between A and E, and BD is between BE and BC. Considering only 
angles that can be named in terms of three points labeled in the 
figure, identify all pairs of alternate interior angles. 


c 


A B Ε 
Under the same conditions as those in Exercise 29, identify all pairs of 
consecutive interior angles. 
Under the same conditions as those in Exercise 29, identify all pairs of 
corresponding angles. 


Parallelism Chapter 7 


Figure 7-22 shows a quadrilateral and one of its diagonals. In Exercises 
32-35, copy and complete each statement so that it will be true. 


ec Β 
D A 
Figure 7-22 
32. “ACB and £CAD are alternate interior angles determined by trans- 
versal AC and lines [?] and [7]. 


33. “BAC and αὶ DCA are alternate interior angles determined by trans- 
versal [7] and lines [7] and [ΠΤ]. 

94. ZABCand 4 BCD are (7) angles determined by transversal [7] and lines 
[7] and [?] . 

35. “BAD and 2 [3] are consecutive interior angles determined by trans- 
versal [5] and lines [5] and [7]. 


Figure 7-23 is a plane figure with five angles labeled, including two pairs 
of vertical angles. Let ma = 65 and m/a = m/e. In Exercises 36-38, 
find the measure of the given angle. 

oO. fi 
of. ἐπ 


35. πὸ 


Figure 7-23 


Figure 7-24 is a plane figure showing two lines and a transversal. Refer to 
this figure for Exercises 49-42, 


Figure 7-24 
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39. Name 
(a) the pairs of alternate interior angles; 
(Ὁ) the pairs of consecutive interior angles; 
(c) the pairs of corresponding angles. 
40. Prove: If one pair of alternate interior angles are congruent, then 
(a) the other pair of alternate interior angles are congruent; 
(b) each pair of consecutive interior angles are supplementary; 
(c) each pair of corresponding angles are congruent. 
41. Prove: If one pair of consecutive interior angles are supplementary, 
then 
(a) the other pair of consecutive interior angles are supplementary; 
(b) each pair of alternate interior angles are congruent; 
(c) each pair of corresponding angles are congruent. 
42. Proce: lf one pair of corresponding angles are congruent, then 
(a) each pair of corresponding angles are congruent; 
(b) each pair of alternate interior angles are congruent; 
(c) each pair of consecutive interior angles are supplementary, 


7.5 SOME PARALLEL LINE THEOREMS 


This section contains several theorems that are sometimes helpful 
in proving that two lines are parallel. 


THEOREM 7.2 Let two distinct coplanar lines and a transversal 
be given. If the transversal is perpendicular to both lines, then the 
lines are parallel, 


Proof: Let a and b be distinct coplanar lines and let ¢ be a transversal 
of them. (See Figure 7-25.) We wish to prove that if ἃ and b are per- 
pendicular to ¢, then ἃ and b are parallel. Suppose, contrary to this as- 
sertion and as suggested by the figure, that a L ¢, that b  #, and that 
ais not parallel to b, Then a and intersect in some point P forming 
APVOQ. This triangle has 4 1 as an exterior angle and #2 as a nonadja- 
cent interior angle. By hypothesis, both of these angles are right angles, 
so APVQ is a triangle with one exterior angle congruent to a nonadja- 
cent interior angle. 


295 


Parallelism Chapter 7 


According to the Exterior Angle Theorem, however, the measure 
of an exterior angle of a triangle is greater than the measure of either 
nonadjacent interior angle. Hence we have two angles which are con- 
gruent by one line of reasoning and which are not congruent by an- 
other line of reasoning, We arrived at this contradiction after we had 
supposed that the lines a and b are not parallel, Since we cannot have a 
contradiction in our system, we have proved that lines a and 6 cannot 
be not parallel. Hence they are parallel. This completes the proof of 
the theorem. 


We pause briefly to comment on this proof, It is an example of an 
indirect proof, The theorems in our formal geometry are true state- 
ments. Their truth rests on a foundation of postulates and definitions. 
In proving theorems, that is, in establishing their truth, we may use 
definitions, postulates, and theorems proved previously. 

How did we prove Theorem 7.2? Consider the given situation in- 
volving lines a, b, and t, Lines a and b are distinct and coplanar, and ! 
is perpendicular to both of them. We do not know that a and b are par- 
allel, nor do we know that a and b are not parallel. But we do know 
from our definitions that @ and b are either parallel or they are not par- 
allel. Since one of these possibilities leads to a contradiction, we con- 
clude that the other possibility is the valid conclusion. 

It may be helpful to see this reasoning in skeleton form using sym- 
bols. We start with a situation in which ἃ and b are coplanar lines and ὁ 
is a transversal of them. Let P and Ὁ stand for statements as follows: 

P: tlaand?t 1 b. 

QO: ἃ}. 


Then our theorem and proof are essentially as follows. 
THEOREM It P, then Q. 


Proof: It is given that P is true. Either (Ὁ is true or (9 is false. If (Ὁ is 
false. then it follows that P is false. This contradicts the hypothesis that 
P is true. Therefore Q is true, and the proof is complete. 


If P denotes a statement, it is convenient to denote the opposite 
statement by not-P. If P is a true statement, then not-P is a false state- 
ment. If Pisa false statement, then not-P is a true statement. If a state- 
ment has the form “If P, then QO,” then there is always a related state- 
ment of the form “If not-Q, then not-P.” This related statement is 
called the contrapositive of the given statement. If the contrapositive 
of a statement is true, then the statement is true. For, if not-O implies 
not-P, then the only way it is possible for P to be true is for Q also to be 
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true. In other words, if not-Q implies not-P, then P implies Q. This 
means that we can prove a theorem by proving its contrapositive. If it 
is easier to prove the contrapositive, then this is what we should do. A 
proof using the contrapositive is one form of indirect proof. 

For example, suppose we wish to prove 


if a* 56 Bb, then ab. 
An easy way to prove this is to prove its contrapositive 
if a=b, then a= FE. 


The proofs of the following three theorems are assigned as exercises. 


THEOREM 7.3 (Alternate Interior Angle Theorem) If two al- 
ternate interior angles determined by two distinct coplanar lines 
and a transversal are congruent, then the lines are parallel. 


THEOREM 7.4 (Corresponding Angle Theorem) ΤῈ two corre- 
sponding angles determined by two distinct coplanar lines and a 
transversal are congruent, then the lines are parallel. 


THEOREM 7.5 (Consecutive Inferior Angle Theorem) If two 
consecutive interior angles determined by two distinct coplanar 
lines and a transversal are supplementary, then the lines are parallel. 


EXERCISES 7.5 


Figure 7-26 shows a transversal of two distinct coplanar lines and eight as- 
sociated angles. In Exercises 14, measures of two of the angles are given, 


Explain why m must be parallel to n. 


Figure 7-26 


lL πιὰ τὸ ἸΌΚ, πὶ ὃ ξε 105 3, πε ὃ ξε 15. πι δε = 105 
2. méid = 105,mie = 105 ἡ, πιο Ξε Τὰ, πε f= 75 
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Figure 7-27 shows five coplanar segments and several associated angles. In 
Exercises 5-9, state which lines must be parallel on the basis of the given 
information. 

δ 
fus ἐὺ 
. dpe ἐξῇ 
.mZ ADC + m4DCB = 180 
.mAZADC + méZBAD = 180 
. mZ DAB + mZABC = 180 


A 
Figure 7-27 


Figure 7-25 shows five distinct coplanar points A, B, C, D, E. Points A, B,C 
are collinear, AD | AC, and CE 1 AC, In Exercises 10-14, state whether 
this given information implies the stated conclusion. 


Sos ῷ ἐπ 


10. ABYAC 13. AB EC ‘ = τ 
I. AB) ΡῈ 14 AD| BE 
12. AD || CE | 
D E 
Figure 7-28 


In Exercises 15-20, the figures show three coplanar lines. The measures of 
three angles, expressed in terms of a number x, are given in the figures. Find 
x and determine whether m is parallel to n. Give a reason for your answer. 


15. 
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21. Given: A plane figure with AB = CD, AD = BC. 
Prove: AD || BC, AB || DC 


A Β 


Raia 


Dp c 
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23. Given: A figure with A-D-B, A-E-C, A 
AD = AE, AB = AC, 
fACB = £ ADE 


Prove: DE || BC D E 


B Cc 
23. Given: A figure in which AC and BD bisect each other at M. 


34, Given: A figure with A-R-B, B-P-C, C-Q-A. 
AQ = QC = RP 
CP = PB = OR 
BR = RA = PO 
Prove: mZA+m2ZB+mZC = 180 


B ; Cc 
Ρ 
25. Given: A plane figure, with 4A = 4B, AD = BC, AE = EB, 
DF = FC. 


Prove: EF 1 DC, AB. EF, DC || AB 


A Ε j ΒΕ 
Prove Theorem 7.3. 
Prove Theorem 7.4. 
Prove Theorem 7.5. 
Write the contrapositive of Theorem 7.3. Is this contrapositive a true 
statement? 
Write the contrapositive of Theorem 7.4. Is this contrapositive a true 
statement? 
31. Write the contrapositive of Theorem 7.5. Is this contrapositive a true 
statement? 


S$ BRAS 
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7.6 THE PARALLEL POSTULATE AND SOME THEOREMS 


Theorem 7.1 states that through a given point not on a given line 
there is at least one line parallel to the given line. As we pointed out 
following the proof of that theorem, it is impossible, using only Pos- 
tulates 1-25, to prove that this parallel line is unique. Since we 
want it to be unique, we adopt the following Parallel Postulate. As we 
stated in Section 7.3 it is this postulate which makes our geometry, 
Euclidean geometry, different from that of Lobachevsky and Bolyai. 


POSTULATE 26 (Parallel Postulate) There is at most one line 
parallel to a given line and containing a given point not on the given 
line. 

This postulate and Theorem 7.1 tell us that if a line and a point not 
on it are given, then there is exactly one line through the given point 
and parallel to the given line. Furthermore, as we said in Section 7.3, 
we know that if a line and a point on it are given, then there is exactly 
one line through the given point and parallel to the given line, namely 
the given line itself. Hence, in every case, given a line and a point, 
there is exactly one line through the given point and parallel to the 
given line. 

In Section 7.5 there are some parallel line theorems, actually the- 
orems stating conditions that imply that lines are parallel. These the- 
orems are useful in proving lines parallel. In this section we have the 
converses of several of these theorems. These converses were deferred 
until now because the Parallel Postulate is essential for their proof. 

If a theorem is of the form “Tf P, then O,” then its converse is the 
associated statement “If Q, then P.” It should be clear that the con- 
verses of some true statements are not true statements. For example, 
“Tf a number is greater than 100, then it is greater than 6” is a true 
statement, whereas its converse, “Tf a number is greater than 6, then it 
is greater than 100,” is certainly a false statement. The converses of 
some theorems are theorems; the converses of other theorems are not 
theorems. We shall prove that the converses of Theorems 7.3, 7.4, and 
7.9 are theorems, 

Note first, however, that the converse of Theorem 7.2 is not true. 
To see this, suppose πὶ and πὶ are distinct parallel lines and that ὁ is a 
transversal of them which makes an angle of measure 30 with m. Then, 
according to Theorem 7.7 given later in this section, it also makes an 
angle of measure 30 with line n. Thus we see that lines m and n may be 
parallel even though a transversal is not perpendicular to both of them. 

We proceed now to the converses of the other theorems in Section 
7.5. 
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THEOREM 7.6 (Converse of Alternate Interior Angle Theorem) 
If two distinct lines are parallel, then any two alternate interior 
angles determined by a transversal of the lines are congruent. 


Proof: (See Figure 7-29.) Let πὶ and n be distinct parallel lines. Let t 
be a transversal that intersects them in P and Q, respectively. Let R 
and $ be points on πὶ and n, respectively, such that R and 5 are on op- 
posite sides of ἐ. We shall prove that 2RPQ = ¢ SOP. 


Figure 7-20 


Tt follows from the Angle Construction Theorem that there is a ray 
PH’, with R’ on the R-side of t, such that 4 R'POQ = 2 SOP. Since 
£R’PQ and 4 SQP are congruent alternate interior angles, it follows 
from Theorem 7.3 that lines R’P and n are parallel. Therefore R’P and 
m are lines through P and parallel to n. From the Parallel Postulate, 
however, it follows that there is only one line through P and parallel 
ton. Therefore RB’? and m are the same line. Then Z R'PQ and 4 RPO 
are the same angle and it follows that 7 RPO = / SOP. 


THEOREM 7.7 (Converse of Corresponding Angle Theorem) Τῇ 
two distinct lines are parallel, then any two corresponding angles 
determined by a transversal of the lines are congruent. 


Proof: Assigned as an exercise, 


THEOREM 7.8 (Converse of Consecutive Interior Angle The- 
orem) If two distinct lines are parallel, then any two consecutive 
interior angles determined by a transversal of the lines are 
supplementary. 


Proof: Assigned as an exercise. 


As we noted above, the converse of Theorem 7.2 is not true. It 
should be noted, however, that a theorem similar to Theorem 7.2 does 
have a tne converse. This is Theorem 7.9. Its converse is Theorem 
7.10. Theorem 7.9 follows immediately from Theorem 7.2. Theorem 


7.6 The Parallel Postulate 


7.2 begins with a “situation statement” (Let two distinct coplanar lines 
and a transversal be given) followed by an “If P, then O” type of state- 
ment, In Theorem 7.9 some of the P has been put into the “situation,” 
but the meaning of the two sentences taken together is the same as in 
Theorem 7.2. Theorem 7.10 follows immediately from Theorem 7.7. 


THEOREM 7.9 Let a and b be two distinct coplanar lines, and 
let ¢ be a transversal of them that is perpendicular to a. If t is per- 
pendicular to b, the lines a and b are parallel. 


THEOREM 7.10 Let a and b be two distinct coplanar lines, and 
let t be a transversal of them that is perpendicular to a. If a and b 
are parallel, then ἐ is perpendicular to b. 


The next theorem provides another useful method for proving lines 


parallel, 


THEOREM 7.11 Two coplanar lines parallel to the same line are 
parallel to each other. 


Proof; Let p and ᾧ be coplanar lines each parallel toa line r. If p = g, 
then p is certainly parallel to g. Suppose, then, that p and q are distinct 
lines. There are two possibilities as indicated in Figure 7-30. Either p 
and q are parallel lines or else they have exactly one point, say P, in 


P 
ἐς comme gg " q 
ry ..-.---- τ ἰξ 


Possibility {πὶ Possibility (bi 
Figure 7-30 


common. Lf they have exactly one point P in common, then there are 
two distinct lines through P and parallel to r. Since this contradicts the 
Parallel Postulate, it follows that possibility (b) in Figure 7-30 is impos- 
sible, and therefore p is parallel to q. 


If we consider only lines lying in a given plane, we see that the re- 
lationship of parallelism for lines is an equivalence relation. That is, it 
is reflexive, symmetric, and transitive. (1) [tis reflexive since every line 
is parallel to itself. (2) It is symmetric since if line p is parallel to line q, 
then line q is parallel to line p. (3) To show that it is transitive, suppose 
that line p is parallel to line r and that line r is parallel to line q. Then, 
since parallelism in a plane is symmetric, it follows that line q is par- 
allel to line r. Then p and q are both parallel to line r and it follows from 
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Theorem 7.11 that p is parallel to q. Later we shall see that parallelism 
for lines is an equivalence relation even without the restriction that the 
lines all lie in one plane. 


THEOREM 7.12 Let three distinct coplanar lines with two of 
them parallel be given, If the third line intersects one of the two 
parallel lines, then it intersects the other also, 


Proof: Assigned as an exercise. 


THEOREM 7.13 Let two sets § and 3 of parallel lines in a plane 
a be given, (This means that every two lines in § are parallel and 
that every two lines in 3 are parallel.) If one line in § is perpendic- 
ular to one line in 3, then every line in § is perpendicular to every 
line in 3. 


Proof: Let s bea line in § and let ¢ be a line in 3 such that s is per- 
pendicular to t. Let τ be any line in § and let Ὁ be any line in 5. We 
want to prove that wis perpendicular to v. Suppose, first, that s and τ 
are distinct lines and that ¢ and Ὁ are distinct lines as indicated in Fig- 
ure 7-31. Since s intersects ¢ and ¢ is parallel to v, it follows from The- 
orem 7-12 that s intersects v and therefore 5 is a transversal of the par- 
allel lines ὁ and v. Then it follows from Theorem 7.10 that s is 
perpendicular to v. Similarly, it follows from Theorems 7.12 and 7.10 
that Ὁ is a transversal of the parallel lines + and u and that is perpen- 
dicular to u. This completes the proof for the case in which s and u are 
distinct lines and ὁ and v are distinct lines. 


Figure 7-31 


Suppose next that ἡ = wv and that s is perpendicular to £ Then it 
follows as above (really the halfway point in the reasoning of the pre- 
ceding paragraph) that 5. is perpendicular to v. 

The case in which s and w are distinct and ¢t = Ὁ is assigned as an 
GXCrCcise, 

The case in which s = w and ¢ = v requires no proof since the 
hypothesis and the conclusion are the same in this instance. 
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EXERCISES 7.6 


1. Use Theorem 7.8 to prove Theorem 7,7. 
2. Use Theorem 7.6 to prove Theorem 7.8. 
3. Prove Theorem 7.7 without using Theorem 7.6. (This proof will be sim- 


ilar to the one for Theorem 7.6 that uses the Parallel Postulate.) 


4, Prove Theorem 7.8. (This proof will be similar to the one for Theorem 


7.6 that uses the Parallel Postulate.) 


5. Explain the following statement: Of the three theorems, 7.6, 7.7, 7.8, 


any one of them may be considered as the basic theorem and the other 
two as corollaries of it. 


6. Prove Theorem 7.13 for the case in which s = u and t = c. 


ΝΒ In Figure 7-32, lines a, b, ¢, and d are coplanar and the measures of several 
angles are marked, In Exercises 7-9, justify the given assertion regarding 
the lines in this figure. 


Figure 7-32 
7. ais parallel to b, 
8. ais parallel to ὦ, 
9. bis parallel to c. 
10. If a, 6, δ are coplanar lines such that a is parallel to b and b is parallel to 


11, 


¢, does it follow that a is parallel to ¢? Is this an instance of the reflexive 
property of parallelism for lines? Of the symmetric property? Of the 
transitive property? 

If a, b, ¢ ave coplanar lines such that a is parallel to b and b is parallel to 
c, does it follow that b is parallel to a? Is this an instance of the reflexive 
property of parallelism for lines? Of the symmetric property? Of the 
transitive property? 

If a, ἢ, c are coplanar lines such that a is parallel to b and b is parallel to 
c, does it follow that c is parallel to c? Is this an instance of the reflexive 
property of parallelism for lines? Of the symmetric property? Of the 
transitive property? 
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ΝΒ 1n Figure 7-33, a, b, c, dare coplanar parallel lines, tis a transversal of them, 
and the measures of several angles are marked. In Exercises 13-15, justify 
the given assertion regarding angle measure. 


11. x ΠῚ 
14, y=63 
15, z= 117 
16. u = 63 
11. c= 63 
18, w= 63 


Figure 7-3 


ΜΒ InExercises 19-21, use Figure 7-34 with E-A-D, m Z EAB = 118, ED |) BC. 
Cc 
19. Find m ZABDif 2n ZABD = 3m 2 DBC. 
20. Find m /DBC and m ZBDA if 2m 
ZABD = 3m Z DBC. 
115 
Ez <A DB 
Figure 7-4 


22. Given a plane figure made up of two parallel lines, a transversal, and a 
segment, with angle measures as marked, find x, y, and =. 


23. Given a plane figure made up of two pairs of parallel lines, with angle 
measures as marked, find x, y, z, u, v, and w. 
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24. Given a plane figure with AB ἢ DE, with A, C, Ε all on the same side of 
BD, with C on the E-side of AB, and with C on the A-side of ED, prove 
that ΕΒ 

A 
m2 BCD = m/ ABC + mZ CDE. 


(Hint: Copy the figure and draw the line 


through C parallel to AB.) ° D 


25. Inthe figure for Exercise 24, what is the sum of the measures of “ ABC, 
Z£CBD, £BDC, and 4 CDE? 

26. In the figure for Exercise 24, what is the sum of the measures of é CBD, 
£ BDC, and 4 DCB? 

27. The figure below shows some segments that are parallel and some that 
are not parallel. Try to write a good definition of parallel segments. 


Parallel Ὁ Parallel Not parallel Not “tN 


28. The figure below shows some quadrilaterals that are parallelograms and 
some that are not. Try to write a good definition of parallelogram. 
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7.70 PARALLELISM FOR SEGMENTS; PARALLELOGRAMS 


In this section we introduce some definitions and theorems con- 
cemming an important type of quadrilateral called a parallelogram. Since 
the sides of a quadrilateral and, hence, of a parallelogram are segments, 
we need a formal definition that extends the concept of parallelism to 
segments. In Section 7.8 we extend the concept also to rays. 


Definition 7.7 If the lines which contain two segments are 
parallel, then the segments are said to be parallel segments, 
and each is said to be parallel to the other. The segments in a 
set of segments are parallel if every two of them are parallel. 

The lines which contain parallel segments need not be distinct. In 
other words, a segment of a line is parallel to every segment of that 
line. As a special case of a special case, we note that every segment is 
parallel to itself. 

Let A, B, C, D be four points with A = B and C + ἢ. (See Figure 
7-35,) Then AB is parallel to CD if and only if AB is parallel to CD. We 
use the same symbol to denote parallelism for segments that we use for 
lines. Thus AB || CD means that AB is parallel to CD. 


A B 
c D 


Definition 7.8 A parallelogram is a quadrilateral each of 
whose sides is parallel to the side opposite it. 


Consider a parallelogram ABCD as shown in Figure 7-36. Since 
ABCD is a quadrilateral, it follows that ‘AB. BC. cD, DA are four dis- 
tinct lines. Since AB and CD are distinct parallel lines, it follows that 
Cand D lie on the same side of AB. Similarly, D and A lie on the same 
side of BC. A and B lie on the same side of CD, and B and C lie on the 


same side of DA. Therefore each side of a parallelogram lies on a line 
which is the edge of a halfplane that contains all of the parallelogram 
ἢ c 


= MAS 


A ἢ Figure 7-36 
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except that side, Therefore every parallelogram is a convex quadri- 
lateral. (The word convex is used here in the sense of a convex polygon. 
See Definition 4.16.) 

The next three theorems state some important properties of 
parallelograms, 


THEOREM 7.14 If a convex quadrilateral is a parallelogram, 
then its opposite sides are congruent, 


Proof: Let parallelogram ABCD 
be given. (See Figure 7-37.) Then 
AB || CD and BC | DA We shall 
prove that AB=CD and that 
BC = DA. First draw the seg- 
ment AC, Our plan is to use con- 
gruent triangles, 


Ι, £BAC = £DCA 1. Alternate interior angles de- 
termined by a transversal of 
two parallel lines are congruent. 

2. AC = CA 2. Why? he 

3. ZACB= CAD 3, Why? 

4, AABC = ACDA 4, Why? 

5. AB&= CDand BC =DA δ. Why? 


THEOREM 7.15 Ifa convex quadrilateral is a parallelogram, then 
its opposite angles are congruent. 


THEOREM 7.16 Ifa convex quadrilateral is a parallelogram, then 
its diagonals bisect each other. 


Proof: Assigned as an exercise. 


The next three theorems are useful in proving that certain quadri- 
laterals are parallelograms. 


THEOREM 7.17 1ftwo sides of a convex quadrilateral are parallel 
and congruent, then the quadrilateral is a parallelogram. 


Proof: Assigned as an exercise. 
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THEOREM 7.18 If the diagonals of a convex quadrilateral bisect 
each other, then the quadrilateral is a parallelogram. 


Proof: Assigned as an exercise. 


THEOREM 7.19 If each two opposite sides of a convex quadri- 
lateral are congruent, then the quadrilateral is a parallelogram. 


Proof: Assigned as an exercise. 
Just as parallelograms are convex quadrilaterals with a special prop- 


erty, so are trapezoids convex quadrilaterals with a special prop- 
erty (only not quite as special as that for parallelograms). 


Definition 7.9 A trapezoid is a convex quadrilateral with at 
least two parallel sides. 


Note that we do not say two and only two sides parallel. A trape- 
τοὶ may have only one pair of parallel sides or it may have two pairs 
of parallel sides. In other words, every parallelogram is a trapezoid, but 
not every trapezoid is a parallelogram. In some books trapezoids are 
restricted to have only two parallel sides. In these instances the set of 
all trapezoids and the set of all parallelograms do not intersect. In this 
book the set of all parallelograms is a subset of the set of all trapezoids. 

Rhombuses, rectangles, and squares are all parallelograms with 
special properties. Their formal definitions come next. 


Definition 7.10 A rhombus is a parallelogram with two ad- 
ο΄ jacent sides congruent, 


| Definition 7.11 A rectangle is a parallelogram with a right | | 
angle. 


Definition 7.12 A square is a rectangle with two adjacent 
sides congruent. 


THEOREM 7.20 A rhombus is an equilateral parallelogram. 


Proof: Assigned as an exercise. 
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THEOREM 7.21 A rectangle is a parallelogram with four congru- 
ent angles. 


Proof: Assigned as an exercise. 
THEOREM 7.22 A square is an equilateral rectangle. 
Proof: Assigned as an exercise. 
THEOREM 7.23 A square is an equiangular rhombus. 
Proof: Assigned as an exercise, 
THEOREM 7.24 The diagonals of a rhombus are perpendicular. 
Proof: Assigned as an exercise. 


In order to prove that a figure is a rhombus it is sufficient to prove 
that it is a parallelogram with two adjacent sides that are congruent 
(Definition 7.10). If we know that a figure is a rhombus, then we may 
conclude that all four of its sides are congruent (Theorem 7.20). If we 
want to show that a parallelogram is a rectangle, it is sufficient to show 
that it has one right angle, since it then necessarily has four right angles 
(Definition 7.11 and Theorem 7.21). To show that a rectangle is a 
square, it is sufficient to show that two of its adjacent sides are congru- 
ent, since then all four of its sides are congruent (Definition 7.12 and 
Theorem 7.22). To show that a rhombus is a square, it is sufficient to 
show that it has a right angle since it is easy to show that an equilateral 
parallelogram with a right angle is an equilateral rectangle, that is, a 
square. 

In Chapter 3 we introduced the concept of distance. We restricted 
ourselves there to the idea of the distance between two points. We are 
ready now to extend the idea of distance to the distance between two 
parallel lines. Of course, we agree that the distance between a line and 
itself is zero. So let us consider the idea of the distance between two 
distinct parallel lines m and n as suggested in Figure 7-38. The length 
of a segment (see the “dashed” segment in the figure) joining a point 
of one line to a point of the other line might be very long depending 
on how the endpoints are picked. 
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It seems natural to think of the distance between two parallel lines 
as the length of the shortest segment joining the two lines, and it seems 
that this segment should be perpendicular to both lines. If we pick any 
point on m, say M, then there is a line ὁ in the plane of m and n that is 
perpendicular to m at Μ, (See Figure 7-39.) Also ¢ intersects n in some 
point, say N, and MN is perpendicular to both m and πὶ If t’ is another 
transversal of m and n perpendicular to both of them and intersecting 
them in M’ and N’, respectively, how do we know that MN and M’N’ 
are congruent? Our idea for the distance between two 2 ai lines 
will not be any good unless we can show that MN and M’N’ are con- 
gruent. The next theorem shows that this is possible. 


Figure 7-39 
THEOREM 7.25 For every two distinct parallel lines there is a 
number that is the common length of all segments perpendicular to 
both of the given lines and with one endpoint on one of the given 
lines and one endpoint on the other one. 


Proof: (See Figure 7-40.) Let m and n be two distinct parallel lines. 


A B 
mi - 


. Ὁ "Ὁ Figure 7-40 


Let A and B be two distinct points of m, and C and D two distinct 
points of n such that the segments AC and BD are perpendicular to 


both m and n, Then mis a transversal of AC and BD and is perpendicu- 
lar to both. It follows that AC and BD are parallel (Theorem 7.2); hence 
ABCD is a parallelogram (by definition) and AC = BD (Theorem 7.14). 


If we think of segment AC in Figure 7-40 asa fixed segment and BD 
as a variable segment (one that we can pick anywhere as long as B is 
on m, Dis on n, and BD is perpendicular to πὶ and to n), then the num- 
ber we are looking for, the one whose existence we wanted to prove, is 
the number AC, The idea of Theorem 7,25 is sometimes expressed by 
saying that two parallel lines are everywhere equidistant. 

We are now ready for the following definition. 


7.7 Parallelism for Segments; Parallelograms 


Definition 7.13 The distance between two distinct parallel 
lines is the length of a segment which is perpendicular to both 
lines and whose endpoints lie on these lines, one endpoint on 
one line and the other endpoint on the other line. The dis- 
tance between a line and itself is zero, 


EXERCISES 7.7 


1. Prove: If the convex quadrilateral ABCD is a parallelogram, then / A δα 
£Cand £B = £D. (This is Theorem 7.15.) 
2. Prove: If the convex quadrilateral ABCD is a parallelogram, then AC 
and BD bisect each other. {This is Theorem 7.16.) 
3. Prove; If ABCD is a convex quadrilateral, if AB = CD, and if AB || CD, 
then ABCD is a parallelogram. (‘This is Theorem 7.17.) 
4, Prove; If ABCD is a convex quadrilateral, and if AC and BD bisect each 
ather, then ABCD is a parallelogram. (‘This is Theorem 7.18.) 
5. Prove: If ABCD is a convex quadrilateral, if AB = CD and AD = BC, 
then ABCD is a parallelogram. (This is Theorem 7.19.) 
6. If ABCD is a rhombus and if AB = AD, then AB -- BC = CD = DA 
and ABCD is an equilateral parallelogram. (This is Theorem 7.20.) 
7. Prove Theorem 7.21. 9. Prove Theorem 7.23. 
8. Prove Theorem 7.22. 10, Prove Theorem 7.24. 
11. Why are opposite sides of a parallelogram parallel? 
12, Why are opposite sides of a parallelogram congruent? 
13. The figure below shows some rays that are parallel and some that are 
not parallel, Try to write a good definition of parallel rays. 


+—o—+—__+—_}> 
ABani BC are parallel Parallel rays Not parallel rays Not parallel rays 


14. The figure below shows some antiparallel rays and some rays that are 
not antiparallel. Try to write a good definition of antiparallel rays. 
ΑΒ ΟΡ 


-ν --- — ee 
BA and BC BA and CD 
are antiparallel are antiparallel 4 — 
Antiparallel rays 
A 8B ¢ 
Κη ---- τ —t 
AC and AR ee 
—__ . are not antiparallel ie τ 
Not antiparallel 
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7.8 PARALLELISM FOR RAYS 


In this section we extend the concept of parallelism to rays. Since 
segments are parallel if the lines containing them are parallel, we might 
consider rays parallel if the lines containing them are parallel. But itis is 
useful to distinguish between the case suggested by rays AB and CD 
and the case suggested by rays ἘΠ and GH in Figure 7-41. In both 
cases the rays lie on parallel lines, In one case, however, they point in 
the same direction, whereas in the other case they point in opposite 
directions. (We use the word “direction” here in an intuitive sense; it is 
not a part of our formal development.) 


Figure 7-41 
Definition 7.14 (See Figure 7-42.) Two noncollinear rays 

AB and CD are parallel if AB and CD are parallel lines and 
if B and D lie on the same side of AC. Two collinear rays are 
parallel if one of them is a subset of the other. 


EF and GH are antiparallel if EF and GH GH are parallel lines 


and if F and H lie on opposite sides of EG. Two collinear Tays 


Definition 7.15 (See Figure 7-42.) Two. noncollinear rays 
are antiparallel if neither is a subset of the other. 


παρῇ. ih 
om _ _ Jv and JK are parallel. eee, may 
AB and CD ore parullel, Wf and {A are antiparallel, EF and GH are antiparallel. 


Figure 7-42 
The proofs of the following three theorems are assigned as ex- 
ercises. 
THEOREM 7.26 If 2 ABC and 4 DEF are coplanar angles with 
BA and ED parallel and BC and EF parallel, then “ ABC= / DEF. 


7.8 Parallelism for Rays 


THEOREM 7.27 If £ABC and £4 DEF are coplanar angles with 


— ποτὰ 
BA and ED parallel and with BC and EF antiparallel, then 2 ABC 
and # DEF are supplementary. 


THEOREM 7.28 If £ABC and 2 DEF are coplanar angles with 
BA and ED antiparallel and with BC and EF antiparallel then 
ZABC = / DEF. 


EXERCISES 7.8 


Draw a line and on it mark five points A, B, C, D, E in the order named. In 
Exercises 1-20, state whether the given statement is true or false. 


1. AB = AE Il, AC C BC 

9, AB = AE 12, BC C AB 

3. AB = BA 13, AB and BA are parallel, 

4. AB = BA 14, AB and BA are antiparallel. 
5. AB || BA 15. AB and ED are parallel. 
6. ABI AC 16. BC and BA are antiparallel. 
1. ΔΒ} CD 11. BC 0 BA = (8) 

8. ABC AC 18. BC τὶ DA = BD 

9, ABC BC 19. BC DA = DB 

10. ABC AC 20, DEN CD= 2 


A, B, C,..., K, L are distinct coplanar points, as in Figure 7-43, so that 
παν ὦ - —_— 

DE || Hiand DH || EL. In Exercises 21-30, state whether the given rays are 

parallel or antiparallel. 


21, DE and HI 
29, DE and TH 
—"* 
93. KH and BE 
34, DA and LI 
25. CD and EF 
= —- 
96. CF and FC 
97. CF and Π 
29. Ciand ἘΠῚ Figure 7-43 
30. Gland JH 
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In Exercises 31-36, copy and complete the statements. 


31. 


The intersection of two parallel collinear rays is [Ξ]. 


32. The intersection of two parallel noncollinear rays is [7]. 


33. 


The intersection of two antiparallel collinear rays is [1] or [7] or [Π]. 


34, The union of two parallel collinear rays is [7). 


35. 


36. 


a7. 


28. 


The union of two antiparallel collinear rays is a line with the interior 
points of a segment deleted or it is an entire 7 


If ABCD is a parallelogram, then ἈΠ and CD are rays. 


Prove Theorem 7.26 for the case in which BA and ED are collinear and 
parallel and BC and EF are noneollinear and parallel. (See the figure be- 
low.) The case in which BA and ED are noncollinear and parallel and 
BC and EF are collinear and parallel can be proved in a similar way. 


Cc Ε 
Fit Π 
Ἂ: ΓΞ 


Prove Theorem 7.26 for the case in which BA and ED are noncollinear 
and parallel and BC and EF are noncollinear and parallel as as sugperted 
in the ὁ figure. (Hint: Think of the figure formed by the lines AB, BC, DE, 


and EF. Do you see that this figure contains a parallelogram? Then use 
Theorem 7.15.) 


In Exercises 37 and 38, you were asked to prove Theorem 7.26 except 
for the case in which BA and ED are collinear and parallel and BC and 
EF are collinear and parallel. Draw a figure for this special case. Note 
that in this special case the theorem amounts to saying that equal angles 
are congruent angles. 


40. Draw an appropriate figure and prove Theorem 7.27 for the case in 


which BA and ED are collinear and parallel and BC and EF are collinear 
and antiparallel. 


41. Draw an appropriate figure and prove Theorem 7.27 for the case in 


which BA and ED are noncollinear and parallel and BC and EF are 
collinear and antiparallel, 


42. 


7.8 Parallelism for Rays 


Draw an appropriate figure and prove Theorem 7,27 for the case in 
ot 
which BA and ED are collinear and parallel and BC and EF are nor- 
collinear and antiparallel. 
Draw an an appropriate figure and prove Theorem 7.27 for the case in 
which BA and ED are noncollinear and parallel and B BC and EF are non- 
collinear and antiparallel. 
Prove Theorem 7.28. Do it by cases. In which special case does the as- 


sertion of the theorem amount to an assertion that vertical angles are 
congruent? 


. ABCD is a convex quadrilateral. Prove: If 


mZA4+m/B4+m/C 4mZD = 360, 
ifim/A=m£C,andifm/4B=mZ D, then ABCDisa parallelogram. 


. Prove: ΤῈ “A and 2 B are consecutive angles of a parallelogram, then 


they are supplementary. (How many pairs of consecutive angles does a 
parallelogram have?) 


In Exercises 47-52, write a sentence justifying the truth of the given 
statement. 


47. 


48. 


49. 


50. 


51. 


oz. 


. The figure shows five coplanar 


If two alternate interior angles determined by a transversal of two given 
coplanar lines are not congruent, then the given lines are not parallel. 
If two corresponding angles determined by a transversal of two given 
coplanar lines are not congrwent, then the given lines are not parallel. 
If two consecutive interior angles determined by a transversal of two 
given coplanar lines are not supplementary, then the given lines are not 
parallel. 

If the diagonals of a quadrilateral do not bisect each other, then the 
quadrilateral is not a parallelogram, 

If two opposite sides of a quadrilateral are not parallel, then the quadri- 
lateral is not a parallelogram. 

If ABCD is a parallelogram, then AB and CD are everywhere 
equidistant. 


, Given two alternate interior angles determined by a transversal of two 


parallel lines, prove that the angle bisectors of these angles are 
antiparallel. 


lines and some (perhaps all) 
of their points of intersection. 
1 πε ABE + mé BEA + mZ EAB 
= 180, ΒΑΕ κε ZEAC, 4ABE 
= / DBE, anim ὦ BEA=), prove 


that BD is parallel to AC. 
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7.9 SOME THEOREMS ON TRIANGLES AND QUADRILATERALS 


One of the most important consequences of the Parallel Postulate 
is the following theorem. 


THEOREM 7,29 The sum of the measures of the angles of a tri- 
angle is 180. 


Proof: (See Figure 7-44.) Let AABC be given, Let m be the unique 
line through C and parallel to AB. Let D and Ebe points on m such that 


D-C-E and such that B and D are on opposite sides of AC as in the 
figure. Then 


méfA+miB+m/ACB 
= mZACD + m# BCE +m ACB = 180. 


(Which theorems justify these equations?) 


p Cc Ε 
πῇ 


A 5 
Figure 7-44 


It may be of interest to mention here that in the non-Euclidean ge- 
ometry of Lobachevsky and Bolyai the sum of the measures of the an- 
gles of a triangle is less than 180, The sum is not the same number for 
all triangles in that geometry, The smaller the triangle is the closer the 
sum is to 180. 


THEOREM 7.30 The measure of an exterior angle of a triangle is 
equal to the sum of the measures of its nonadjacent interior angles. 


Proof: Assigned as an exercise, 


THEOREM 7.31 Let a one-to-one correspondence between the 
vertices of two triangles be given. If two angles of one triangle are 
congruent, respectively, to the corresponding angles of the other 
triangle, then the third angles of the two triangles are also 
congruent. 


7.5 Theorems on Triangles and Quadrilaterals 


Proof: Assigned as an exercise. (Note Figure 7-45 which suggests that 
the correspondence need not be a congruence. One of the triangles 
may be larger than the other.) 


B 


os, 


Figure 7-45 


THEOREM 7.32 (The §.A.A. Theorem) Let a one-to-one cor- 
respondence between the vertices of two triangles be given. If two 
angles and a side opposite one of them in one triangle are congru- 
ent, respectively, to the corresponding parts of the second triangle, 
then the correspondence is a congruence. 


Proof: Assigned as an exercise. 


THEOREM 7.33 The sum of the measures of the angles of a con- 
vex quadrilateral is 360. 


Proof: Let ABCD be a convex quadrilateral as in Figure 7-46. Draw 
diagonal BD. Since ABCD is a convex quadrilateral, D is in the interior 
of 4 ABC and B is in the interior of 4 CDA, Then, using the notation 
of the figure, we have 
mZA+mZABC +mZC+mZCDA 
=mZA + (mil +mZ2)+m2£C + (mZ4 + mZ3) 
=(m#A+m 4] Ἐ πὶ 23) +m 424+ (m £04 m £4) 
= 180 + 180 = 360, 
c 
eaten 
A ; D 
Figure 7-46 
THEOREM 7.34 The acute angles of a right triangle are 
complementary. 


Proof: Assigned as an exercise. 
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THEOREM 7.35 (The Hypotenuse-Leg Theorem) Let there be 
a one-to-one correspondence between the vertices of two right 
triangles in which the vertices of the right angles correspond. If the 
hypotenuse and a leg of one triangle are congruent to the corre- 
sponding parts of the other triangle, then the correspondence is a 
congruence. 


Proof: (See Figure 7-47.) Let AABC with mZA = 90 and ADEF 
with m4D = 90 be given. Let it be given that BC = EF and 
AB = DE. We shall prove that ABC <—> DEF is a congruence, You 
will be asked in Exercise 19 below to supply the missing reasons, 

B E 


Cc A 
Figure 7-47 


1. Let G be a point on opp DF 1. The Segment Construction 
such that DG = AC. Theorem 


2. m£EDG = 90 2. £EDG is a supplement of a 
right angle 

3. ED= BA and mZA = 90 3, Given 

4, ADEG = AABC 4, S.A,S. 

5. EG = BC 5. 

6. BC = EF 6. Given 

1. £6 ΕΕ 1. 

8. ZEGD = ΣΕΡΩ 8. 

9. ADEG = ADEF 9. S.A.A. 

10. AABC = ADEF 10. The equivalence properties 


of congruence for triangles 


EXERCISES 7.9 


In Exercises 1-6, the measures of two angles of a triangle are given. Find 
the measure of the third angle of that triangle. 

l. 93 and 80. 

2, a and ἢ. (Express the answer in terms of ἃ and b.) 

3. 25 and x. (Express the answer in terms of x.) 

4, 90 + Καὶ and 90 — 2k. (Express the answer in terms of k.) 


7.9 Theorems on Triangles and Quadrilaterals 


5. 45 + x and 45 + x. (Express the answer in terms of x.) 
6. 60 + u and 60 + wv, (Express the answer in terms of u and wv.) 


@ In Exercises 7-11, the measures of the three angles of a triangle are ex- 
pressed in terms of a number x. In each ease, find the value of x and check 
your answer by adding the angle measures, 

722-5745 10, x + 50, 2x + 30, Sx + 80 
8. x, 2x, 3x 11. ἄχ + 5, 2c —3,5x —8 
%2x+1*+2,*+3 


12, The figure shows a triangle ὁ ABC, a point D between A and B, the line 

, and the lines parallel to CD through A and B. What is the sum of 

the measures of angles 1, 2,5, and 6? How does the sum of the measures 

of £1and 46 compare with the sum of the measures of 23.and / 4? 

How does the sum of the measures of 23 and 44 compare with the 

measure of 4 ACB? Use these ideas to write an alternate proof of The- 
orem 7,29, 


13. The figure shows a parallelogram ABCD and one of its diagonals AC. 
D Cc 


A B 


What is the sum of the measures of angles 4 DAB and 4 BP Why? 
What is the sum of the measures of angles 4 DCB and ὦ D? 
What is the sum of the measures of the angles of a parallelogram? 
Why is AB = CD, BC = DA, and CA = AC? 
Why is AABC = ACDA? 
Use these ideas to write an alternate proof of Theorem 7.29. 

14, Prove Theorem 7.30. 

15. Prove Theorem 7.31. 

16. Prove Theorem 7.32. (Start with two triangles, AABC and Δ ΑΙ ΒΟ, 
and a correspondence ABC <—+ A'B'C",) 
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Justify the equations at the end of the proof of Theorem 7.33. 


. Prove Theorem 7.34. 
» Copy and supply reasons for steps 5, 7, 8 in the proof of Theorem 7.35. 
. Let AABC and numbers a, b, ¢ be given. Suppose that m/ A = ka, 


m/ B= kb,m£C = ke for some number k, the same number k in all 
three cases. If a = 1, b = 2,¢ = 3, findm/ A, m/B, m/C. Check 
by addition. 


» Same as Exercise 20, except that a = 2, b = 3, ¢ = 5. 


Same as Exercise 20, except that a = 100, b = 250, ¢ = 300. 


. Same as Exercise 20, except that a = 180, b = 180, ὁ = 180. 
. Same as Exercise 20, except that a = 1, b = 1, = 100. 
. Same as Exercise 20, except that ἃ = 100, = 1,¢ = 100. 


@ In Exercises 26-3), there is a labeled figure in which x denotes the measure 
of an angle and there is an assertion about x, Justify the assertion. In the fig- 
ure for Exercise 30, y and z also denote angle measures. 


26, x = 50 δ, x = 90 


= 150 29, x= 115 
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Β In Exercises 31-35, there is a labeled figure in which x denotes the length af 
a segment. At the left, there is an assertion about x. Justify the assertion. If 
y appears in a figure, it also denotes a length. 


ol, x= 12 


32. %= y 


33. x = 10 


36. If the measure of the vertex angle of an isosceles triangle is 12.76, find 
the measure of each base angle. 

37. If the measure of each base angle of an isosceles triangle is 53, find the 
measure of an exterior angle at the vertex of the triangle. 

38, Find the sum of the measures of the exterior angles (one at each vertex) 
of a triangle whose angles have measures as follows: 27.32, 59.39, and 
93.29. 


39. Given a parallelogram ABCD with AC = BD, find the measures of the 
four angles of the parallelogram. 

40, Can a convex quadrilateral have three obtuse angles? Explain your 
answer. 


a24 


Parallelism Chapter 7 


41, 


42. 


Given a convex quadrilateral ABCD with mA = 90, find m/ B+ 
m/£C +m2ZD.Can £Band 2 C both be obtuse angles? 

Let ABCD be a convex quadrilateral withm / A = 90 andm/ B = 90, 
Can “Cand 2D both be obtuse angles? 


43. Let AB and CD intersect at E, an interior point of each segment. If 


44. 


47. 


=) 


40. 


AD = BC and AD || BC, prove that DC and AB bisect each other. 


The measures of the angles of a triangle are 36, x, and y. We conclude 
that x is a number less than [7], that y is a number less than [7], and that 
x + y = [7]. (In each case find the smallest number that will make the 
statement true.) 


. The measures af the angles of a convex quadrilateral are a, b, c, εἰ. We 


conclude that each of these four numbers is less than [7], (Find the 
amallest number that will make the statement true.) 
The measures of the angles of a convex quadrilateral are 20, x, x, and y. 
We conclude that x is a number between [7] and [5], that y is a number 
between [Ὁ] and [7]. (Make the smaller number as large as possible and 
the larger number as small as possible in each case.) 


Given the plane figure in which AC is the bisector of Z BAD, CB L AB, 
and CD 1 AD, prove that BC = DC. 


- Prove: If each angle of a convex quadrilateral is congruent to the angle 


opposite to it, then the quadrilateral is a parallelogram. (Hint: Given 
quadrilateral ABCD with 4A aq ZC,Z2B= /D,findm/A + mZB 
and deduce that two sides are parallel. Find m/A - m/D and de- 
duce that the other two sides are parallel.) 


Given AABC and AADC with AD intersecting BC at M, an interior 
point of AD and BC as indicated in the figure, find the angle measures 
X, Y, 3 ας Ὁ, 


Review Exercises 
CHAPTER SUMMARY 


The central theme of this chapter is parallel lines, and the high point 
of the chapter is the PARALLEL POSTULATE. Before introducing the Par- 
allel Postulate we proved several theorems on conditions which imply that 
lines are parallel. These are theorems in EUCLIDEAN GEOMETRY as 
well as in the NON-EUCLIDEAN GEOMETRY of Lobachevsky and 
Bolyai. These theorems are concerned with lines and TRANSVERSALS and 
angles associated with them. The Parallel Postulate gives us what we need to 
prove the converses of these theorems. 

PARALLELISM for lines in a given plane is an equivalence relation, 
that is, itis reflexive, symmetric, and transitive. The same is true for paral- 
lelism of segments in a given plane and for rays in a given plane, 

With parallel lines it is natural to associate PARALLELOGRAMS. 
This chapter includes several theorems regarding properties of parallelo- 
grams and several others regarding conditions under which quadrilaterals 
are parallelograms. 

An important consequence of the Parallel Postulate is the theorem on 
the sum of the measures of the angles of a triangle. An easy corollary of this 
theorem is the theorem on the sum of the measures of the angles of a convex 
quadrilateral. Another important consequence of the Parallel Postulate is 
the result that parallel lines are everywhere equidistant. 

Along with the idea of PARALLEL RAYS we introduced the idea of 
ANTIPARALLEL RAYS. There were several theorems regarding the re- 
lationship of two angles with parallel or antiparallel sides. 

Early in the book we introduced the §.A.8., A.5.A., and 85.5.5. Postu- 
lates, In this chapter there were two results which extend these congruence 
ideas, namely the S.A.A. THEOREM and the HYPOTENUSE-LEG 
THEOREM for right triangles. 


REVIEW EXERCISES 


ΒΕ Copy and complete the definitions in Exercises 1-10. 


1. Line m is parallel to line n if and only if [7]. 

2. Two lines are skew lines if and only if [7]. 

3. Two segments are parallel if and only if [Ὁ]. 

4, Two collinear rays are parallel if and only if 7]. 

5. Two noncollinear rays are parallel if and only if [7]. 

6. Two collinear rays are antiparallel if and only if [7]. 

7. Two noncollinear rays are antiparallel if and only if (7). 

8. Lf distinct lines m, n, t are coplanar, then f is a transversal of m and n if 
and only if 
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9. A parallelogram is a convex quadrilateral whose [7]. 
10. The distance between two distinct parallel lines is [7]. 
Exercises 11-20 pertain to the geometrical figure suggested by Figure 7-48. 
It is given that lines AB, CD, and EF are parallel and noncoplanar. Also, 
AB = CD = EF. 


In each exercise tell whether the given statement is true or false, and explain 
why it is true or why it is false. 


Figure 7-48 

11. There is more than one plane containing A and B. 
12. There is more than one plane containing A, B, and C. 
13. There is exactly one plane containing A, B, E, and F. 
14. There is exactly one plane containing A, E, C, and F. 
15. Quadrilateral ABDC is a parallelogram. 
16. Quadrilateral ABFE is a parallelogram. 
17. Quadrilateral CDFE is a parallelogram. 
18. AACE = ABDF 
19. AABC = ADCB 
20, m“EAC+m4ACE+m24CEA+m/éFBD+im/ BDF+m/ DFB 

=mé4CAB4+m2ZABD+m/BDC4m/ DCA 


Exercises 21-30 pertain to the geometrical figure suggested by Figure 7-49, 
Line ¢ is a transversal of lines m and n, The measures of eight angles formed 
by m, n, and thave been marked in the figure. In each exercise, tell whether 
the statement is true or false. If it is true, state a theorem that justifies your 
answer. 


Figure 7-49 


Review Exercises. 


21. Ifs=125,thenm|n. 26. If mln, then w = 125. 

22. If u = 65, then πὶ || n. 27. If u = 60, then m is not parallel to π. 
23, [Fw = 125,thenm||n. 28. If s = 140, then m is not parallel to n. 
24, If m||n,thens = 125, 29. If ys μι, then m is not parallel to n. 
25. Lf πὶ || πὶ then uw = 65, 30. x = 126 


31. In your own words write a sentence that tells of a significant difference 
between the geometry of Euclid and the geometry of Lobachevsky and 
Bolyai. 

32, Explain what we mean when we say that the equals relation is reflexive, 
symmetric, and transitive. 

33, Explain what we mean when we say that the relation of parallelism for 
lines is reflexive, symmetric, and transitive. 

34. Is the relation of parallelism for rays an equivalence relation? 

35. Is the relation of antiparallelism for rays an equivalence relation? 


In Exercises 36-42, you are asked to prove a statement. You may use any- 
thing that we have had in our formal geometry structure up to this point 
(except the theorem you are asked to prove) in writing your proof. 


36. Prove that opposite sides of a parallelogram are congruent. 

37. Prove that if two opposite sides of a convex quadrilateral are congruent 
and parallel, then the quadrilateral is a parallelogram. 

38, Prove that if opposite sides of a convex quadrilateral are congruent, then 
the quadrilateral is a parallelogram. 

39, Prove that opposite angles of a parallelogram are congruent. 

40. Prove that two consecutive angles of a parallelogram are supplemen- 
tary. 

41. Prove that the two acute angles of a right triangle are complementary 
angles. 

42, State and prove the theorem regarding the angle measure sum of a 


triangle. 


43, In the geometry of Lobachevsky and Bollyai is it true that two alternate 
interior angles formed by tvo parallel lines and a transversal are 
congruent? 

44, In the geometry of Euclid is it true that two alternate interior angles 
formed by two parallel lines and a transversal are congruent? 

45. In the geometry of Lobachevsky and Bolyai is it true that if two alter- 
nate interior angles formed by two distinct lines and a transversal of 
them are congruent, then the lines are parallel? 

46. In the geometry of Euclid is it true that if two alternate interior angles 
formed by two distinct coplanar lines and a transversal of them are con- 
gruent, then the lines are parallel? 
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Perpendicularity 
and Parallelism 


in Space 


8.1 INTRODUCTION 


This chapter is concerned mostly with figures that do not lie in one 
plane. We use the word figure in two ways: as a set of points (geo- 
metrical figure) and as a picture or drawing that represents a geo- 
metrical figure, The figures in this book and the figures that you draw 
as you study geometry are important. In communicating information 
regarding geometrical figures one drawing may be worth 473 words. 

When drawing a figure, the perspective view is the best one from 
the standpoint of communicating how the figure looks, and that is the 
view used in the illustrations in this book. However, the oblique view 
is the easiest to draw; therefore instructions for drawing figures in 
oblique views are given on the following two pages. 

A plane may be suggested by a parallelogram as in the figure 
which illustrates two intersecting planes. Note that the plane sug- 
gested by a parallelogram includes more than a parallelogram and its 
interior. It includes all of the points in the plane of the parallelogram, 
the points in the exterior of the parallelogram as well as those on the 
parallelogram and in its interior. 


332 


Perpondicularity and Parallelism in Space Chapter 8 


A horizontal plane is oriented like the top of the cube. A vertical 
plane is oriented like the right face of the cube, Note that horizontal 
and vertical are not defined formally in our geometry. They are 
descriptive terms that we use to describe figures. 

The main topics in this chapter are perpendicularity and parallel- 

ism for lines and planes. In the preceding chapters of this book we 
al given detailed proofs for most of the theorems that were stated. 
Proofs not included in the text were assigned as exercises. In this 
chapter, however, we sometimes state theorems without giving proofs 
and without assigning these proofs in the exercises, In such cases we 
may include an outline of the main steps or a short statement of the 
strategy or main idea of a possible proof. In all cases it is possible to 
write detailed proofs based on the postulates of our formal geometry. 
Our abbreviated presentation is appropriate for a first course in formal 


geometry. 


8.2 A PERPENDICULARITY DEFINITION 


Definition 8.1 A line and a plane are perpendicular if the 
line intersects the plane and is perpendicular to every line in 


the plane through the point of intersection. 


If a line / and a plane ἃ are perpendicular, we say that [ is perpen- 
dicular to a and that ἃ is perpendicular to I. 


Notation, / | a, or ἃ 1 /, means that ἃ and | are perpendicular; 
fl q@at P,ore@ | fat P, means that! 1 ἃ and that P is their point of 
intersection. 


Figure 8-1 represents a line | and a plane a that are perpendicular 
at P. The figure shows four of the lines through P and in a. Actually, 
there are infinitely many such lines and they are all perpendicular to 
Lat P. 


[ 


8.2 A Perpendicularity Definition 


CISES 8.2 


In Exercises 1-9, draw the figure that is described by the following 
statements. 

1. Two distinct horizontal planes, 

2. Two distinct vertical planes. 

3. A horizontal plane and a vertical line. 

4, A vertical plane and a horizontal line. 

5. A vertical plane and a line perpendicular to it. 

6. Two distinct parallel planes and a line that intersects both of them. 
7. ‘Two distinct parallel lines and a plane that is parallel to both of the lines. 
8. Two distinct intersecting planes, one vertical plane and one horizontal 

plane. 


9. Two congruent triangles lying in distinct parallel planes and the seg- 
ments connecting corresponding vertices. 


10, See the figure. If 1.1. m, and m lies in a, does it follow that [ L a? 
Explain. 


11. In the figure, A-B-A’, AB = ΑΒ, AA’ 1 ἃ at B, BAC, and C€ a. 
Prove that 


AC=A‘C. 
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12, In the following figure, AA’ «at P, A’-P-A, AP = A’P, and B-D-C. 
On the basis of Exercise 11, what can you say about the lengths AB and 
ΔΒ, AC and A'C, AD and A’D? Now prove that AABD = AA'BD, 
AACD = ΔΑ (ΤΠ, AABC = ΔΑ’ ΒΟ. 


A 


13. In the figure in Exercise 12, AP 1 PB; AP 1 PC; A'-P-A; B-D-C: a 
is the plane containing the noncollinear points B, C, P; AB = ΑΒ; 
AC = A'C. State the postulate which implies that Dis in αν Prove that 
AD = A'D. 

14. (An informal geometry exercise.) Let | and m be two distinct lines in 
the plane of a table top and intersecting at a point P. Hold a yardstick 
so that it appears to be perpendicular to 1 and to m at P. Use another 
yardstick to represent a third line n in the plane of the table top and 
passing through P. Does the first yardstick appear to be perpendicular 
to line n? Try n in various positions and see if you can find a position 
such that the yardstick and line n are no longer perpendicular. Does it 
appear that the yardstick is perpendicular to line n in all cases? Does it 
appear that the yardstick is perpendicular to the table? 


8.3 A BASIC PERPENDICULARITY THEOREM 


Theorem 8.1 is introduced to help us prove a basic perpendicularity 
theorem, Theorem 8.2. Theorem 8.2 is suggested by our experiences 
with perpendicular lines and planes, See Exercise 14 of Exercises 8.2, 


THEOREM 8.1 If A, A’, B, C, D are distinct points with B and C 

each equidistant from A and A’ and with D on BC, then Dis equidis- 
tant from A and A’. 
Proof: Given distinct points A, A’, B, C, D, with AB = A'B, AC = 
A'C, and D on BC as suggested in Figure 8.2, we want to prove that 
AD = A'D, Then D-B-C, or B-D-C, or B-C-D. The proof may be 
completed by showing that AABC = AA'BC, AABD = AA'BD, 
AACD = AA'CD, and hence that AD = A’D. 


Β.3. A Basic Perpendicularity Theorem 


Figure 5.3 


THEOREM 8.2 If a line is perpendicular to each of two distinct 
intersecting lines at their point of intersection, then it is perpen- 
dicular to the plane that contains them. 


Proof: Let lines |, m, n be given with m, n in plane ἃ and such that 
1.1 matA,/ 1 nat A, as suggested in Figure 8-3, Let p be any line 
distinct from mm and n that lies in ἃ and passes through A. We want to 
prove that! 1 p. Let q be a line in @ that is not parallel to m, or to n, or 
to p, and that does not pass through A. Then g intersects m, p, n in 
three distinct points; call them M, P, N, respectively. 

Let Ὁ and Q be two points of J such that Q-A-Q’ and QA = Q’A, 
The proof may be completed by showing that M is equidistant from 
O and 0”, N is equidistant from (9 and Q", P is equidistant from Ὁ 
and 0, 

AOPA = AQ’PA, £DAP= £OVAP, ancl 1 p, 


Since p is an arbitrary line other than m and n in the plane ἃ and pass- 
ing through the point A, we have [ 1 a. 


Figure §-3 
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EXERCISES 8.3 


1, Let the distinct points A, B, C, D, E be given as suggested in the figure, 
A, B, oe oe oints with no three of them collinear, Also 
ED | DC. Prove that ED 1 DA, 


ED | DB and 


2. Let the distinct points A, B, C, D be given as suggested in the figure. 
A, B, C are noncollinear points in a plane a, BB 1 ἃ, and AB = BC, 
Prove that “DAC = 4 DCA, 


3. Let the distinct Sean A, B, C, D be given as suggested in the figure, 
AB | BD, and AB BC, A, B, C are noncollinear points in a, and D 


is a point not in a, Prove that AD is not perpenclicular to ἃ. 


Β.3 A Basic Perpendicularity Theorem 
4. For the situation in Exercise 3, prove that AD is not perpendicular to 
the plane determined by B, C, D. Is AB perpendicular to the plane 
BCDP 
5, Let four noneoplanar points A, B, C, D be given such that 
AB = AC = AD, 
AB 1 plane ACD, AC . plane BAD, AD 1. plane BAC, Draw an ap- 
propriate figure and prove that A BCD is an equilateral triangle. 
6. A rectangular solid has the property that if two of its edges intersect, 
then they intersect at right angles. The following figure shows a rectan- 


solid with the eight vertices labeled, Prove that EA is endicu- 
gular perp 
lar to the plane that contains B, C, D. 


7. Assume the same situation as in Exercise 6. Since EA is perpendicular 
to the plane that contains the quadrilateral ABCD, we say that edge EA 
is perpendicular to face ABCD. Name six other combinations of an edge 
and a face that are perpendicular, (There are 24 such combinations 
altogether.) 

8. In the proof of Theorem 8.1, suppose that D-B-C. Which Congruence 
Postulate would you use to show that AABC => ΔΑΓ ΒΟ That 
AABD = AA'BD? 

9. Explain how the proof of Theorem 8.1 for the case in which B-D-C 

ers from the proof for the case in which D-B-C. Draw an appropri- 
ate figure. 

10, Draw a figure like Figure 8-3, except much larger. Draw the segments 
connecting Q and Q’ with M, P, N. In completing the proof of Theorem 
8.2, which theorem, postulate, or definition plays a key role in proving 
that 
(a) M is equidistant from (9 and Q’ and that N is equidistant from Ὁ 

and ΟΥ̓ 
(b) P is equidistant from Ὁ and Q'? 
(c) AQPA = AOQ‘PA? 
(ἃ QAP = /OQO'AP? 
(e) 1.1 p? 
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8.4 OTHER PERPENDICULARITY THEOREMS 


THEOREM 8.3 If a line and a plane are perpendicular, then the 
plane contains every line perpendicular to the given line at the 
point of intersection of the given line and the given plane. 


Proof: (See Figure 8-4.) Let | 1 a at P. Let 4 be any line such that 
ἢ. lat P. 


Figure 5-4 


We want to prove that |; lies in a. Let # be the plane that 
contains J and 1. (See Figure 8-5.) Then 8 3 α since £8 contains / and 
a does not. The intersection of § and ἃ is a line; call it le, Then lp 1 1. 
Why? Also I, .1 1. Why? Then lp = ᾿ς. Why? Therefore [; lies in a, 
Since ἢ is any arbitrary line perpendicular to | at P, the proof is 
complete. 


8.4 Other Perpendicularity Theorems 


THEOREM 8.4 Given a line and a point, there is a unique plane 
perpendicular to the line and containing the point. 


Proof: Wet lhe a given line and P a given point. We divide the proof 
into four parts. 
1. ἹΕΡΕΙ͂, we must prove that there is 
at least one plane perpendicular to / 
at P. 
2. If P € l, we must prove that there is 
at most one plane perpendicular to | 
at P, 
3. If P ¢ 1, we must prove that there is 
at least one plane perpendicular to | 
and passing through P. 
4. If P ¢ I, we must prove that there is 
at most one plane perpendicular to | 
and passing through P. 
Parts 1 and 3 are existence proofs; parts 2 and 4 are uniqueness 
proofs. 


Proofofl; If Pisa point ona line ἰ as in Figure 8-6, let ἃ bea plane 
containing / and let m be the line in @ that is perpendicular to / at P. 


Figure 6-6 


Let Ὁ be a point not in « and let 8 be the plane that contains Q and I. 
Let n be the line in 8 that is perpendicular to / at P. Let y be the plane 
that contains m and n, Then] L γ at P, Why? This proves that there 
is at least one plane perpendicular to | at P. 
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Proof of 2: If point P lies on a line | as in Figure 8-7, we shall prove 
that there is at most one plane perpendicular to | at P. Suppose, con- 


Figure &7 


trary to what we assert, that there are two distinct planes ἃ and β΄ each 

tol at P. Then a and f intersect. Why? Their intersection 
is a line. Why? Call this line m. Let r and s be the lines such that ris in 
aandr i mat P,ands isin 8 ands 1 m at P. Let y be the plane that 
contains rand 5. Then m L y at P (Why?),m .1 lat Ρ (Why?), and 
lies in y. Then 4, r, s are three distinct coplanar lines with r 1 [and 
s . 1, But this is impossible, There cannot be two distinct planes each 
perpendicular to | at P. Therefore there is at most one plane perpen- 
dicular to I at Ρ, 


| of 3: Given a line | and a point P not on / as in Figure 8-8, let 
Q be the foot of the perpendicular from P to [ Let a be the unique 
plane such that a | lat QO. How do we know that there is one and only 
one such plane a? Then P lies in a. Why? Therefore there is at least 
one plane containing P and perpendicular to I. 


ἐ 


8.4 Other Perpendicularity Theorems 


Proof of 4: Given a line | and a point P not on it, as in Figures 8-9 
and 8-10, we shall prove that there is at most one plane perpendicular 
to / and containing P. Suppose, contrary to our assertion, that there 
are two distinct planes ἃ and 8 each perpendicular to | and each con- 
taining P. Then the intersection of « and f is a line; call it m. 


Figure 8:9 


Suppose | intersects m as in Figure 8-9, Then / intersects m in a 
point Ὁ different from P. Why? Then a and f are each perpendicular 
to lat Q. But this is impossible. Why? Therefore I does not intersect m. 
Therefore there are two distinct points Q and R, as in Figure 8-10, 
such that] | a at Qand/ | Bat R, Then ARPQ has two right angles. 


ἐ 


Figure §-10 


But this is impossible. Why? Therefore there cannot be two distinct 
planes each perpendicular to 1 and each containing P. Hence there is at 
most one plane perpendicular to | and containing P. 


Definition 8.3 If A and B are distinct points, the unique 
plane that is perpendicular to ‘AB at the midpoint of AB is 
called the perpendicular bisecting plane of AB. 
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THEOREM 8.5 The perpendicular bisecting plane of a segment 
is the set of all points equidistant from the endpoints of the segment. 


Proof; Let @ be the perpendic- τὰ 
ular bisecting plane of AB and let 

C be the midpoint of AB, (See 
Figure 8-11.) Let P be a point. 
There are two things to prove, 


1. If Pe a, then AP = PB. 
2. If AP — PB, then P € a. 


You are asked to prove these two 
statements as exercises, 


Figure 5.11 


THEOREM 8.6 Given two perpendicular lines, there is a unique 
line that is perpendicular to each of the given lines at their point of 
intersection. 


Proof: Letland m be lines that are perpendicular to each other at P 
as in Figure 8-12, Let a be the unique plane that is perpendicular to 
Lat P. Let n be the unique line in « that is perpendicular to m at P. 
Then n is also perpendicular to |. Why? Therefore there is at least one 
line perpendicular to both | and m at their point of intersection. 


i 


Figure 8-12 


Suppose that n and π᾿ are distinct lines each perpendicular to m 
and to Lat P as in Figure 8-13, 
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Let a be the unique plane that is perpendicular to / at P. Then n, n’, 
πὶ are three distinct lines in a andn 1. m,n’ .1 m. Since this is impos- 
sible, there is at most one line perpendicular to both 1 and m at their 
point of intersection, 

Since there is at least one line and at most one line that is perpen- 
dicular to ] and m at P, it follows that there is one and only one line 
that is perpendicular to both | and m at their point of intersection. 


THEOREM &.7 If two lines are perpendicular to the same plane, 
they are parallel. 


Proof: Let | and m be lines that are perpendicular to plane a, as in 
Figure 8-14. If | = m, then / || m and there is nothing more to prove. 
Suppose, then, that 1 = m. Then it can be shown that 1 and m are non- 
intersecting lines. (If 1 and m intersect at a point A not in a, then A 
and the two points where | and m cut « are the vertices of a triangle 
with two right angles. If ! and m intersect at a point A in a, then the 
plane containing land mintersects a ina line n such that n 1 I, n .1. m.) 


Figure §-14 


Let P and Q be the points in which | and m, respectively, intersect 
a. Suppose, contrary to what we shall prove, that / and m are skew lines. 
Let m’ be the unique line through Q and parallel to I. Then 1! 1 PO 
and m’ | PO. Why? Let rand s be the unique lines in ἃ that are per- 
pendicular to PQ at P and at Q, respectively. Then | 1 r and it fol- 
lows from Theorem 7.26 that m’ L s. Since m’ | PO and μι... s, it 
follows that m‘ | α, Let αὶ be the plane that contains m and m’ and 
let t be the line in which καὶ and ἃ intersect. Then m | ¢, m’ L ἐς and 
the three distinct lines m, m’, t are coplanar. Since this is impossible, 
it follows that 1 and m are not skew lines. Therefore they are coplanar 
nonintersecting lines, that is, they are parallel. 
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THEOREM 8.8 If one of two distinct parallel lines is perpendicu- 
lar to a plane, then the other line is also perpendicular to that plane. 


Proof: Given two distinct parallel lines ! and m and a plane ἃ per- 
pendicular to /, let P and Q be the points in which / and m intersect ἃ, 


as suggested in Figure 8-15, Let r = PO, let s be the unique line in a 
perpendicular to r at Q, and let m’ be the unique line perpendicular 
to rand s at O (see Theorem 8.6). It follows from Theorem 8.2 that 
πὶ is perpendicular to a, from Theorem 8.7 that m’ is parallel to 1 
and from the Parallel Postulate that m’ = m. Since m’ is perpendicular 
to a, it follows that πὶ is perpendicular to a. 


Figure 8-15 
THEOREM 8.8 Given a plane and a point, there is a unique line 
containing the given point and perpendicular to the given plane. 


Proof: Leta plane a and a point P be given, We shall prove that there 
is a unique line through P and perpendicular to «. We divide the proof 
into four parts: two existence proofs 1 and 3 and two uniqueness proofs 
2 and 4. 


1. If P€ a, we must prove that there is 


at least one line perpendicular to a 
at P. 

2. If P € a, we must prove that there is 
at most one line perpendicular to a 
at P. 

3. If P ¢ a, we must prove that there is 
at least one line perpendicular to a 
and containing P. 

4, If P ¢ a, we must prove that there is 
at most one line perpendicular to a 
and containing P. 
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Proof of 1: Given a plane ἃ and a point P in ἃ as suggested in Figure 
8-16, let m and n be two lines in α that are perpendicular to each other 
at P. Then it follows from Theorem 8.6 that there is a unique line I that 
is perpendicular to both πὶ and nat P. Then! 1 wat P. This proves that 
there is at least one line perpendicular to a at P. 


Figure &-16 


Proof of 2: Givena plane a and a point P in a, as suggested in Figure 
8-17, suppose contrary to what we shall prove, that m and n are dis- 
tinct lines and that each is perpendicular to a at P. Let B be the plane 
that contains m and n and let [ be the line in which καὶ intersects a. Then 
m 1 ,n 1 1, and the three lines |, m, n are coplanar. This is impossible. 
Therefore there cannot be two distinct lines through P each perpen- 
dicular to a. 


Figure §-17 


Proof of 3: Given a plane ἃ and a point P not in «, as suggested in 
Figure 8-18, we shall prove that there is at least one line through P and 


perpendicular to ἃ. Let O be any point of «. If PO + a, there is noth- 
ing more to prove. Suppose, then, that PQ is not perpendicular to a. 
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Let [ be the unique line such that ! | a at Ὁ. How do you know there 
is one and only one such line J? Let m be the unique line through P and 
parallel to . Then it follows from Theorem 8.8 that πὶ a, Therefore 
there is at least one line through P and perpendicular to a. 


Figure 8.18 


Proof of 4: Let a plane a and a point P not in ἃ be given. If there 
were two distinct lines through P each perpendicular to a, then there 
would be a triangle with two right angles. Since this is impossible, it 
follows that there is at most one line through P and perpendicular to a. 


EXERCISES 8.. 


1, Let four noncoplanar points A, B, C, D such that AB = AC = AD, 
AB | AC, AB 1 AD, AC 1 AD be given. Draw an appropriate figure 
and prove that.A BCD is not a right triangle. 

2, Let four noncoplanar points A, B,C, D such that AB | AC, AB L AD, 
AC 1 AD be given. If AF is the bisector of ἐ BAG, prove that 4 DAE 
is a right angle. 

3. Let Lm, n be three distinct lines, not necessarily coplanar, and such that 
[|| m and m || n. Use Theorems 8.4, 8.7, and 8.8 to prove that I || n. 
(This proves that parallelism for lines is a transitive relation.) 

4. Let A, B, C, D, E, F be distinct points such that A-B-C, AB = BC, 
AD = DC, AE = EC, AF = FC. Draw an appropriate figure and ex- 
plain why B, E, .D, F are coplanar points. 

5. Let segments AB and CD and three points E, F, G be given. Π AB and 
CD are perpendicular and intersect at E, if F-E-G and FG 1 AB, does 
it follow necessarily that FG is perpendicular to plane ABC? Draw an 
appropriate igure. 

6. Let segments AB and CD and three points Ε, F, G be given. If AB and 
CD are icular and intersect at E, if F-E-G, FG 1 AB, and 
FC 1 CD, does it follow necessarily that FG is perpendicular to plane 
ABC? Draw an appropriate figure. 


7. 


5. 
8. 


8.5 Parallelism for Lines and Planes 


In part 2 of the proof of Theorem 8.4, how do we know that the inter- 
section of a and £ is a line? 


In part 2 of the proof of Theorem 8.4, how do we know thatm 1 y at P? 
In part 3 of the proof of Theorem 8.4, how do we know that P lies in αὐ 


10. Given two distinct points A and B in a plane a describe the set of all 


11. 


12. 


13. 


14. 
15. 
16. 


11. 


points in αὶ that are equidistant from A and B. 

Given two distinct points A and B describe the set of all points that are 
equidistant from A and B. 

Given a line | and the set § of all lines parallel to [, prove that if Pis any 
point in space, then P lies on one and only one of the lines in §. 

Give a plane ἃ and the set § of all lines perpendicular to «, prove that 
if P is any point in space, then P lies on one and only one of the lines 
in §. 

See the proof of Theorem 8.5. Prove that if P € a, then AP = PB. 
See the proof of Theorem 8.8, Prove that if AP = PB, then P € a. 
Given A ABC and two points D and £ such that DA | AB, DA 1 AC, 
EB 1. AB, EB | BC, prove that D, E, A, B are coplanar points. 

See the proof of Theorem 8.9, In part 4 of this proof we asserted that if 
there were two distinct lines through P each perpendicular to αἰ, then 
there would be a triangle with two right angles. Draw an appropriate 
figure and prove this assertion. 


8.5 PARALLELISM FOR LINES AND PLANES 


In this section we shall investigate the properties of planes parallel 


to planes and of lines parallel to planes. We begin with two definitions. 


Definition 8.3 Two planes are parallel if their intersection 
is not a line. 


Definition 8.4 A line and a plane are parallel if their inter- 
section is not a point. 


Let us consider Definition §.3 first. If a and 8 are planes, then the 


intersection of ἃ and # is (1) the null set, or (2) a line, or (3) a plane. 


Ifa 1 B= ὦ. then a τὰ B and a || β. 
Ifa Pisa plane, then a ΓῚ 6 = a = Pf and a || ἢ. 
Ifa  f is a line, then a is not parallel to ἢ. 


Therefore ἃ is parallel to 6 if and only if 


a= βὶ ΩΓ ἃ ΓῚ Β Ξξί ᾷ, 
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It follows immediately from Definition 8.3 that parallelism for planes 
is reflexive and symmetric. Later we shall sce that parallelism for planes 
is also transitive, and therefore an equivalence relation, 

The fact that parallelism for lines is an equivalence relation follows 
from Definition 7.1, and Theorems 8.4, 8.7, and 8.8, See Exercises 10, 
1], 12 of Exercises 7.6 and Exercise 3 of Exercises 8.4. 

Now let us consider Definition 8.4. If | is a line and a a plane, then 
the intersection of / and a is (1) the null set, or (2) a point, or (3) a line. 
If] a= ὦ, then! || a. If! 9 qwisa line, then that line is 1 ἀπ] || «. 
If! ΓῚ wis a point, then / and ἃ are not parallel. Therefore ! || « if and 
only if CaorlNa= 2, 


THEOREM 8.10 If a plane intersects one of two distinct paral- 
lel lines but does not contain it, then it intersects the other line and 
does not contain it. 


Proof: (See Figure 8-19.) Let 1 and m be two distinct parallel lines. 
Let a be the plane that contains | and m. Let § be a plane that inter- 
sects one of the lines, say 1, in a single point P. Now P lies in both β 
and a. Since α contains / and § does not contain /, it follows that a = β. 
Therefore the intersection of # and a isa line; call it n. Since n lies in B 
and | does not lie in 8, it follows that n is different from I. Also, m does 
not lie in 8. (Suppose m lies in 8. Then m lies in a and #, and m = π. 
Since n is not parallel to 1, it follows that m is not parallel to 1, Con- 
tradiction. Therefore m does not lie in f.) 


Figure 8.19 _—_— 
Therefore m, n, | are distinct lines in plane a with | parallel to πὶ 
and with n intersecting / in a single point, It follows from the Parallel 
Postulate that n intersects m in a single point; call it Q. (Suppose n 
does not intersect m. Then n and | are two distinct lines through P and 
parallel to m. Contradiction.) It follows that 8 contains (9 and hence 
that βὶ intersects m in a single point. 


8.5 Parallelism for Lines and Planes 


THEOREM 8.11 Ifa plane is parallel to one of two parallel lines, 
it is parallel to the other also. 


Proof: Assigned as an exercise. 


THEOREM 8.12 Ifa plane intersects two distinct parallel planes, 
the intersections are two distinct parallel lines 


Proof: Let α and B be two distinct parallel planes and y a plane that 
intersects both of them, as suggested in Figure 8-20. Then y is distinct 
from ἃ and from f, and it intersects each of them ina line. Let /andm 
be the lines in which + intersects a and (3, respectively; then 1 and m 
are distinct coplanar lines which do not intersect. Why do they not 
intersect? Therefore | and m are distinct parallel lines. 


Figure §-20 


THEOREM 8.13 If a, 8, y are three distinct planes such that β is 
parallel to y and such that a intersects 8, then a intersects y. 


Proof: (See Figure 8-21.) Suppose that «, 8, Ὑ are distinct planes, that 
#8 and Ὑ are parallel, and that « intersects β, 


Figure §-21 
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Suppose, contrary to the assertion of the theorem, that a does not 
intersect γ, Let m be the line in which ἃ and @ intersect. Let P be a 
point of m; let { be a line through P that lies in a but not in 8, and R 
a point of y. Let ὃ be the plane containing / and R. Then ὃ intersects 8 
in a line πὶ distinct from m, and 8 intersects y in a line r. Then | and n 
are distinct coplanar lines through P and parallel to r. Since this con- 
tradicts the Parallel Postulate, it follows that a intersects γ. 


THEOREM 8.14 If a line intersects one of two distinct parallel 
planes in a single point, then it intersects the other plane in a single 
point. 


Proof: Let a and § be two distinct parallel planes and let 1 be a line 
that intersects a in a single point; call it Ρὶ (See Figure 8-22.) Let y be 
any plane that contains /. Then y and ἃ are distinct intersecting planes. 
Their intersection is a line; call it m. It follows from Theorem 8.13 and 
Theorem 8.19 that y intersects 8 in a line: call itn. Then m and n are 
distinct parallel lines that are coplanar with I. Since | intersects m and 
is distinct from it, it follows from the Parallel Postulate that | intersects 
n and is distinct from it. Therefore the intersection of I and n isa single 
point; call it Ὁ. Since Q is a point of n, it is also a point of β. Therefore 
(J is the unique point in which / and f intersect. 


Figure $22 


THEOREM 8.15 If a line is parallel to one of two distinct parallel 
planes, it is parallel to the other plane. 


Proof: Assigned as an exercise. 


THEOREM 8.16 There is a unique plane that contains a given 
point and is parallel to a given plane. 


Β.5 Parallelism for Lines and Planes 


Proof: (We give only a plan for a proof.) Let a point P and a plane a 
be given. Divide the proof into four major parts. 


1, If Pis in ἃ, explain why there is at least one plane containing P 
and parallel to ἃ. 

2. If Pisin a, explain why there is only one plane containing P and 
parallel to a. 

3. If Pis not in a, let / be the unique line through P and perpendicu- 
lar to a. Let @ be the unique plane that is perpendicular to [ at P. 
Prove that a || β. 

4. If Pis not in α, prove that there is at most one plane through P 


and parallel to a. 


THEOREM 8.17 Given a point and a plane, then every line con- 
taining the given point and parallel to the given plane lies in the 
plane containing the given point and parallel to the given plane. 


Proof: (Plan only.) Let a point P and a plane αὶ be given. Suppose first 
that P lies in a. Then a itself is the unique plane containing P and par- 
allel to a. Show that the assertion of the theorem is true in this case. 

Suppose next that P is not in α. Let 8 be the unique plane contain- 
ing P and parallel to a. Then a + β. Let | be any line through P and 
parallel to a, as suggested in Figure 8-23. Use Theorem 8,14 to com- 
plete the proof. 


Figure §-23 
EXERCISES 8.5 


1, If a and β are planes such thata 7 8 = @, is a || 8? Why? 

2. If / is a line and ἃ isa plane and! ἃ = &, is it possible that (a) | is 
parallel to a? (b) Lis not parallel to a? Explain. 

3. Let a, 8, y be three distinct planes with a parallel to 6 and a not par- 
allel to y. From which theorem of this section may we conclude that 8 
is not parallel to -y? 
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4, Prove Theorem 8.11. 

5, Given a plane α and two distinct parallel lines / and m such that | is not 
parallel to a. From which theorem of this section may we conclude that 
m is not parallel to a? 

6. See the proof of Theorem 8.13, Draw a figure like Figure $-21. Add some 
segments and a label to the figure to suggest the plane ὃ, 

7. Prove Theorem 8.15. 


8.6 PARALLELISM AND PERPENDICULARITY 


In this section we define measure of a dihedral angle, right dihedral 
angle, and perpendicular planes. This section includes, as you might 
have guessed, several theorems on parallelism and perpendicularity for 
lines and planes. We begin by repeating a definition from Chapter 4. 


Definition 4.20 If two noncoplanar halfplanes have the 
same edge, then the union of these halfplanes and the line 
which is their common edge is a dihedral angle. The union of 
this common edge and either one of these two halfplanes is a 
face of the dihedral angle. The common edge is the edge of 
the dihedral angle. 


Figure 8-24 suggests two dihedral angles, one of them appearing to 
be larger than the other. What does “larger” as used here mean? In 
the case of (plane) angles we defined larger in terms of measure. Since 
we do not have a measure for a dihedral angle, we develop one. 


Figure §-24 


Definition 8.5 The intersection of a dihedral angle and a 
plane perpendicular to its edge is a plane angle of the 
dihedral angle. 


Figure §-25 suggests a dihedral angle A~BC—D, a plane ἃ such that 
BC 1 a,and 4 POR, a plane angle of the dihedral angle A-BC-D. 


D Figure §-25 


It seems plausible that all plane angles of a given dihedral angle 
should be congruent. This brings us to the next theorem. 


THEOREM 8.18 Any two plane angles of a dihedral angle are 


Proof; Suppose that 2 ABC and 4 DEF 
are two plane angles of dihedral angle 
G-HI-], as in Figure 8-26, We may suppose 
that points have been picked in these plane 
angles and then labeled so that A and D lie 
in the plane GHI, C and F lie in plane HI, 
and 


AB = BC = DE = EF. 


It is easy to show that BCFE and BADE are 


parallelograms, that ACFD is a parallel- 
ogram, that AABC = ADEF, and hence 
that 4ABC = / DEF, Figure 8-26 


With Theorem 8.18 proved, it is now possible to define a measure 
for dihedral angles. 


Definition §.6 The measure of a dihedral angleis the meas- 
ure of any one of its plane angles. | 
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Definition 8.7 A right dihedral angle is a dihedral angle 
whose measure is 90, 


Definition 8.8 Two planes are perpendicular if their union 
is the union of four right dihedral angles. 


THEOREM 8.19 If a line is perpendicular to a plane, then any 
plane containing the given line is perpendicular to the given plane. 


Proof: Assigned as an exercise. 


THEOREM 8.20 If a line is perpendicular to one of two parallel 
planes, then it is perpendicular to the other plane also, 


Proof: Assigned as an exercise. 


THEOREM 8,21 ΤῈ two planes are perpendicular, then any line 
in one of the planes and perpendicular to their line of intersection 
is perpendicular to the other plane. 


Proof: Assigned as an exercise. 


THEOREM 5.22 If two distinct intersecting planes are perpen- 
dicular to a third plane, then their line of intersection is perpen- 
dicular to the third plane. 


Proof: Figure 8-27 suggests two distinct intersecting planes a and 8 
perpendicular to plane y. Let | = ‘AB be the line of intersection of 
and : let BC and BD be lines in which @ and 8, respectively, inter- 
sect y. Let 1; be the line in @ that is perpendicular to BC at B. 


Figure 8-27 


8.6 Parallelism and Perpendicularity 


Let 15 be the line in f that is perpendicular to BD at B, It follows from 
Theorem 8.21 that ἰ L Ὑ and lz L γι The proof may be completed 
by showing that 4 = ly = I, and hence that I 1 γ. 


Definition 8.9 A segment, or ray, is perpendicular to a 
plane if the line which contains it is perpencicular to the 
plane, If a segment is perpendicular to a plane and one end- 
point lies in the plane, then that segment is a perpendicular 
to the piace, ἃ and its endpoint in the plane is the foot of the 
perpendicular 


the projection of 5 on ais the set of all points QD, each of which 


| Definition 8.10 Tf « is a plane and S isa set of points, then 
is the foot of the perpendicular from some point of 8, 


THEOREM 8.23 The projection of a line on a plane is either a 
line or a point. 


Let 1 be a line and a a plane. There are three cases to consider. 


1. I lies in a. 
2. Lis perpendicular to a. 
3. lis not perpendicular to ἃ and does not lie in a. 


Proof of Case 1: If Llies in a, then every point of lis its own projection 
on a, and therefore I is its own projection on α. 


Proof of Case 2: Lf lis perpendicular to « at the point Q, then the pro- 
jection of every point of | on a is the point Q, and therefore the projec- 
tion of | on ἃ is the point Q, 


Proof of Case 3: If lis not perpendicular to a and does not lie in a, 
let A, B, C be three distinct points of / that are not in a, and let A’, B’, 
C" be their respective projections on a. It follows from Definition 8.10 


that AA’ 1 a, BB 1 a, CC’ 1 «a, and from Theorem 8.7 that AA’ | 
BB’, BB’ Ι CC’, AA? | GC’. Since 1 is not perpendicular to ἃ and since 
A, B, C are distinct points, it follows that AA’, BB’, CC’ are distinct 
lines. Let § be the plane that contains AA’ and BB’, Then 8 contains 
the point C. Why? Since κα is parallel to BB (Why?) and BB is parallel 
to CC’, it follows from Theorem 8.11 that β is parallel to OC. Since β 
contains C and is parallel to CC, it follows that 6 contains CC. There- 


355 


358 


Perpendicularity and Parallelism in Space Chapter & 


fore C lies in β. Let I’ be the line in which § and a intersect. Since 
A’, B’, Ὁ’ all lie in ἃ and in £, it follows that they all lie on I’, If 1 in- 
tersects a, say in point D, then D is its own projection on a, and since 
PD lies in both @ and β, it follows that D lies on I’. 

Note that ἰ is determined by A and B, and that I’ is determined by 
A’ and Β΄. We have shown that if P is any point of | distinct from A and 
B (like C and D in the preceding paragraph), then its projection P’ on a 
lies on F, 

Conversely, if Q’ is any point of I’, then Q" is the projection of some 
point Q on ἰ. If 1 and a intersect in Q’, then Q’ is its own projection 
and Q = Ο"΄. If Q' is a point of I’ not on I, then there is a unique per- 
pendicular to a at 0’, and this perpendicular intersects | in the point 
Q which has the point (’ as its projection on a. It follows that every 
point of I has some point of I’ as its projection, and that every point of 
‘is the projection of some point on I, Therefore the projection of | on 
a is the line [’, 


COROLLARY 8.23.1 The projection of a segment on a plane is 
either a point or a segment. 


Proof: Let 5 be a segment, a a plane, and s’ the projection of 5 on a. 
If s is perpendicular to a, then s’ is a point. If s lies in a, then s’ = 5 
and hence s’ is a segment. Let | be any line not in a and not perpen- 
dicular to a. Let A, B, C be three points of J such that A-B-C and let 
A’, Β΄, C’ be their respective projections on a. Then it follows from 
Theorem 8.23 that A’, Β΄, C’ are collinear and from Theorem 8.7 that 
A’—-B'-C’. (If A'-B'-C’ were not true, then we would have distinct par- 
allel lines that intersect.) Since A-B-C on I implies A’~B’-C', we say 
that betweenness for aa is preserved in the projection from ἱ on a. 
Ifs = ACands’ = 2. then B is between A and C if and only if A’ 
is between A’ and C’. Therefore 5’ is the projection of 5. 


THEOREM 8.24 Given a plane α and two distinct points A and 


B such that AB is parallel to a, if A’B’ is the projection of AB on α, 
then A’B’ = AB. 


Proof: Assigned as an exercise. 


THEOREM 8.25 Given parallel planes a and 8 and AABC in a, 
if A’, B', C’ are the projections of A, B, C, respectively, on 8, 


then AABC = ΔΑΒ. 
Proof: Assigned as an exercise. 


8.6 Parallelism and Perpendicularity 
THEOREM 8.38 The shortest segment joining a given point not 
in a given plane to a point in the given plane is the perpendicular 
that joins the given point to its projection in the given plane, 


Proof: Assigned as an exercise. 


THEOREM 8.27 All segments that are perpendicular to each of 
two distinct parallel planes and have their endpoints in these planes 
have the same length. 


Proof: Assigned as an exercise. 


| 
| 


not containing it is the length of the perpendicular segment 


Definition 8.11 The distance between a point and a plane 
joining the given point to the given plane. 


planes is the length of a segment that joins a point of one of 
the planes to a point of the other plane and is perpendicular 


Definition 812 The distance between two distinct parallel 
to both of them. 


EXERCISES 5.6 


1. 


There is no definition of betweenness for halfplanes in this book. Write 
your own definition for it. Using your definition, prove that if 90, ICs, 
aC; are halfplanes with Hz between 3C, and σῦς, then the measure of 
the dihedral angle formed by 90: and 33 and their common edge is the 
sum of the measures of the dihedral angles formed by JC, and 205 and 
their edge and by δῦ; and 3C3 and their edge. 

There are no definitions in this book for the interior and the exterior of 
a dihedral angle. Write your own definitions for these terms. 


. Draw a picture of a cube and label its vertices. How many right di- 


hedral angles are there each containing two faces of the cube? 

Given the labeled cube of Exercise 3, select one of the right dihedral 
angles and, using the vertices of the cube, identify two of its plane 
angles. 


. See the proof of Theorem 8.18. Draw a figure like Figure 8-26 and mod- 


ify it to show the quadrilateral ACFD. Prove that ACFD is a rectangle. 
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Exercises 6-16 are concerned with projections on a plane. In Exercises 6-14, 
sketch one or more figures and be prepared to defend your answer. 
6. Is the projection of every triangle a triangle? 
7. Is the projection of every ray a ray? 
8. Is the projection of every point a point? 
9. Is the projection of every segment a segment? 
10. Is the projection of every line a line? 
11. Is there an angle whose projection is a line? A ray? A segment? A point? 
An angle? 
13. Is there an acute angle whose projection is an obtuse angle? 
13. Is there a right angle whose projection is an acute angle? An obtuse an- 
gle? A right angle? 
14. Is there a segrnent that is shorter than its projection? Longer? 
15, Ifan edge of a cube is perpendicular to a plane, describe the projection 
of the cube on the plane, Draw a sketch, 
16, CHALLENGE PROBLEM. If a diagonal of a cube is perpendicular to a 
plane, draw a sketch of the projection of the cube on the plane. 


In Exercises 17-23, draw an appropriate figure and prove the theorem. 


17. Theorem 8.19 21. Theorem 8.25 
18. Theorem 8.20 22. Theorem 8.98 
19. Theorem 8.21 23. Theorem 8.27 
20. Theorem §.24 


24, In the proof of Theorem 8.22, show that ἢ = b = L 
25, Let A-BC-D be a right dihedral angle with AB L BC, BC 1 CD, 
AB = 34/3, BC = 5, CD = 13. Prove that AD = 14. 
26. The figure shows four noncoplanar points A, B, C, D such that 
AB | AC, AB 1 AD, AC | AD, AB = AC = AD, 


Find the sum of the measures of 4 BDA, # BDC, 7 CDA. 
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ΙΒ In Exercises 27-34, determine if the given statement is true or false. (An 
if-then statement is false if there are one or more instances in which the 
if-part is true and the then-part false.) 


27. Ifa line is perpendicular to two distinct intersecting lines at their point 


of intersection, then it is perpendicular to the plane that contains the 
intersecting lines. 


28. If the intersection of a plane and a dihedral angle is an angle, then that 


20, 


0). 


4], 
32. 


angle is a plane angle of the dihedral angle. 

If land n are distinct intersecting lines und if | is parallel to plane ἃ, 
then nis not parallel to plane a. 

If I and ἢ are distinct parallel lines intersecting (but not contained in) 
two distinct parallel planes, then the planes cut off segments of equal 
length on the two lines, 

If two planes are perpendicular to the same line, they are parallel. 

If two lines are parallel to the same plane, they are parallel. 


33. Given a plane a, the set of all points each of which is at a distance of 


34, 


5. from « is the union of two planes each parallel to a. 
If α is a plane and P is a point, there is one and only one plane contain- 
ing P and parallel to a. 


CHAPTER SUMMARY 


We began the chapter with some suggestions for drawing figures to 


represent geometrical figures that do not lie in a single plane. We used fig- 
ures throughout to help you visualize the relationships of lines and planes 
in space, 


Definitions of the following expressions were included, 


A LINE AND A PLANE ARE PERPENDICULAR 

THE PERPENDICULAR BISECTING PLANE OF A SEGMENT 
PARALLEL PLANES 

A LINE AND A PLANE ARE PARALLEL 

A PLANE ANGLE OF A DIHEDRAL ANGLE 

THE MEASURE OF A DIHEDRAL ANGLE 

A RIGHT DIBHEDRAL ANGLE 

PERPENDICULAR PLANES 

A SEGMENT (RAY) PERPENDICULAR TO A PLANE 
THE PROJECTION OF A SET ON A PLANE 

THE DISTANCE BETWEEN A POINT AND A PLANE 
THE DISTANCE BETWEEN TWO PARALLEL PLANES 


There are 27 theorems in this chapter. It is suggested that you write 


out these theorems and draw appropriate figures for them. 
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REVIEW EXERCISES 


@ In Exercises 1-15, copy and complete the given statement to obtain a the- 
orem of this chapter. 


2. 
3. 
4, 


os 
6. 


11, 
12, 


13, 
14, 


15. 


If a line is perpendicular to each of two distinct intersecting lines at 
their point of intersection, then [7]. 

Given a line and a point, there is a unique plane perpendicular [7]. 
The perpendicular bisecting plane of a segment is the set of all points 
each of which is [7], 

If two lines are perpendicular to the same plane, they are [7]. 

If one of two distinct parallel lines is perpendicular to a plane, then [7]. 
Given a plane and a point, there is a unique line containing the given 
point and [7]. 


. If a plane intersects one of two distinct parallel lines but does not con- 


tain it, then it [Ὁ] and does not contain it, 


. If a plane intersects each of two distinct parallel planes, the intersec- 


Hons are [7] lines. 


. If a, &, y are three distinct planes such that a is parallel to 6 and such 


that a intersects γ, then [7]. 


. If a line intersects one of two distinct parallel planes in a single point, 


then [Π]. 

If a line is parallel to one of two distinct parallel planes, then [Ὁ]. 
Given a plane and a point, there is a unique plane that contains the 
given point and [7]. 

Any two plane angles of a dihedral angle are [7]. 

If a line is perpendicular to a plane, then every plane containing that 
line is [7]. 

If two distinct intersecting planes are perpendicular to a third plane, 
then their line of intersection is [7]. 


@ In Exercises 16-23, some lines or planes are described, In each exercise, 
state whether or not they must be parallel to each other. 


16, 
17. 
. Lines perpendicular to a given line. 
19. 


Lines through a given point parallel to a given line. 
Lines perpendicular to a given plane. 


Lines parallel to a given plane. 


20. Planes parallel to a given plane. 


21, 


Planes perpendicular to a given plane. 


22. Planes perpendicular to a given line. 


23. 


Planes parallel to a given line. 


Review Exercises 


Β In Exercises 24-30, write a plan fora proof of the given statement. 


24, 
25. 


26. 


Zi. 


If A’B' is the projection of AB on a plane, then ΑΒ’ < AB. 

If A’P is the projection of AB on a plane a and if A’B’ = AB, then 
AB i a. 

If ἃ and καὶ are distinct parallel planes, if parallel lines m and n are in f, 
and if lines m’ and n’ are the projections of m and n, respectively, on a, 
then m' is parallel to n’. 

If ἃ and βα are distinct parallel planes, if 5 and ὁ are parallel and con- 
gruent segments in 3, and if s’ and f’ are the projections of s and ἐ, re- 
spectively, on a, then s' and f are congruent. 


. If AB | A'B, AC || AC, and if A, B, C are noncollinear points, then 


plane ABC and plane A‘B'C’ are parallel, 


. fa and β are distinct parallel planes and if / and m are distinct parallel 


lines that intersect a in points L; and M,, respectively, and Βὶ in points 
Lz and M;, respectively, then L,M,MoL is a parallelogram. 


. If every plane containing a given line is perpendicular to a given plane, 


then the given line is perpendicular to the given plane, 
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Area 
and the 
Pythagorean Theorem 


9.1 INTRODUCTION 


You are familiar with the idea of area and have computed the areas 
enclosed by figures such as triangles, squares, and circles. As you know, 
areas are usually computed using numbers which are lengths or dis- 
tances. You also know that a distance function is based on some seg- 
ment as the unit of distance. In informal geometry, we usually combine 
a number and a word in expressing a distance, for example, 4.5 ft. In 
formal geometry, we frequently use the number by itself, omitting the 
unit when the distance function is understood. In our formal develop- 
ment of the area concept we shall suppose that a distance function is 
given. Then there will be just one area function. 

In this chapter we adopt some postulates for area based on our ex- 
periences in computing areas and on our ideas about areas in informal 
geometry, These postulates include the formula for computing the area 
enclosed by a rectangle as well as statements of general properties that 
are useful in proving theorems about area. We also develop formulas 
for computing the areas enclosed by figures such as triangles and trape- 
zoids, and we use area as a tool in proving the Pythagorean Theorem. 
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9.2 AREA IDEAS 


Let us suppose that a unit segment for distance measure is given 
and that a square of side length 1 is given. 
We call this square the unit square, (See Fig- 
ure 9-],) Just as distances and lengths are 
numbers associated with sets of points (for 
example, the length AB is associated with 
AB), areas are numbers associated with sets 
of points. The distance function matches a 
positive number with each segment. Simi- 
larly, the area function matches a positive 
number with each rectangle and also with 
many other simple figures, 

We shall agree that the area of the unit square is 1, In practical ap- 
plications there is a system of areas for each system of distances. If the 
side length of the unit square is 1 ft., then the area of the unit square is 
1 sq. ft. If the side length of the unit square is 1 cm., then the area of 
the unit square is 1 sq. cm. (See Figure 9-2.) 


a 


1 86. cm. 


1 
Figure 9-1 


1 aq. in. 
Figure 9-2 


When we speak of the area of the unit square as 1, we are thinking 
of 1 as the measure of the set that includes all of the points in the plane 
of the square that are inside of or on the 
square, (See Figure 9-3,) Strictly speaking, 
it would be better to speak of the area of the 
unit square region. We shall follow custom, 
however, and call it the area of the unit 
square. Similarly, we talk about areas of rec- 
tangles, triangles, and circles when we really 
mean the areas of the regions which are made Figure 93 
up of these figures including their interiors. 

(See Figure 9-4. 

When we say the “area of a triangle,” for example, we mean the 

“area of the triangular region.” 
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Definition 9.1 A polygonal region is a triangular region, or 
it is the union of a finite number (two or more) of triangular 
regions such that the intersection of every two of them is 
the null set, or a vertex of each of them, or a side of each of 


them. 
famed 
pier 
Figure 9-4 
You may already know how 


to compute the area of a rec- 
tangle. If its sides are of length 
aand b, its area is ab, (See Fig- 
ure 9-5.) In Section 9.3 we 
adopt this formula for the area 
of a rectangle as a postulate. 
Let us see if it is really a reason- 
able and basic assumption to Figure 95 
make, 

Figure 9-6 suggests our unit square and a rectangle with sides of 
lengths 3 and 4. The rectangular region is made up of 3+ 4 = 12 square 
regions each of the same size as the unit square region. So the area of 
the rectangle should be 3+ 4, or 12. Similarly if ἃ and b are any two 
natural numbers (that is, positive whole numbers). then the area of a 
rectangle which is a by b should be ab. 
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Figure 9-7 suggests our unit square and another square with sides 
of length 3. Let x denote the area of the square with sides of length 4. 
Since it takes 9 squares of this size (3 rows with 
9 squares in each row as suggested in the figure} 
to fill up the unit square, you can see that the HH 
area of the unit square should be 9 times the — 
area x of the } by 4 square. Therefore on SOF 
It appears, then, that the area formula, 

S = ab, 


is a reasonable formula for our 4 by 4 square. Taking a = 4 andb = 4, 
we have 


the area of a 4 by 4 square. Similarly, if n is any natural number, then 
A by 4 wig he lL gg b 
the area of ἃ — by — square is -- let 
Figure 9-8 shows a rectan- 
gle which is = by 4. It is easy to 
see from the figure that the area 
of the rectangle should be  - 5, 
or 10, times the area of a 4 by + 
square; hence 


(8.5). ἢ = ξ 9 -ὶ Y. ai ce 
Therefore the formula $ = ab is appropriate for a rectangle which is 
3 by 3. Similarly, if a and b are any two positive rational numbers, then 
the area S of a rectangle which is a by b should be given by the formula 
5 = ah, For example, if 


a=lf and b=% 
then a= ip = ἴδ. b=2= a. 
and if R isa rectangle which is a by 5, its area § is the sum of the areas 
om 75+24 = 1800 little squares, 
each of which is 4/5 by ay. Hence 


5. = 1800 (a5 * 26) = [ἔδδ. 
Since yeoo = $= 7S = (IDR). 


we see that the formula § = ah holds, in this case. 


6.2 Area Ideas 


Let R be a rectangle which is a by b and suppose that either a or b, 
perhaps both, is an irrational number. Then, using the idea that an 
irrational number can be squeezed between two rational numbers that 
are as close together as you desire, we can make it seem reasonable 
that the area § of Η is again given by the formula αὶ = ab, Figure 9-9 
shows a rectangle R which is 1 by 1/3, (Recall that ν ὦ is not rational 
and that 1/2 can be represented by the nonrepeating decimal 
1.41421 ..., where the three dots indicate an infinite sequence of 
digits.) Thus 

14 « V2 < 15, 


where 1.4 and 1.5 are rational numbers, Now a rectangle 1 by 1.4 has 
area 1.4. ἃ oes 1 by 1.5 has area 1.5, and therefore the area 5 
of the 1 by \/2 rectangle R is somewhere between 1.4 and 1.5, that is, 


l4< $< 15. 


Continuing in this way, we can show that 5 is between 1.41 and 
1.43, between 1.414 and 1.415, and so on. If you consider the 
sequence of areas of rectangles 1.4, 1.41, 1.414,..., you see that the 
sequence is increasing and the rational numbers in the sequence are 
getting closer and closer to 1/2 through numbers that are less than 1/2. 
Similarly, if you consider the sequence of areas of rectangles 1.5, 1.42, 
1,415, ..., you see that the sequence is decreasing and the rational 
numbers in the sequence are getting closer and closer to \/2 through 
numbers that are greater than 1/2. It seems reasonable, then, to con- 
clude that the area 5 of the 1 by \/2 rectangle R is given by 


S=1-V2= 7%. 


The foregoing discussion may be summarized as follows. If the 
sides of a rectangle are rational numbers, the rectangular region can 
be either subdivided into a finite number of unit square regions and the 
area obtained by counting, or subdivided into a finite number of square 


regions each — by = for some integer n > 2 and then counting and 
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multiplying bys In both cases the result S is the same as that obtained 


by using the formula 5. = ab, where a and b are the lengths of two 

adjacent sides of the rectangle. If the side lengths are not rational, then 

we cannot subdivide the rectangular region into square regions with a 

rational side length and find the area by counting, or by counting and 

multiplying by +. for some natural number n. We can, however, 
Tt 


approximate the side lengths using rational numbers andl consider the 
limit of the sequence of areas of the rectangles whose sides have 
lengths that are rational numbers. It can be proved that this limit exists 
and is equal to the product ab. In this book we adopt the formula S=ah 
for the area of a rectangle as a postulate. 

The ideas used to develop the formula S = ab for the area of a 
rectangle are, of course, the same ideas with which you are familiar 
from your past experiences in informal geometry. They include the 
following: (1) every rectangle has an area, (2) congruent rectangles 
have the same area, and (3) area is additive in the sense that the area 
of a figure is the sum of the areas of the parts of the figure. Similar 
ideas may be used in developing area formulas for triangles, parallelo- 
grams, trapezoids, and so on. In Section 9.3 we state carefully our basic 
ideas about area. We call these statements the Area Postulates and use 
them to develop several area formulas. 


9.3 AREA POSTULATES 


Our formal development of area in this chapter is limited to areas 
of polygons and is based on the following postulates. 


POSTULATE 27 (Area Existence Postulate) Every polygon 
has an area and that area is a (unique) positive number. 


POSTULATE 28 (Rectangle Area Postulate) If two adjacent 
sides of a rectangle are of lengths a and b, then the area 5. of the rectan- 
gle is given by the formula § = ab. 


POSTULATE 29 (Area Congruence Postulate) Congrucnt poly- 
gons have equal areas. 


POSTULATE 30 (Area Addition Postulate) If a polygonal re- 
gion is partitioned into a finite number of polygonal subregions by a 
finite number of segments (called boundary segments) such that no 
two subregions have points in common except for points on the bound- 
ary segments, then the area of the region is the sum of the areas of the 


subregions. 


Notation. If δ is ἃ figure, we frequently use [6 | to denote the area of 
5. For example, | A ABC| denotes the area of A ABC. The area of quad- 
rilateral ABCD may be denoted by |quadrilateral ABCD| or by |ABCD| 
if it is clear that ABCD is a quadrilateral, 


Example 1 Figure 9-10 sugges pI aah fa region ABCDEFG. Let 
us call this region ®. Segments CF partition, or separate, P 
into three subregions Ὁ}, Pz, Θὰ, where @,, is the union of quadrilat- 
eral ABCG and its interior, Ps is the union of ACFG and its interior, 
and Φ is the union of quadrilateral CDEF and its interior. According 
to Postulate 30, the Area Addition Postulate, the area of © is the sum of 
the areas of (δ, Pz, and Ps, that is, 


[ΦῚ = [Φὺὶ + [Pa] + |Pyl. 


G F Figure 9-10 
Example2 Figure 9-1] suggests a figure consisting of a square ABCD 
with its diagonals, AC and DB, and an adjoining isosceles right triangle, 
ABFC, with legs of length 1. Let 5 denote the area of A BFC, S’ the 
area of square ABCD, and 8” the area of pentagon ABFCD. Find 8, 
§’, 8” using the Area Postulates. 

D Cc 


m Figure 0-11 
Solution: It is easy to show that Δ ΒΓ = ABEC so that the triangles 
have equal areas and that BFCE is a rectangle, actually a unit square. 
Then 


1 = |BFCE| by the Rectangle Area Postulate 
= |ABFC| + |ABEC| by the Area Addition Postulate 
= |ABFC) + |ABFC by the Area Congmence Postulate 


=§-+ 5. 
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Therefore 25 = 1 and $ = 4. Since square ABCD is partitioned by its 
diagonals into four triangles, each congruent to 4 BFC, it follows from 
the Area Addition and Congruence Postulates that S’ = 45 and hence 
that 
S’ = 4: 4 = 2. 
From the Area Addition Postulate it follows that 
5" = S' { 5. τ 21, 


Another way to find S’ is as follows. Since ABFC = ABEC, we 
have 


BE=EC=1 ancl mdz BEC = 90. 


Then it follows from the Pythagorean Theorem, which is proved in 
Section 9.5, that 


(BC)/?=12412=2 and BC= 2 
Finally, it follows from the rectangle area formula that 


= /2-\/2=2. 


EXERCISES 9.3 


In Exercises 1-8, given the lengths a and b of two adjacent sides of a rectan- 
ele, find the area of the rectangle. 


lL a=25,b=33 5.a=4,b=4 

2a=%,b= 4 6£a=7,b =35/2 

Bae gbod Ta=4,/2,b=3,2 

4,a= 2,32,b= 177 8 a= /5,b= 5/5 

9. (An informal geometry exercise.) The length of a side of a square is 


10 νὰ, What is the area of the square in square yards? In square feet? 
(An informal geometry exercise.) 1 the dimensions of a rectangular 
field are 40 rods by 80 rods, how many acres of land does it contain? 
(An acre contains 43,560 sq. ft. and 1 rod is 16} ft. long.) 

11. (An informal geometry exercise) How many feet of fence would it 
take to enclose the field in Exercise 10? 

12. (An informal geometry exercise.) The dimensions of a football field 
(including the end zones) are 534 yd. wide by 120 yd. long. Would an 
acre of land be sufficient on which to lay out a football field? (See Ex- 
ercise 10.) 

13. If the perimeter of a square is 46, what is its area? 

14. If the perimeter of a square is 64/2, what is its area? 


10, 


9.3 Area Postulates 


15. The length of one side of a rectangle is 3 times the length of an adjacent 


16, 


17. 


side. If the perimeter of the rectangle is 56, what is its area? 

The length of one side of a rectangle is 5 more than twice the length of 
an adjacent side. If the perimeter of the rectangle is 70, what is its area? 
CHALLENGE PROBLEM, The length of a rectangle is 4 more than twice 
its width. If the area of the rectangle is 48, what is its perimeter? 


18. The width of a rectangle is ᾧ of its length, If the area of the rectangle 


19. 


20. 


el. 


8 


is 360, find its length and width. 

(An informal geometry exercise.) How many squares 1 in. on a side 
are contained in a square 1 yd. on a side? 

(An informal geometry exercise.) How many 9in. χα 9 in. tiles would 
it take to cover a 12] ft. x 9 ft. rectangular floor if we assume that there 
is no waste in cutting the tile? 

If 5 is the area of an x by x square and S$’ is the area of a 2x by 2x square, 
prove that δ΄ = 45, 


. If Sis the area of a right triangle with legs of lengths a and b, and 5" is 


the area of an a by 6 rectangle, prove that S’ = 25, 


. IfS is the area of a right triangle with legs of lengths ἃ and b, and δ΄ is 


the area of a right triangle with legs of lengths 2a and 2h, prove δ' = 45, 


. The figure shows two coplanar equi- A D 


lateral triangles, AABC and AACD, 
with AC = 1, The feet of the ; ῃ- 
diculars from A and D to 5 are 1" 
and , respectively, Prove that ABCD 


is a parallelogram and that AEFD is a 
rectangle. B 


. Complete the proof of the following theorem. 


THEOREM The area of a right triangle is one-half the product of 

the lengths of its legs. 

RESTATEMENT: A , Cc’ 

Given: A right triangle AABC with 
the right angle at C, Ὁ ΞΡ, 
and BC = ἃ, 


Proof; Let C" be the point of intersection of the line through A and 
parallel to CB and the line through B and parallel to AC, (See the figure.) 
Why must these two lines intersect? Why is quadrilateral ACBC’ a 
rectangle? 

Complete the proof by showing that AABC = A BAC’ and that 
|AABC) = dab. 
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9.4 AREA FORMULAS 


Figure 9-12 shows a parallelogram ABCD with points E and F the 
feet of the perpendiculars from D and C, respectively, to line AB. 


βίρωεϑ ἡ δ B 


The following definition has two parts. In (1) we define base and 
altitude, thought of as segments. In (2) we define base and altitude, 
thought of as numbers (lengths of segments, or distances). (Compare 
the corresponding definitions for triangles on page 265.) 


Definition 9.3 

1, Any side of a parallelogram is a base of that parallelogram. 
Given a base of a parallelogram, a segment perpendicular 
to that base, with one endpoint on the line containing the 
base and the other endpoint on the line containing the 
opposite side, ig an altitude of the parallelogram corre- 
sponding to that base. 

2. The length of any side of a parallelogram is a base of that 
parallelogram. The distance between the parallel lines con- 
taining that side and the side that is opposite to it is the cor- 
responding altitude, or height. 


In Figure 9-12 we call h the altitude, or height, corresponding to 
the base AB. The number hi is the distance between the parallel lines 
AB and DC. Similarly, the distance between the parallel lines AD and 
BC is the altitude which corresponds to the base AD. 

Let 5 denote the area of parallelogram ABCD in Figure 9-12, let 
AB = b, and let CF = h, We proceed to prove that the area 5 of the 
parallelogram is bh, 


THEOREM 9.1 If b is a base of a parallelogram and if h is the 
corresponding height, then the area 8 of the parallelogram is given 
by the formula 5 = bh, 


9.4 Area Formulas 


Ἧς {DAE = / CBF 

9. AED = / BFC 

3. DE = CF 

4, AAED = ABFC 

5. |AAED| = |A BFC} 

6. |AFCD| = S + |ABFC| 
7. |AFCD| = S + |AAED| 
8, § = |AFCD| — |AAED| 


9. |EFCD| + |AAED| = 
|AFCD| 

10, DC = , 

11, |EFCD| = bh 


12. bh + |AAED| = |AFCD| 
13. bh = |AFCD| — |AAED| 
14. § = bh 


Sa aM ὦ ὧν ὦ τῷ 


= 


10. 
11, 
12, 
13. 


14, 


Steps 9, 11; substitution 
Why? 
Steps §, 13; substitution 


In the remainder of this section we prove two more theorems re- 


garding area formulas. 


THEOREM 9.3 If bis a base of a triangle and if h is the corre- 
sponding altitude, then the area S of the triangle is given by the 


Proof; 


(See Figure 9-13.) Let AABC be given, Let BD be the ray with 


endpoint B and parallel to AC. Let CE be the ray with endpoint C and 


parallel to AB. Let F be the point of intersection of BD and CE. Then 
ABFC is a parallelogram and AABC = AFCB. 


Figure 9-13 
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Now 6 = AB and ἢ is the distance fram C to AB, and so ἦ is also the 


distance between CE and ‘AB. It follows from Theorem 9.1 that 
\ABFC| = bh, But 


| AABC| = | AFCB| (Why?) 
and 
| AABC) + |AFCB| = |ABFC| — (Why?). 
S+S=bh, 2S=bh, and S= 4bh. 
THEOREM 9.3 If 6, and by are the lengths of the parallel sides 
of a trapezoid and if h is the distance between the lines that con- 


tain these parallel sides, then the area S of the trapezoid is given by 
the formula 


S= 4{by + be)h. 


Proof: Let trapezoid ABCD, with parallel sides AB and CD, be given 
as in Figure 9-14. 


The lengths of these sides, or bases, are b, and be, and the distance 
between AB and GD is h. The distance h is called the height. Let Ε 
be the point on opp BA such that BE = be. Let F be the point on 
opp CD such that CF = by. Then AEFD is a parallelogram (Why?) and 
its area is (fy + byjh. We shall show that 
ABCD «<—> FCBE 
is a congruence. Then it will follow that 
ABCD) + |FCBE| =|AEFD} 
§8+ 8 = (by + beh 
oS Py + ba)h, 


9.4 Area Formulas 


To see that ABCD <—+ FCBE is a congruence, note that 


(1) £DAB = ZEFC (5) = FC 

(2) ZABC = £4 FCB (6) BC = CB 

(3) Φ ΒΟ = £CBE (7) CD = BE 

(4) CDA = / BEF (8) DA = EF 
This completes the proof. 


There are area formulas for other special polygons, but we shall not 
develop them here. In Section 9.5 we use area formulas as tools in prov- 
ing the Pythagorean Theorem. 


EXERCISES 9.4 


1. If the area of a triangle is 40 and a base is 8, find the corresponding 
altitude. 

2. [fan altitude of a triangle is 12 and the area of the triangle is 62, find the 
hase corresponding to the given altitude. 

3. The lengths of the legs of a right triangle are 17 and 9. Find the area of 
the triangle. 

4. Find the area of an isosceles right triangle if the length of one of its legs 
is 15. 

5. Find the area of a rhombus if its height is 74 and the length of one of its 
sides is 154. 


Ε Exercises 6-8 are infornnal geometry exercises. 


6. In the figure below, lines m and n are parallel and the distance between 
them is 5 ft, Pand ᾧ are points on m, and A and § are points on n such 
that PO = RS = 7 ft. If the distance from P to R is 10 miles, find 


PORS). 


7. In the situation of Exercise 6, find |PORS) if FR = 1 mile. 
8, In the situation of Exercise 6, find |PORS| if PR = 10 ft. 


9, If the area of a triangle is 5 and its altitude is ἢ, express the base b in 
terms of αὶ and ἢ. 
10. The area of a parallelogram is 50.4. Find its base if the altitude is 4.2. 
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11. Find the area of a trapezoid if its height is 7 and the lengths of the par- 
allel bases are 9 and 15, 

12. Use the formula for the area of a trapezoid and express h in terms of 
5, by, and bo. 

18, If the area of a trapezoid is 128 and the lengths of the parallel bases are 
7 and 9, find its height. 

14. The area of a trapezoid is 147 and the length of one of its parallel bases 
is 18, If the height is 7, find the length of the other base. 

15. ABCD is a parallelogram with AB = 25. If |ABCD| = 375 and Pisa 
point such that C-P-D, find | AAPB). 

16, (An informal geometry exercise.) A plot of land in the shape of a 
trapezoid has bases of lengths 121 yd. and 242 yd. If the distance be- 
tween the bases is 300 yd., how many acres of land are contained in the 
plot? (One acre contains 43,560 sq. ft.) 

17. Two triangles have the same base and their areas differ by 42. If the 
altitude of the larger triangle is 6 more than the altitude of the smaller 
one, find the length of the common base. 

18. In the figure, ABCD is a trapezoid with parallel bases AB and CD. If 
AB = ky, CD = bo, and the altitude is h, draw BD and use the Area 
Postulates and the area formula for a triangle to prove that 


ABCD| = $h(by + be). 


19. In the figure, AM is a median of AABC. Prove that 
|A ABM) = |AACM|. 
Is AABM = AACM in every case? In any case? 


20. The area of a square is equal to the area of a parallelogram. If the base 
of the parallelogram is 32 and its height is 18, find the perimeter of the 
square, 


—_—_—— 
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ΒῈ Ineach of Exercises 21-29, find, on the basis of the given data, the area or 


areas 
21. AD || BC, Bc = 8, 25. ABCD is a square, 
DE = 6. |AABC| - [Π Eis the midpoint of BC. 
The perimeter of ABCD is 48. 
᾿ ὃ |AACE| = [Π. 


23, D-G-F, DF = 6, DE = 6.5, 
GE=5. |ADEF = [i]. 


F 


26, ABCD is a peo — is 
the Bee ἄρ of 
|ABCD| = 
|AAED| = Ξ 
| AABE) = 7) 
|ABCE| = 2] 


23, AB = CD = 8, BC = DA = 6, D Ξ Cc 
DE=5. |AABCD| = [ἢ 


27. ABCD is a square; FE, Ρὶ G, H 
are midpoints of the sides; 
|JABCD| = 196. |EFGH| = [3 


24. ABCD is a parallelogram, EF 1 
DA, EF=3, BC=8 CD=4. op H δ 
| AABCD| = [Π]. a 
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25. EPGH is a square of side length 6; ABCD is a square of side length 12; 
E, F, G, H are interior points of ABCD, The area of the shaded region 
is [Ὁ 


29. Band E are collinear with A and F, K and 
H are collinear with L and G, C and J are 
collinear with B and K, D and I are col- 
linear with E and H, AFGL is a rectangle 
with area 46, BCDE is a rectangle with 
area 8, BCDE and JKHI are congruent 
rectangles. |ABCDEFGHIJKL| = ΠῚ 


F G 


30. Using the Area Postulates and the theorem of Exercise 25 in Exercises 
4.3, derive the triangle area formula for any triangle. 

31. (See Figure 9-12.) Let by = AD and let Ay be the distance between 
AD and BC. Is byh, = bh? Justify your answer, 

32. Would any of the statements in the proof of Theorem 9.1 be different 
if point E were between A and ΒΡ Draw a figure for this case. 

33. See the proof of Theorem 9.2. Prove that CE and BD are not parallel 
lines. 


34. In the proof of Theorem 9.2, prove that AABC = AFCB. 

35. Recall that a parallelogram is a special trapezoid. Show that the formula 
for the area of a trapezoid simplifies to the formula for the area of a 
parallelogram if the trapezoid is a parallelogram. 

36. A triangle might be thought of as a quadrilateral in which one of the 
bases has shrunk to a point. What number does 4{h, + bg)h approach 
iff; and ἢ are fixed and b» wets closer and closer to 0? 

97, CHALLENGE PROBLEM. Prove that the area of the triangle determined 
by the midpoints of the sides of a given triangle is one-fourth the area | 
of the given triangle, 


9.5 Pythagorean Theorem 


9.5 PYTHAGOREAN THEOREM 


In this section we state and prove the Pythagorean Theorem and 
its converse. Perhaps no other theorem in mathematics has inspired 
more mathematicians and nonmathematicians alike to find original 
proofs as has this one, There are over 370 known proofs of this the- 
orem of which over 255 employ the use of areas. The first proof of this 
theorem has been attributed by many historians to Pythagoras (582- 
501 8.c.), a Greek mathematician and philosopher, although the prac- 
tical application of the theorem was known many years before his 
time. It is not known which proof Pythagoras gave, but in the Exercises 
at the end of this section is an outline of a proof which appeared about 
300 5.6. in the first of the thirteen books of Euclid’s Elements. 

Perhaps the most unique proof of the Pythagorean Theorem was 
devised by a 16-year-old schoolgirl, Miss Ann Condit, of South Bend, 
Indiana, in 1938. The proof devised by Miss Condit and an original 
proof devised in 1939 by Mr. Joseph Zelson, an 18-year-old junior in 
West Philadelphia, Pennsylvania High School, show that high school 
students are capable of original deductive reasoning. For a list of proofs 
of the Pythagorean Theorem, including the proofs by Miss Condit and 
Mr. Zelson, see The Pythagorean Proposition by Elisha Scott Loomis, 
published by the National Council of Teachers of Mathematics, 1965. 


THEOREM 9.4 (The Pythagorean Theorem) If a, b, c are the 
lengths of the sides of a right triangle AABC, with c = AB, the 
length of the hypotenuse, then 
a+ b= οἷ, 
Proof: Let BC = a, CA = b. Let PORS be a square of side length 


a+ basin Propet The points T, U, V, W are interior points of 
PO, OR, RS, εν τὰ QU = RV = SW =a. 
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Then TO = UR = VS = WP = 5, and ATQOU, AURV, AVSW, 
4. WPT are four congruent right triangles, each with area Sab, Hence 
TUVW is an equilateral quadrilateral. Since the two acute angles in a 
right triangle are complementary angles, it follows that 


méWTU = 180 —=mZPTW —méZUTO 
= 180 —m4PTW — m4 PWT 
= 180 — (m4 PTW + mZ PWT) 
= 180 — 90 = 90. 
By a similar argument it can be shown that the other three angles of 
TUVW are right angles. Therefore TUVW is a square. Let x be its side 
length. Then 
(a + b)? = |PORS 
(a + bf = 4 Δ WPT) + |TUVW| 
(a+b)? τ 4.16} + x2 
(a + b)? = 2ab + x? 
a? + Jab + b? = 2ab + x? 
a? + b? = χα, 
It follows from the $.A.S. Congruence Postulate that A WPT = 
A.ABC, Therefore 
x=ce and α ἘΡΞῸ -  ο3, 


THEOREM 9.5 (Converse of The Pythagorean Theorem) If a, 
b, δ are the lengths of the sides of a triangle and if a? + b? = c?, 
then the triangle is a right triangle and the right angle is opposite 
the side of length ὁ, 


Proof: Let there be given AABC with AB = c, BC = a, CA = , 
and a? + b? = c®, Let AA’B'C’ be a right triangle with Β΄’ = a, 
CA’ = b, A'B’ = x, and the right angle at C’ as shown in Figure 9-16. 


Figure 9-16 
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Then 
24 52=22. Why? 


By hypothesis, a? + b? = c?, By substitution, x* = c* and, since x > 0 
and ¢ => Ὁ, it follows that x = c. Therefore ΔΑ ΒΟ = ΔΆ’ ΒΟ by the 
5.5.8. Postulate and 2 ὦ =" It follows that “C is a right angle 
and that A ABC is a right triangle. 

When solving problems by use of the Pythagorean Theorem, it 
is often necessary to find the square root of a number that is not a per- 
fect square. Recall that a rational number is a perfect square if it can 
be expressed as the square of a rational number. Thus 16 and ὦ are 
perfect squares because 


16 = (4)? and ap = (3°, 

whereas 32 and 4% are not perfect squares. If we are required to find 
the square root a a number like 32 or 42, we can approximate the 
square root by means of a rational number or we can leave our answer 
in what is called simplest radical form. Lf x = ΓΑ, where A is a posi- 
tive rational number which is not a perfect square, we say that x is in 
simplest radical form when it is expressed as B/C, where B is a ra- 
tional number and C is a positive integer which contains no factor 
(other than 1) that is a perfect square. 

We make use of the following theorems from algebra when putting 
radicals in simplest form. 

1. If aand B are positive numbers, then 


Vab = Va: vb. 


2. If a and 5 are positive numbers, then 


Example 1 Put (1) \/32, (2) \/2z, and (3) \/105 in simplest radical 
form. 
Solution: 1. Ὧν ν 18. = νΊδ' ν = ἀνῇ 

. Re fila aOR a7 ve 


3 4 


3, 4/108 is τ in simplest radical form, Why? 
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EXERCISES 9.5 


In Exercises 1-15, put the indicated radical in simplest radical form. 


1 8 9, 1/285 
2. +/18 10. ν 
3. 27 ll. νξ 
4. 50 12. νῇ 

5. 1/72 13. ves 
6. 1/38 14, 33 
it 15, VRE 
8, 9/330 


16. If a? + μὲ = c®, solve for ἃ in terms of b and c. 

17. Τῇ a? + b? = οἷ, solve for b in terms of a ande. 

18. If a? + ΒΞ = c*, solve for καὶ in terms of a and b. 

19. If the length of a diagonal of a square is 15, find the area of the square. 
(Hint: Use the Pythagorean Theorem.) 

20. In the figure, ABCD is a parallelogram, DE 1 AB at E,AD = 15, 
CD = 20, and AE = 9. Find the area of ABCD. 


In Exercises 21-28, A ABC is a right triangle with right angle at C,a = BC, 
b= CA, ὃ = AB. In each exercise, two of the three numbers a, b, c are 
given. Find the third one. Express each answer in decimal form correct to 
two decimal places. 

2l.a=10,b6=10 

22. a = 1.0, 6 = 2.0 

23. a= 10.0,b = 10.0 

24. a= 3.0,b6= 40 

25. a= 9.0, b = 40.0 

26, a—3.1,b = 52 

27. c= 100,5 = 90 

28. c= 10.0, a = 7.0 


9.5 Pythagorean Theorem 


@ In Exercises 29-36, AABC is a right triangle with right angle at ὦ, ἃ = BC, 
b= CA, ¢ = AB. In each exercise, two of the three numbers a, b, c are 
given. Find the third one, Express each answer exactly and in simplest form, 
using a radical if needed. 


29. a=—7,b = 40 

30. a= 39, 6 = 88 
31. a= 02, b= vt 
32. a= /31,b= 1/5 
3.a=$b=4 


34. a = Gx, b = 4x (Find c in terms of x.) 
35. a=x+ y,b=x — y (Find c in terms of x and y.) 
36. ¢ =u? + v2, ἃ = ει — οὗ (Find Bb in terms of wu and v.) 


37. See the proof of Theorem 9.4. From which Triangle Congruence Pos- 
tulate does the conclusion that Δ ΤΟΙ = AURV follow? 

38. See the proof of Theorem 9.4. From which Area Postulate does it fol- 
low that the area of the large square is the sum of the areas of the four 
triangles and the smaller square? 

39. See the proof of Theorem 9.4. From which Area Postulate does it fol- 
low that the four triangles have equal areas? 

40. In the proof of Theorem 9.4, which Area Postulate supports the con- 
clusion that the area of TUVW is x7? 

41. Let AABC with BC =a, AC=b, AB=c, ¢ > b,c >a, and 
c? > a? 4+ b? be given, Answer the “Whys?” in the following proof 
that “C is an obtuse angle. 


Proof: Let AA'B'C’ be a right triangle with B’C’ = a, ΟἿΑ’ = b, 

A'B' = x, and the right angle at C’ as shown in the figure. Then 
2@+PF=ox 

for ΔΑ’ ΒΟ, Why? By hypothesis, a? + b? < c? for AABC. By sub- 

stitution, x° << οϑ and, since x => 0 and ὦ 75 0, it follows that x < ὁ, 


Therefore ἐ > £C’, Why? Since m4C’ = 90, it follows that 
mC > 90. Then £C is an obtuse angle. Why? 
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42, Let AABC with BC = a, AC = bh, AB=c¢,c > b, e >a, ande? < 
ΟΡ + δὲ be given. Prove that / C is an acute angle. (See Exercise 41.) 
43. Combine Theorem 9.5 and the statements proved in Exercises 41 and 
42 into a single theorem. 
44. CHALLENGE PRosLEM. ‘The Pythagorean Theorem may be stated as 
follows. 
In a right triangle the area of the square on the hypotenuse 
is equal to the sum of the areas of the squares on the legs. 
RESTATEMENT: AVABC is a right triangle with the right angle at C, 
BC =a, AC= b, AB=c, squares ABDE, BCLK, and AFGC as 
shown in Figure 9-17a. Prove that 
|ABDE| = |BCLK] + |AFCC| 
and hence that ο = δ + b®, Complete the following proof which ap- 
peared in Euclid’s Elements around 300 8.0. 


Figure 9-17 


Proof: Draw AR, CD, and CM 1 DE at M and intersecting AB at N 
as shown in Figure 9-17h. 

() AABK= ADBC Why? 

(2) |AABK]=|ADBC| Why? 

(3) The altitude from A to KB of AABK is equal to BC, Why? 
(4) |AABK| = 4-KB-BC=4-a? ~~ Why? 

(5) |BCLK| = 2+|AABK| Why? 

(6) The altitude from C to DB of ADBC is equal to ΒΝ. Why? 
(ἢ |ACBD| =4+DB+BN Why? 


Ἂι BDMN| = 2+|ADBC| Why? 
9) |BCLK| = |BDMN| Why? 
ne Draw BF and CE. ABAF= AEAC Why? 
(ll) |AFGC| = 2-|ABAF| Why? 
(12) |JAEMN| = 2-|AEAC] Why? 
(13) |AFGC| = |AEMN| — Why? 
(14) |ABDE| = |BDMN| + |AEMN| Why? 
= |BCLK| + |AFGC| Why? 
(15) Therefore « c= a? + b Why? 
45. CHALLENGE Prostem. If your high school library contains the book 
The Pythagerean Proposition, look up the proof devised by Miss Ann 
Condit and present it to your class, 


CHAPTER SUMMARY 


In this chapter there are four Area Postulates and several area formulas 
stated and proved as theorems. The last two theorems of the chapter are 
the Pythagorean Theorem and its converse. 


POSTULATES 
Area Existence 
Rectangle Area 
Area Congruence 
Area Addition 


FORMULAS 
Rectangle Area Formula $= ab 
Parallelogram Area Formula S = bh 
Triangle Area Formula S=4bh 
Trapezoid Area Formula 5 Ξ δὲ + beh 


THE PYTHAGOREAN THEOREM. If a, b, ¢ are the lengths of the 
sides of a right triangle AABC, with ὁ = AB, the length of the hypot- 
enuse, then a? 4+ b? = ce, 


You should be able to state each of the postulates in your own words 
and to explain the meaning of each of the formulas. You should be able to 
use the postulates in developing the properties of area. You should under- 
stand the formulas so that you can recognize a situation in which a formula 
is applicable and then use it correctly. 
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10. 


REVIEW EXERCISES 


. Find the area of a trapezoid with two parallel sides of lengths 8 and 13 


if the distance between the lines containing those sides is 24, 

If the hypotenuse of a right triangle is 50 in. long and one of the legs is 
40 in. long, how long is the other leg? 

The figure shows a right triangle AABC with right angle at A and with 
D the foot of the perpendicular from A to BC. If BD = 3, DC = 54, 
and AB = 5, find | AABC). 


A 


B 8 ce 
Find the area of a right triangle if the length of the hypotenuse is \/7 
and the length of one leg is Vi. 
Find the base of a parallelogram if its area is 143 and its height is 7. 
Find the altitude of a triangle corresponding to a base of length 12 if 
the area of the triangle is 62. 


. If AABC is an equilateral triangle of side length 6, find the area of the 


triangle. {Hint:Use the Pythagorean Theorem to find an altitude of the 
Ι = fle.) 
See Exercise 7. Prove that the area § of an equilateral triangle of side 
length s is given by 

$= 3 . 85, 


4 


. Use the result of Exercise 8 to find the area of an equilateral triangle 


of side length 12, Compare the area of this triangle with that of Exercise 
7. Is the ratio of the areas of the two triangles the same as the ratio of 
the lengths of their sicles? If not, how do the areas compare? 

If ABCD is a parallelogram with m/ DAB = 45, DA = 12, and 
DC = 21, find |ABCD|, (Hint: Draw DE 1 AB at E. Which kind of 
triangle is A DAE?) 


ΜΝ In Exercises 11-13, AABC is given with a = BC, b = AC, and c = AB. 
In each exercise the three numbers a, b, c are given. Is 4 C a right, an ob- 
tuse, or an acute angle? (See Exercise 43 of Exercises 9.5.) 


I]. 


13. 
13. 


a=6,b6=9,c= 12 
a=8b= 15,6 Ξ 17 
a=llb=13,c=17 


Review Exercises 


14, The area of a trapezoid is 164 and the distance between the parallel 
bases is 10. If the length of one of the bases is 15, find the length of the 
other base, 

15, (An informal geometry exercise.) The dimensions of a shower stall 
are 3 ft. by 3 ft. by 7 ft. How many 4 in. by 4 im. tiles are needed to 
cover three of the four rectangular walls if we assume that there is no 
waste in cutting the tile? 

16. (An informal geometry exercise.) A rectangular plot of land is 100 yd. 
by 150 yd. A standard city lot for this particular plot of land is 75 ft. 
by 150 ft. and sells for $3000. Ifa real estate agent can buy the plot of 
land for $30,000, how much profit would he make if he divided it into 
standard Iots and sold all of them? Disregard surveying and legal 
expenses. 

17. An isosceles triangle has two sides of length 13. If the altitude to the 
base is 12, find the area of the triangle. 

18. A rhombus has sides of length 10 and the measure of one of its angles 
is 45. Find its area, 

19. The length of the hypotenuse of a right triangle is 25 and the length of 
one leg is 24, 

(a) Find the length of the other leg. 
(b) Find the area of the triangle. 
(οὐ Find the altitude to the hypotenuse. 

20. A right triangle has legs of lengths 10 and 24 and hypotenuse of length 
26. 

(a) Find the area of the triangle, 
(b) Find the altitude to the hypotenuse, 

21. The length of one base of a trapezoid is 5 more than twice the length of 
the other base. If the area is 100 and the altitude is 10, find the lengths 
of the two bases. 

22. In the figure, AD is an altitude of AABC. If AD = 24, AB = 26, and 
AC = 30, find BC and | AABC). 


23. Recall that the diagonals of a rhombus are perpendicular to each other. 
Use this fact to find the area of a rhombus whose diagonals are of lengths 
10 and 8, How is the area of the rhombus related to the lengths of its 
diagonals? State this relationship in the form of a theorem and prove it, 
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24, In the figure, AB 1 BD, B-C-D, AC = 10, BC = 6, and AD = 17. 
Find BD and | AACD), 


A 


πε- D 


25. In the figure, with right angles and congruent segments as marked, if 
VA = 2 and AB = 1, find VF. 


26. Taking the area of a given unit square as 1 and using any of the Area 
Postulates except the Rectangle Area Postulate, prove that the area of 
a 4 by 5 rectangle is 20, 

27. Taking the area of a given unit square as 1 and using any of the Area 
Postulates except the Rectangle Area Postulate, prove that the area of 
a ὦ by } rectangle is 4. 

28. The figure suggests an alternate proof of the Pythagorean Theorem 
which makes good use of the area formulas for a trapezoid and a tri- 
angle. Write out the main steps in this proof. (The proof suggested by 
this figure is attributed to President Garfield and was discovered by 
him around 1876.) 


Review Exercises 


29. CHALLENGE ProBLEM. The figure shows a triangle and its three medi- 
ans intersecting at the point (ὦ which is two-thirds of the way from any 
vertex to the midpoint of the opposite side. Prove that 


|AAGC| = 2-|AGDC. 


ΒΕ 


30, CHALLENGE ProsLEM. Given the same situation as in Exercise 29, 
prove that the six small triangles all have the same area. 


= 4 | Ξ 
Ss | 


" 
" 
ἘΠΕῚ: 


a 


C 
h 
fae 
r 


Similarity 


10.1 INTRODUCTION 


Our experiences with objects of the same size and shape suggest 
the concept of congruence in formal geometry. The idea of same shape 
suggests the concept of similarity which you are about to study in this 
chapter. Consider a picture and an enlargement of it. In the enlarge- 
ment each part has the same shape as it has in the original picture, but 
not the same size. The picture and its enlargement are examples of 
similar figures. 

Consider a floor plan for a building. The floor plan is a drawing 
made up of segments labeled to show the lengths of the segments in the 
actual building which the segments on the drawing represent. The 
floor plan is similar to the actual floor of the building. Although the 
plan and the floor do not have the same size, they surely have the same 
shape. Each segment in this plan is much smaller than the segment it 
represents in the building. We express this fact by saying that the plan 
is a scale drawing of the floor. Each angle in the plan has the same size 
as the angle it represents on the actual floor. 

In drawing a floor plan, lengths are reduced and angle measures are 
preserved, The lengths of segments in a floor plan are proportional to 
the lengths of the segments that they represent in the floor, and a state- 
ment of this fact is an example of a proportionality. In the next two 
sections we define a proportionality and develop some of its properties. 
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In the remaining sections we develop the concept of similar figures. 
The main theorems of this chapter have to do with triangle similarity. 
The chapter includes a proof of the Pythagorean Theorem based on 
similar triangles. 


10.2 PROPORTIONALITY 


Figure 10-] shows two figures, one with side lengths labeled a, b, 
c, εἰ, ε and the other with a’, b’, ο΄, α΄, ο΄, Note that a = 2a’, b = 2b’, 
c = 2c’, ἃ = 2d', e = 26', and hence that 


e=15 


αἰ" πὶ ἃ 


aad e m4 


Figure 10-1 


We can express the idea of these equations by saying that a, b, c, εἰ, e 
are proportional to a’, b’, ο΄, d’, δ΄, respectively. 


Definition 10.1 Let a one-to-one correspondence between 
the real numbers a, b, c,... and the real numbers a’, Bb’, ε΄. 
..- dn which ἃ is matched with a’, b is matched with b’, c is 
matched with σ΄, and so on, be given, Then the numbers a, b, 
¢,... are said to be proportional to the numbers a’, δ΄, οἷ, ... 
if there is a nonzero number k such that a = ke’, b = kb’, 
ecmke',.... The number k is called the constant of 
proportionality, 


In Definition 10,1, why do you think k is required to be a nonzero 
number? 


10.2 Proportionality 


Notation. We use = to mean “are proportional to.” We use 
(a, b,c... .) to represent an ordered set of numbers. Then 


(a, b, e,...) = (a’, δ', ο΄,..ἡὃ 


means that the numbers a, b, c,...are proportional to the numbers 
a’, b’, c’,..., it being understood that a is matched with a’, b with b’, 
e with οἷ, and so on. Note that the order of the numbers in the set 
(a, b,c, ...) and in the set (α΄, b’,c’,.. .) is important only to the extent 
that corresponding numbers must appear in the same order in the pro- 
portionality. Thus if we have 


(a, bc...) = (α΄, δ', σ',..ἡ, 
we could also write (b, c, a, . . .) = (b', ο΄, α΄... ἡ, and so on. 
Example 1 (See Figure 10-1.) (4, 7, 3, 6, 8) = (2, 3.5, 1.5, 3, 4). 
Example 2 (2, 3.5, 1.5, 3, 4) = (4, 7, 3, 6, 8). 
Since 
2 -- 3.4, 3.5 = 5.7, 15=45-:3, 3=5°6 4=4°8, 
the constant of proportionality in Example 2 is 4. What is the constant 
of proportionality in Example 1? 
Example ἃ If (x, y, 9) = (7, 8, 6), find αὶ and y. 


Solution: There is a number k such that α Ξ Κ' 7, y= Κ' 8, 
9 = Κ΄ 6. From the last equation we have k = 4, so 


s=#$7=105 and y=§-:8=12. 
Example 4 Is the following statement true or false? 


(5, 8, 10) = (8, 12.8, 16). 


Solution: The statement is true if and only if there is a nonzero num- 
ber k such that 


o=k+8 
8 τ k- 12.8 
10=k+16 


From the first of these three equations, we see that k must be a or 
0.625. We must now check to see if this k “works” in the other two 


equations. 
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Check. Is 8 = 0,625 - 12.8? Yes. 
Is 10 = + 16? Yes. 
Therefore (5, 8, 10) = (8, 12.8, 16) is true. 


Example ὅ Is the statement (4, 6, 10) = (6, 9, 16) true? 


Solution: 
If 4=k-6, then k = 4. 
Is 6 = 2-9? Yes. 


Is 10 = Ze 16? No. 
Is the statement (4, 6, 10) = (6, 9, 16) true? No. 


EXERCISES 10,2 


In Exercises 1-12, determine whether the given statement is true or false. 
If it is true, find the constant of proportionality. The answer for Exercise 1 
has been given as a sample. 

L. (1, 1,5) = (3, 3, 15). True; k = 4. 

2. (3, 6, 9) = (2, 4, 6) 

3. (5, 1) = (8, 2) 

4. (6, 10, 15, 21) = (7, 11, 16, 22) 

5. (5, 15, 25, 35) = (1, 3, 5, 7) 

6. (2, 6, 7, 15) = (1, 3, 3.5, 7.5) 

7, (1, 3,1 + 3) = (2, 6, 2 + 6) 

8. (x,y, x + y) = (Tx, Ty, Tx + Ty) 

9. (u, 0, w) = (—3u, —30, —310) 

10. (0, 0, 0) = (5, 10, 15) 

11. (5, 10, 15) = (0, 0, 0) 

12, (0, 0, 3) = (0, 0, 4) 


In Exercises 13-20, copy and complete the given statement so that it will 
be true. 


13. (6, 8) = {Π|. 6) 

14. {{Π|, 2], 100) = (5, 6, 10) 

15. (5, EI, ἢ = (EA 8, 10.5) 

16. If (3, x) = ="(8, 10), then x = [7]. 

17. If (7, 9) = (7x, 18), then x = [7]. 

18. If (7, x) = (14, 21), then x = [7]. 

19. If (5, x) = (x, 125) and x > 0, then x = [J] 

20. If (3, x) = (8, y) and y 0, then (3, [7]} = (x, y). 


10.2 Proportionality 


@ In Exercises 21-30, x is a positive number and (3, x) = (5, 15). In each ex- 
ercise, determine whether the given statement is true. 


21. 


2.- 


re πη 
{σι Ἵν, 


ΞῚ 


23. Bn2+=6, 15, 20) 


24. 
25 
26. 


27. 


25. 
29. 


30. 


ΕΝ 


0, 
36, 


(x, 3 -- x) = (15, 10) 


. (x, 8) = (15, 5) 


(3, 5) = (, 15) 


(3, 15) = (, δ) 
(3, 5) = {15, x) 
o°15=2-5 
a ae 
*+3 5415 


Does (a, b, c) — > (ἃ, ες ἢ indicate the same one-to-one corre- 
spondence as (a,c, b) <—+ (d, f, e)? As (c, a,b) <—+ (f, d, e)? As 
(c, b, a) <—> (f, e, d)? 

If a, b, e, d are nonzero numbers such that (a, b) = (ὁ, d) with pro- 
portionality constant 2, is it true that (b, a) = (d, οἱ with proportionality 
constant 2? Give your reasoning. 


. Ifa, b, ας. d are nonzero numbers such that (a, b) = ἴα, d) with propor- 


tionality constant 2, is it true that (c, d) = (a, b) with proportionality 

constant 2? Give your reasoning. 

A a, - 6, d are nonzero numbers such that (a, ΒῚ = (6, d), prove that 
= (b, hs 

: 1 δ) = (c, d), prove that ad = be, 

If ad = bc, prove that (a, b) = (0, εἰ. 


@ In Exercises 37-40, copy and complete the given statement so that it will 
be a proportionality. 


7. 


38. 


(5, 7, 10, 12) = (10, 2), 2) [Π} 
(22. G3. 1) = (15, 37, 100) 


39. (0.37, 0.67, 0.93) = ({ΠἸ, 67,,[5]} 


40, 


(V2, V3, V5) = (V8, 2 BD) 
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10.3 PROPERTIES OF PROPORTIONALITIES 


As you might expect from your study of algebra and from some of 
Exercises 10.2, proportionalities have some interesting properties. In 
this section we show that the proportionality relation is reflexive, sym- 
metric, and transitive, and therefore it is an equivalence relation. 
Hence the relation denoted by “=” has some properties in common 
with the relations denoted by “=” and “=.” We shall also state and 
prove addition and multiplication properties. At the end of this sec- 
tion we consider some special proportionalites called proportions. 

We shall prove the next two theorems for proportionalities involv- 
ing triples of numbers. It is easy to see how the statements and proofs 
can be modified for proportionalities involving more than or fewer 
than three numbers, 


THEOREM 10.1 The proportionality relation is an equivalence 
relation, 


Proof: 


1. The Reflexive Property. Let a, b, c be any real numbers. Ob- 
serve that (a, b, c) = (a, b, c) with proportionality constant 1. 


2, The Symmetric Property, Suppose that (a, b,c) = (d, e, ἢ), Then 
there is a nonzero number k such that a = kd, b = ke, ec = kf. 


Why? Then d= κα, ὃ = ἢ, f= Κα, where Κ' = 1 and 


ki == ἢ. Therefore (ὦ, 6, f) = (a, b,c). Thus if (a, b, ¢) = (ἃ, e, [ἢ 


μ 


with constant of proportionality k, then (εἰ, e, f) = (a, b, c) with 
constant of proportionality + : 


3. The Transitive Property. Suppose (a, b, c) = (d, ε, f) and 
(δ ε Ε, Ds = (g, h, i). Then there are nonzero numbers ky and kz 


a = kad, b = kye, στε ας, 
d= koe, e = koh, f = kat. 
Then 
a = kyd = ky(keg) = (Rike)g, 
b = kye = Κι κι ἢ) = (hy kajh, 
c= Κι — ky (kei) = (kiko li. 


10.3 Properties of Proportionalities 


Since ky γέ 0 and ks + 0, it follows that Κι κν + 0. Therefore, if 
a, b, ¢ are proportional to d, e, f with constant of proportional- 
ity Κι, and d, e, f are proportional to g, h, i with constant of pro- 
portionality ke, then a, b, δ are proportional to g, h, i with con- 
stant of proportionality kyke. 


In the next theorem note that (1) is an “addition” property and that 
(2) is a “multiplication” property. 
THEOREM 10.2 If (a, b,c) = (d, 6, f), then 
ἃ) @bca+b+o=(def.dte+f), 
and, if ἢ + 0, 
(2) (ha, b, c) = (hd, ¢, f). 


Proof: Let it be given that (a, b, οἱ = (d, ¢, f). Then there is a non- 
zero number k such that 


a = kd, b = ke, c= Ky. 
Adding, we get 
a+bhb+c=kd + ke + kf, 
and, by the Distributive Property, 
a+b+c=akd+e+f). 
Multiplying both sides of ἃ = kd by h, we get ha = h(kd), and hence 
ha = kthd). 


We have shown that if a, b, c are proportional to d, ε, f with constant 
af proportionality k, then (1) and (2) hold with the same constant of 
proportionality. 


Example 1 Figure 10-2 shows a triangle AABC and a segment DE 
joining a point D of AB to a point E of AC. Suppose we know that 
(AD, DB) = (AE, EC). 


Figure 10-2 
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We may conclude from the addition property of proportionality that 
(AD, DB, AD + DB) = (AE, EC, AE + EC) 

and hence that 
(AD, DB, AB) = (AE, EC, AC), 
since AB = AD + DB and AC = AE + EC. Of course, we may also 
conclude that 
(AD, AB) = AE, AC). 


This may not be the “‘whole truth,” but it is certainly the “truth.” It is 
like conchiding that if x = 3u, y = 30, and z = 3w, then x = 3u and 
y = 30. Similarly, we may conclude that 


(DB, AB) = (EC, AC). 


Example 8 Let AABC with D an interior point of BC be given as 


suggested in Figure 10-3, Let h denote the distance from A to BC, let 
BD = hy, and let DC = be. Then 


|AABD| = $hb,, =|AADC| = 4hbo. 


Figure 10-3 B by D bg Cc 


Therefore (| AABD|, |AADC|) = (bi, be), and the constant of propor- 
tionality is 44. Thus the areas of the two triangles formed from AABC 
by inserting the segment AD are proportional to the lengths of the seg- 
ments formed from BC by inserting the point D, In this connection 
some of you will recall Challenge Problem 29 in the Review Exercises 
of Chapter 9. 

We frequently work in geometry with proportionalities in which 
two numbers are proportional to two numbers. Such proportionalities 
are generally called proportions, Following a formal definition is a 
list of some of their special properties. 


Definition 10.2 If a, b, ¢, εἰ are numbers such that 
(a, b) = (ὁ, d) is a proportionality, then that proportionality 
is a proportion. 


10,3 Properties of Proportionalities 


In other words, a proportion is a proportionality with two num- 
bers on each side of the “=” symbol. 

The following theorem includes four named properties of 
proportions. 


THEOREM 10.3 Proportions involving nonzero numbers a, b, 
c, d have the following properties: 
1. Alternation Property. If (a, b) τι (c, d), then 

(a, c) = (b, εἰ and (εἰ, b) = (c, a). 


2, Inversion Property. If (a, b) = (c, d), then 

(b, a) = (d, ¢). 
3. Product Property. (a, δ) = (c, d) if and only if ad = be. 
4. Ratio Property. (a, b) = (c, d) if and only if + = 4. 


Proof: Assigned as exercises. 


If you think of ἃ and εἰ as the “outside” numbers and b and c as 
the “inside” numbers of a proportion 


(a, b) = (ο, dl), 


the Alternation Property says ses if you interchange either the out- 
side numbers or the inside numbers in a proportion, then the result is a 

If you combine the Inversion Property with the Ratio Property, 
the Inversion Property amounts to saying that if two ratios are equal, 
then their “inversions” (reciprocals) are equal. 

In Theorem 10.3, the numbers in the proportions are required to 
be nonzero numbers. What would be the situation if zeros were per- 
mitted? Note that (0, 5) = (0, 10) isa true statement, whereas (0, 0) = 
(5, 10) is a false statement. Therefore the proportion 


(0, 5) = (0, 10) 


does not have the Alternation Property. Observe that 0-7 = Ὁ "8 15 ἃ 
true statement, whereas (0, 0) = (8, 7) is a false statement. Therefore 


the Product Property does not ‘apply to 0: 7 = 0 - 8. Observe that 
(1, 0) = (2, 0) 


is a true statement, whereas } = ὦ is a false statement. Therefore the 
Ratio Property does not apply to (1,0) = (2, 0). 
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EXERCISES 10.3 


1. If a, b, c, d are all nonzero numbers, then (a, ἢ, ο, d) = (a, b, c, (ἢ. 
What is the constant of proportionality in this proportion? Which prop- 
erty of an equivalence relation does this illustrate? 

2, Given (a, b, c, αἱ = (ef) & /), prove that 


(e, fi & h) = (a, b, ed). 
Which property of an equivalence relation does this illustrate? What 
is the relation between the constants of proportionality for these two 
proportionalities? 

3. Given (a, b) = (ὁ, d) with proportionality ἐς τῳ ky and (c, d) = {ε, ἢ) 
with proportionality constant ky, then (a, b) = (6, f) with some pro- 
portionality constant, say ky. How are kj, ke, i related? Which prop- 
erty of an equivalence relation do we have illustrated here? 

4, Inthe figure A, B, C are noneollinear points; A, Bi, By, B are collinear 
and arranged in the order named; A, Cy, Cy, C are collinear and ar- 
ranged in the order named. It is given that 

(AB,, ByBp, BgB) = (AC,, Οὐ, C2C) 


with constant of proportionality 0.5. Prove, using the properties of 
proportionalities, that 

(a) (AB, AB) = (AC, AC). 

(b) (16AB,, AB) = (16AC,, AC), 


c 


@ In Exercises 5-11, complete the given statement and name the property 
which it illustrates. Assume that none of the numbers in these exercises is 


#670, 

5, If (a, b) = (3, a), then (a, 3) = (, [?]). 

ὁ, If (x,y) (6.7). then (y, α) = (7. 2) 

7. If (u, υἱ = (5, 6) and (5, 6) = Ξ (x, y), then (ἡ, ©) Ξ (x, []} 


8, If (a, b) = (c, [7]), then (a, a + b) = ἰδ, ὁ + d). 
9. If (x, y y) = (1. 2), then (3x, y) = (EL 2). 
10. If (x, y) = {{} 7), then 7x = 4y. 


ll. If (x, y) 7 (5, 8), then : ΞΞ [. 


10,4 Similarities between Polygons 


ΜῈ In Exercises 12-21, write a proportion, or complete the given one, so that 


it will be equivalent to the given information. Starting with the given in- 
formation, you should be able to prove that the proportion is true. Starting 
with the proportion, you should be able to prove that the given equation 
(or equations) is true. 


15. $=4, ὅν ν) τ (ἘἸ..Π]} 17. α τε wy=% 
13, 5 = =<; 6.8) ς (Π}{Π|) 18. 5 Ξ- ὁ 
4322, y%95(aa) “0 ἐδ 
63=4; φῶ τ (6}Π) 7744 
16. a τε 3x, b = 3y 21. 5 - 


Exercises 22-25 refer τὸ Theorem 10,3, Prove that proportions involving 
nonzero numbers have the indicated properties. 

22. The Alternation Property. 

23. The Inversion Property. 

24. The Product Property. 

25. The Ratio Property. 


10.4 SIMILARITIES BETWEEN POLYGONS 


In this section we define what is meant by a similarity between two 
polygons. In developing our formal geometry we use similarities as 
tools; in most cases we consider similarities between triangles. 


Definition 10.3 

1. A one-to-one correspondence ABC... <> ΑΓΒ"... 
between the vertices of polygon ABC...and polygon 
A'P'C’ ...is a similarity between the polygons if and 
only if corresponding angles are congruent and lengths of 
corresponding sides are proportional. 

2. If ABC... <—» A'B'C’.. . is a similarity, then polygon 
ABC ...and polygon A’B’C’ ... are similar polygons and 
each is similarto the other, 

3. If ABC... <> A'B'C’... is ἃ similarity with 
AB = KA'B’, BC = kB’C’, and so on, then k is the con- 
stant of proportionality, or the proportionality constant, 
for that similarity. 
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Notation. The symbol“ —” is read “is similar to”; hence ABC... ~ 
A’B'C’.... is read “ABC. . . is similar to A’B’C’..,." This means that 
ABC... —> A'B'C’... 
is a similarity. 
Example 1 Figure 10-4 shows two quadrilaterals ABCD and Αἰ ΒΟ Ρ' 
with segment lengths and angle measures as indicated. It ap- 
that ABCD <—+ ΑΒ ΟΠ is a similarity and hence that 
ABCD ~ A'B’C'D", Let us check this conjecture. There are eight pairs 
of corresponding parts including four pairs of corresponding angles 
and four pairs of corresponding sides: 
ZA and LA’; 
2B and ZB’; 
#C and LC’; 
£D and £D’: 


A'B; 


WE aa 
ZEEE 


Figure 10-4 
First we check the angles. 


mZA=méZA' = 90, 
mZB=mB = 45, 
mZC=mic = 135, 
mi£D=mZD' = 90. 


Therefore, corresponding angles are congruent. Next we check to see 
if the lengths of corresponding sides are proportional. We want 


(AB, BC, CD, DA) = (A'B', B'C’, C'D’, D’A’). 
Substituting, we get 
(7, 34/2, 4, 3) = (3.5, 1.52, 2, 1.5). 


Since this is indeed a proportionality, with constant of proportion- 
ality 2, the lengths of corresponding sides are proportional. There- 
fore, it follows directly from the definition of a similarity that 
ABCD ~ A'B'C'D". 


10.4. Similarities between Polygons 


In Example 1 the constant of proportionality between the lengths 
of the sides of quadrilateral ABCD and the lengths of the correspond- 
ing sides of quadrilateral A’B'C'D’ is 2. Is it possible that in another 
example the constant of proportionality might be 1? Of course it is. In 
this special case of a similarity, corresponding angles are congruent 
and corresponding sides are congruent. Hence for this special case you 
should see that the similarity is a congruence. In other words, a 
congruence between polygons is a similarity between polygons for 
which the constant of proportionality is 1. 

Just as congruence for triangles is an equivalence relation, so also 
is similarity for polygons. We state this fact as our next theorem. 


THEOREM 10.4 The relation of similarity between polygons is 
reflexive, symmetric, and transitive. 


Proof: We shall prove the theorem for triangles. It is easy to modify 
this proof to get a proof for quadrilaterals, pentagons, and so on. 


Reflexive. Let AABC be given. Since AABC = AABC, it follows 
that AABC ~ AABC. What is the constant of proportionality for 


(AB, AC, BC) = (AB, AC, BC)? 


Symmetric. Suppose that AABC~ ADEF; then 4A=/D, 
£B=ZE, £4C=/F, and 


(AB, BC, CA) = (DE, EF, DF). 


We want to prove that ADEF ~ AABC, which means that 2 D = 
LA, ZE= /B, /F = £C, and that 


(DE, EF, DF) = (AB, BC, CA), 


Now 4A=ZDimplies 4D=ZA, £4B=ZE implies 4E=/B, 
and 2C =F implies 4F =2C, (Which property of congruence 
for angles supports this deduction?) Also, 

(AB, BC, CA) = (DE, EF, DF) 
implies that 

(DE, EF, DF) = (AB, BC, CA). 


(Which property of proportionality supports this deduction?) 
Therefore 

A ABC ~ ADEF 
implies that 

ADEF ~ AABC, 


and similarity for triangles is a symmetric relation. 
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Transitive. Let it be given that AABC~ ADEF and _ that 
ADEF ~ AGHI, The proof that AABC ~ AGHI is assigned as an 
exercise. From this it follows that similarity for triangles is a transitive 
relation, 


THEOREM 10.5 The perimeters of two similar polygons are 
proportional to the lengths of any two corresponding sides. 


Proof: Asin the case for Theorem 10.4, we shall prove Theorem 10.5 
for triangles. It is easy to modify this proof to get a proof for quadri- 
laterals, pentagons, and so on. 

Let AABC ~ AA'B'C’ be given and let p be the perimeter of 
A ABC and p’ the perimeter of AA’B'C’, By the definition of similarity 
we have 

(AB, BC, CA) = (A’B’, ΒΌ", C’A’). 
By Theorem 10.2, 
(AB, BC, AC, AB + BC + CA) 
= (A'B’, BC’, A’C, A'B’ + B'C’ + CA’). 

But 

p=AB+BC+CA and jp’ =A'B’ + BC + CA’. 
Therefore 

(AB, BC, CA, p) = (A’B’, B'C’, C’A’, p’) 
It follows that 
(AB, p) = (A'B’, p’) 
and, from the Alternation and Inversion Properties that 
(p, p’) = (AB, A’B’). 
In a similar way, it can be shown that 
Φ, Ρὴ = (BC, BIC’) and ψ,ρὴ τ (CA, C’A’). 

This completes the proof of Theorem 10.5 for triangles, 


EXERCISES 10.4 


1, Complete the proof of Theorem 10.4 by proving that 
AABC —~ AGHI, 

ἃ, Given AABC~ ADEF, mZA=30, mZBE=60, AB = 20, 
BC = 10, CA = 10/3, DE = 100, find mZD, mZE, mZF, EF, 
and DF, 


10.4 Similarities between Polygons 


® In Exercises 3-10, there are figures showing two similar triangles with some 
side lengths indicated and a similarity statement given. In each case, find the 
proportionality constant of the given similarity statement and the lengths 
of any sides whose lengths are not given. 


3. F 


AABC ~ ADEF 


APQR ~ ATQS 


ἘΠ : “ii 


ATSZ --- AXYE 
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ADEF = AHGF 
9 H : 4 
fia 
“ἃ 
r 1 A D 
AKED ~ AHAT 


AABC — ΔΑΒ 


11. Given; AABC ~ ΔΑΒ ὦ 
ΔΑΒ - ΔΑΒ" 
AB = 4A'B’ 
A'R’ = SA"B" 
Prove: AABC = ΔΑ ΕΠ" 
15. Let AANT ~ AMUD with 


If the shortest side of A. MUD is of length 1000, find the length of the 
shortest side of A.ANT. 


10.4 Similarities between Polygons 
13. If in Exercise 12, p and μ' denote the perimeters of the smaller triangle 
and the larger triangle, respectively, find ες 
14. ABCDE and A‘B'C'TYE’ are pentagons such that 


(AB, BC, CD, DE, EA) = (ΛΒ΄, BC’, CD’, D'E’, E’A’), 
ΣᾺ Ξξ ἐ ᾿", £BaclP, ἐστε, 
£D=/D ZESZE, and AB = 13. Ἐ-. 
Prove that the perimeter of ABCDE is 13 times the perimeter of 
A'B'C'DYE’. 
15, If AABC ~ AA’B'C’ and AB = 10, BC = 8, A’B’ = 25, A’C’ = 35, 
find Β΄ and AC. 
16. If APOR ~ ASTV and PO = 24, ST = 16, PR = 18, T'V = 10, find 
OR and SV, 
11, If AABC ~ ARST and 7: AB = 4. RS, what is the ratio of the per- 
imeter of AABC to the perimeter of ARST? 
18. If AABC ~ ADEF, AB = 5, BC = 7, AC = 8, and the perimeter 
of ADEF is 60, find DE, EF, and DF. 
19, In the figure, A-K-T-S, RK 1 AS, RK = 3, AT = 8, TS = 4. 


) ig 
A Ε T 8 


(a) Find [Δ ΗΑΤΙ, the area of A RAT. 
(Ὁ) Find |ARTS|. 
(c) Solve for x: (| A RAT), | ARTS|) = (x, 4) 
20. In the figure, A-K-T-8, RK 1 A$, AK = 3, AT = 12, TS = 2. 


R 


(a) Find |ARAT]. 
(b) Find |ARTS|. 
(6) Solve for x: (x, | ARTS|) = (18, 2). 
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21. In the figure, M-S-O-T, NS 1 MT, MO = 12, OT = 5. 


(a) Solve for x: (| ANMOJ, | ANOT|) = (12, 2). 
(b) Solve for y: (| ANMO|, y} = (|ANOT|, 5). 


_,.. |ANMT| « 
Solve fo —— ee AS 
©) "= TANOT| 8 


22, In the figure, R-F-S-T, R-D-E-W, SE || TW, FE 1 RT, DS 1 RW, 
RS = 20, ST = 10, RE = 30, EW = 15, FE = 29. 


T Ww 


(a) Find | RSE}. (b) Find | ASTE]. 
(c) Find SD. (d) Find | ASEW). 
23. In the figure, A-D-B, A-E-C, DE || BC, BD = 12, DA = 20, 
|ABDE| = 190. 
(a) Find | AADE]. 
(b) Find | ADEC). 
(c) Find the ratio of AE to EC. 
(d) Find the ratio of AD to DB. 
(e) Compare the ratios in (c) and (d). 
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10.5 SOME LENGTH PROPORTIONALITIES 


In this section there are several theorems regarding the lengths of 
segments formed by lines parallel to one side of a triangle intersecting 
the other two sides, and there are other theorems extending these ideas 
to lengths of segments formed when three or more parallel lines are 
cut by two transversals. These theorems are useful in proving the 
similarity theorems of Section 10.6. 


THEOREM 10.6 (Triangle Proportionality Theorem) ΤΕ a line 
parallel to one side of a triangle intersects a second side in an in- 
terior point, then it intersects the third side in an interior point, and 
the lengths of the segments formed on the second side are propor- 
tional to the lengths of the segments formed on the third side. 


Proof: Let there be given a triangle AABC and a line | such that | 
intersects AB in an interior point D and such that / is parallel to BC as 
suggested in Figure 10-5, We know from Theorem 2.6 that / inter- 
sects AC in an interior point. Call it E. We shall prove that 


(BD, AD, BA) = (CE, AE, CA). 


Figure 10-5 
Let 
hy be the distance from E to ‘AB, 
hy be the distance from D to AC, 
ha be the distance between DE and BC. 
Following are the main steps in the deductive reasoning which com- 
pletes the proof of the theorem. You are asked in the Exercises to sup- 
ply the reasons for steps 1 through 7 (definitions, theorems, preceding 
steps, ete.). 
BD _ 3h-BD _ \|ABED| 
‘AD 4hj-AD” |AAED| 
p, CE ἍΜ: εξ _ |ACED| 
AE 4ho-AE |AAED| 
3. |ABED| = 4h3+ DE = | ACED| 
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BD CE 
AD” AE 
. BD: AE = AD‘CE 
. (BD, AD) = (CE, AE) 
. (BD, AD, BA) = (CE, AE, GA) 
Therefore, the cis of AB and the segments formed by / cutting 


AB are ape to the lengths of AC and the segments formed 
byl nh From step 7 we get step 8, 


8, (BD, BA) = (CE, CA) and (AD, BA) = (AE, CA) 
From step 8 we step 9 using the Srenetias Property. 
9, (BD, CE) = (BA, CA) and (AD, AE) = (AB, AC) 


Therefore, the lengths of AB and the segments formed by | cutting 
other two sides in interior points, then it cuts off segments whose 
lengths are proportional to the lengths of those sides. 


4, —— 


“1m oF 


THEOREM 10.7 (Converse of the Proportionality 
Theorem) Let AABC with points D and E such that A~D-B and 
A-E-C be given. If 


(AD, AB) = (AE, AC), 
then DE | BC, 


Proof: Let AABC with points D and E such that A-D-B, A-E-C, 
(AD, AB) = (AE, AC), as suggested in Figure 10-6, be given. 


Figure 10-6 


Let | be the unique line through D and parallel to BC. Let Ε΄ be the 
point in which / intersects AC, In the figure, E and Ε΄ appear to be dif- 
ferent points, We shall show that they are actually the same point. 


Since 1 is parallel to BC, it follows from Theorem 10.6 that 
(AD, AB} τ (AE’, AC), 
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But it is given that 

(AD, AB) = (AE, AC). 
Therefore 

(AE’, AC) = (AE, AC). Why? 
Then 


AE’-AC=AE+AC (Why?) 


and AE’ = AE. Since E and Ε΄ are points of AC that are on the same 
side of A and at the same distance from A, it follows that E = E’. Since 


1 = DE’ = DE, 
it follows that DE || BC. 


The word “cut” is used frequently as a synonym for “intersect,” 
particularly in situations involving several lines and a transversal, as in 
our next theorem. 


THEOREM 10.8 If two distinct transversals cut three or more 
distinct lines that are coplanar and parallel, then the lengths of the 
segments formed on one transversal are proportional to the lengths 
of the segments formed on the other transversal. 


Proof: We shall prove the theorem for three parallel lines. It is easy 
to modify the proof for more than three parallel lines, 


& t Figure 10-7 


Let καὶ and ¢ be two distinct transversals of three distinct lines |, πὶ, 
n that are coplanar and parallel as suggested in Figure 10-7. Label the 
points of intersection as in the figure. Draw AF. Let G be the point 
of intersection of m with AF. It follows from the Triangle Proportion- 
ality Theorem, applied to A ACF, that 


(1) (AB, AC) = (AG, AF) 
and from the same theorem, applied to AAFD, that 
(2) (GA, FA) = (ED, FD). 
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From the Transitive Property of Proportionality it follows that 

(3) (AB, AC) = (DE, DF). 

Similarly, we may show that 

(4) (BC, AC) = (EF, DF). 

Then from (3) and (4) we get 

(5) (AB, BC, AC) = (DE, EF, DF). 


COROLLARY 10.8.1 Ifa line bisects one side of a triangle and is 
parallel to a second side, then it bisects the third side. 


Proof: Assigned as an exercise. 


EXERCISES 10.5 


In Exercises 1-5, there is a triangle, AABC, with points D and E such that 
A-D-B and A-E-C, DE 1 BC, and with lengths denoted as follows: 
p = AD, q = DB, r= AE, s = EC. In each case, given three of the four 
numbers p, q, ΓΤ, 5, find the missing one. Draw and label a figure for each of 
these exercises. 


lL p= 6, q = 6, r=75, ἘΞ ΓΠ 
2 p= Β, ἢ = 6, r=(7#,L s=8 

%2p=1, g=—L r=10, s= 13} 
4.p=[], q = 8%, geet ἐν s = 20 
8, p= γῇ, q= V3, r=4 Β ΞΕ Ἢ 


In Exercises 6-10, there is a triangle, AABC, with points D and E such that 
A-D-B and A-E-C, and with lengths denoted as follows: x = AB, y = AC, 
p= AD, q = DB, r= AE, s = EC. In each case, given some of these 
lengths, determine whether or not the lines DE and BC are parallel. Draw 
a figure for each exercise, 

6&xc= 1 y= 8, p = 5, r= § 

Ἴ. ΞΟ, gas, ΒΞ ὅ, f= To 

Bp= ὅδ, g= 15, r = 60, #= 36 

Bp O00, ¢=0.88, r=081, ἡ -ῷΖ 0.81 

10. p= ν, χ Ξε ἢ, r= 8, y=o4 


11, Write a “reason” for each of steps 1 through 7 in the proof of Theorem 
10.6. 
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12. Coplanar and parallel lines a, b, c, d are cut by transversals s and ft as 
suggested in the figure. Given lengths of segments as labeled in the fig- 
ure, find x and y, 


13. If three distinct coplanar and parallel lines are cut by two distinct par- 
allel transversals, then the lengths of the segments formed on one trans- 
versal are proportional to the lengths of the segments formed on the 
other transversal. What is the constant of proportionality in this case? 

14. In the proof of Theorem 10.8, Figure 10-7 suggests that s and ¢ do not 
intersect in the portion of the plane between lines / and n. Draw a figure 
for this theorem which shows 5 and ¢ intersecting at a point between 
lines | and n. Is the proof for this theorem, as given, applicable for the 
case suggested by your figure? 

15. Consider again Figure 10-7. Suppose that the figure is modified to show 
5. and ἐ intersecting at a point P on the opposite side of line | from n. 
Using Theorem 10.6 and Figure 10-7 suitably modified and labeled, 
obtain some proportionalities involving lengths of segments with P as 
one endpoint, Use these proportionalities to prove that 


(AB, AC) = (DE, DF). 


16. Complete the following proof of Cupar 10.8.1. Let AABC be given 
with D the midpoint of AB and let | be the line through D, parallel to 


BC, and intersecting AC at Ε as shown in the figure. Let |; be the line 
_— 
through A and parallel to L Then ἢ || BC. Why? Then 
(AD, DB) - (AE, EC). Why? 
Tt follows that AD _AE =1. Why? 


DB EC 
Complete the proof by showing that | bisects AC. 
A Ξ 
D E 
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17. (An informal geometry exercise.) With the aid of a ruler and a pair 


of compasses, draw two triangles, AABC and ΔΑ’ ΒΟ, so that the 
length of the sides (in centimeters) are as listed in the table. Using a pro- 
tractor, measure the angles A, B, C, A’, Β΄, C” to the nearest degree. 
Copy the table and complete it by recording the angle measures. 


A ABC AA'BC 


AB = 9.0 A'R = 13.5 

BC = 7.0 BC = 105 

AC = 6.0 ΑἸ = 9.0 
mZA =] mZ A’ =] 
mZB -- [ἢ πι ὦ Β' =] 


mZC τ PB] mZC’ = [7] 


18. (An informal geometry exercise.) With the aid of a ruler and) 


19. 


protrac- 
tor, draw two triangles, AABC and AA‘B’C’, with side lengths (in 
centimeters) and angle measures as indicated in the table. Measure the 
remaining parts of the two triangles and record the results. Measure 
lengths to the nearest 0.1 cm. and angles to the nearest degree. 


AABC SA'BC 
AB = 8.0 A'B’ = 10.0 
BC = 10.0 BC’ = 125 
AC =F] Α'Ο' =F] 

mZA = [7] mZA’ = 7] 
mZB = 46 méB = 46 
mZC =] miC’ =f] 


(An informal geometry exercise.) With the aid of a ruler and a pro- 
tractor, draw two triangles, AABC and AA‘B'C’ with side lengths (in 
centimeters) and angle measures as indicated in the table, Measure the 
remaining parts of the two triangles and record the results. Measure 
lengths to the nearest 0.1 cm. and angles to the nearest degree. 


AABC ΔΑΒΌ' 
AB = 10 A'B’ = 
BC -- [Π BC’ = [7] 
AC = [7] ΑΌ' - [ἢ 
mZA = 32 mZA’ = 32 
mZB=51 πι 2 Β' =51 
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10.6 TRIANGLE SIMILARITY THEOREMS 


In our study of congruence for triangles we first defined congru- 
ence so that, by definition, all six parts of one triangle must be congru- 
ent to the corresponding parts of a second triangle in order for the 
triangles to be congruent to each other. On the basis of our experi- 
ences with triangles it seemed reasonable to expect all six of the re- 
quired congruences involving sides and angles to be satisfied if certain 
sets of three of them are satisfied. So we adopted the well-known Tri- 
angle Congruence Postulates, referred to as $.A.S., A.S.A., and 5.8.5, 
Similarly, our experiences with triangles, especially the triangles of 
Exercises 17, 18, 19 of Exercises 10.5, suggest that, if certain combina- 
tions of some of the definitional requirements for a triangle similarity 
are verified, then all of the requirements for a similarity are satisfied. 
Since we adopted Congruence Postulates, it would seem reasonable to 
adopt Similarity Postulates. It turns out, however, that it is not difficult 
to prove what we want to know about similarity; hence in this instance 
postulates are not necessary, First, we prove a theorem that is useful in 
proving the main Similarity Theorems. 


THEOREM 10.9 If AABC is any triangle and k is any positive 
number, then there is a triangle AA'B’C’ such that ΔΑ’ ΒΟ" ~ 
A ABC with constant of proportionality k. 


Proof: Let triangle AABC and a positive number k be given. We 
consider three cases. 


Casel. k< 1. 
Case 2. k= 1, 
Case 3. k> 1. 
We shall prove the theorem for Case 1 and assign the other two 
Cases in the Exercises. rl 


Suppose that k -Ξ 1; then there 
is a point D on AB such that 
AD = k+AB and a point E on 
AC such that AE=k-AC. In 
Figure 10-8, DE is drawn so that "-" 
k appears to be about 0.6, Figure 10-8 

It follows from the converse of the Triangle Proportionality 
Theorem that DE || BC. It follows from theorems regarding parallel 
lines that 


ZADE = ZB and LAED ἐς, 
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Of course, 4A = ΖΑ. As you might expect, it is AADE that qualifies 
as a suitable ΔΑ’ Β΄", that is, ADE <—> ABC is a similarity. So far 
we have shown that corresponding angles are congruent and, from the 
way we have chosen D and E, we know that 


(AD, AE) = (AB, AC). 
We need to show that 
(AD, AE, DE) = (AB, AC, BC). 


Let F be the point of BC in which the line through E and parallel 
to AB intersects BC. Then DE = BF (Why?) and 


(AE, BF) = (AC, BC). = Why? 
Substituting, we get 

(AE, DE) = (AC, BC). 
From this proportion and the preceding proportion, 

(AD, AE) = (AB, AC), 
it follows that 

(AD, DE, AE) = (AB, BC, AC), 

which completes the proof for Case 1 in which k < 1. 


THEOREM 10.10 (8.8.8, Similarity Theorem) Given AABC 
and A DEP, if 


(AB, BC, CA) = (DE, EF, FD), 
then AABC ~ A DEF. 


Proof: Let AABC and ADEF such that 
(AB, BC, CA) = (DE, EF, FD) 


be given. (See Figure 10-9.) Suppose the constant of proportionality 
is k, From Theorem 10,9 it follows that there is a triangle A D’E’F’ such 
that AD'E’F’ ~ A DEF with proportionality constant k. Then 


(AB, BC, CA) = (DE, EF, FD) with proportionality con- 
stant k, 

(D'E’, E'F, FD’) = (DE, EF, FD) with proportionality con- 
stant k, 


(AB, BC, CA) = (D'E’, E'F’, ΕΒ with proportionality con- 
stant 1. = Why? 


10.6 Triangle Similarity Theorems 
B Ε' 


Figure 10-9 


From this we conclude that AB = D’E’, BC = E'F’, and CA = 
FD’. It follows from the 5.5.5. Congruence Postulate that 


AABC = ADE'F, 


Recall now that triangle congruence is a special case of triangle simi- 
larity and that triangle similarity is an equivalence relation. There- 
fore AABC ~ AD‘E'F’. But AD‘E'F’ ~ ADEF. It follows that 
AABC ~ ADEF, 


THEOREM 1.11 (5.4.5, Similarity Theorem) Given AABC 
and A DEF, if 

f/Ac £D and (AB, AC} = (DE, DF), 
then AABC ~ A DEF. 


Proof: Let AABC and ADEF be given with 4A = 4 Dand 
(AB, AC) = (DE, DF). 


(Use Figure 10-9 again.) Suppose the constant of proportionality is Κ. 
Let AD'E'F’ be a triangle such that A D’E’F’ ~ ADEF with propor- 
tionality constant k, Then 


AB = Κ΄ DE, DE’ = k+ DE, AB = DE’, 
and 
AC=k-DF, DF=k-DF, AC=D'P. 
It follows from the 85.4.8. Congruence Postulate that 
AABC = ADT'F. 
Then AABC ~ ADE'F and AD'E’F ~ ADEF, and we may con- 
clude that AABC ~ ADEP. 


COROLLARY 10.11.1 A segment which joins the midpoints of 
two sides of a triangle is parallel to the third side and its length is 
half the length of the third side. 


Proof: Assigned as an exercise. 
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THEOREM 10,12 (A.A. Similarity Theorem) Given A ABC and 
ADEF, if 4A = δ ἢ πὰ £B= ΣῈ, then AABC ~ ADEF. 


Proof: Let AABCand ADEF such that 4A = 7Dand 4B= ZE 
be given. (Use Figure 10-9 once more.) Let 


Let 4D'E'F’ be a triangle such that AD'E’F’ ~ ADEF with propor- 
tionality constant k, Then 


fAZ=ZD, 2De2D" and A=  Π'. 
f/B=/E, LE mele’. and /B=/Z FE’: 
AB = ΚΙ DE, DE’ = k+ DE, and AB = D'E’, 
It follows from the A.3.A. Congruence Postulate that 
AABC = AD'E'F’. 


Then AABC ~ AD'E'F and AD'E'F’ ~ ADEPF, and we conclude 
that AABC ~ A DEF. 


Note that we have an 5.8.5. Congruence Postulate and an 5.5.5, 
Similarity Theorem, and that we have an $.A.S. Congmence Postulate 
and an $.A.5, Similarity Theorem, but that we do noé have an A.S5.A. 
Similarity Theorem to match our A.S.A. Congruence Postulate. Of 
course, we could, if we wished, call our A.A. Similarity Theorem the 
A.5.A. Similarity Theorem. But if 7A = 4Dand B= ΖΕ, wedo 
not need to be concerned about whether “AB is proportional to DE.” 
Indeed, if AB and DE are any two positive numbers whatsoever, there 
is a number k such that 


AB = k+ DE, 


Look at the tables you prepared for Exercises 17, 18, 19 of Exercises 
10.5. Do the measurement data recorded in the tables illustrate the 
triangle Similarity Theorems? They should. Which theorem does Exer- 
cise 17 illustrate? Which theorem does Exercise 18 illustrate? Which 
theorem does Exercise 19 illustrate? 

We have written the triangle Similarity Theorems using quite a few 
symbols. Is it possible to state them in a more relaxed form without 
symbols? In the following versions of the theorems we use the word 
“corresponding” without “pinning it down.” It should be understood 
in each case that a correspondence between the vertices of one triangle 
and the vertices of the other triangle is fixed so that there are corre- 
sponding parts. 


10.6 Triangle Similarity Theorems 


THEOREM 10.10 (8.8.8. Similarity Theorem—Alternate Form) 
If the lengths of the sides of one triangle are proportional to the 
lengths of the corresponding sides of the other triangle, then the 
triangles are similar. 


THEOREM 10.11 (S.A.8, Similarity Theorem—Alternate Form) 
If an angle of one triangle is congruent to an angle of another tri- 
angle and if the lengths of the including sides are proportional to 
the lengths of the corresponding sides in the other triangle, then 
the triangles are similar. 


THEOREM 10.12 (A.A. Similarity Theorem—Alternate Form) 
If two angles of one triangle are congruent to the corresponding 
angles of another triangle, then the triangles are similar. 


The following theorem points out that if the sides of one triangle 
are parallel to the sides of a second triangle, then the two triangles are 
similar, The property of parallel sides is a sufficient condition to ensure 
similarity, but, of course, it is not a necessary condition. 


THEOREM 10.13 If triangles AABC and ADEF are such that 
AB || DE, BC || EF, CA || FD, then AABC ~ ADEF. 


Proof: Assigned as an exercise. 


EXERCISES 10.6 


1. Prove Theorem 10.9 for the case in which k = 1. 
2, Prove Theorem 10.9 for the case in which k => 1. 


In Exercises 3 and 4, two triangles and the lengths of their sides are given 
by means of a labeled figure. 


3. Is AABC ~ APOR? 


A P Β Q 
Is AABC ~ AQPR? i 
Is AABC ~ APRO? S ; 
Is AABC ~ ARPO? i 
Is AACB ~ AROP? 
Is ACBA ~ AQPR? 

A 2 B 


4. Is AABC ~ ACDE? 
Is AABC ~ ADEC? 
Is AABC ~ AEDC? 
Is AGAB ~ ADEC? 
Is ACBA ~ ADCE? 
Is ABAC ~ ADEC? 
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ΜῈ In Exercises 5 and 6, two triangles are given in a figure with some segment 
lengths and angle measures, 


5. Is AABC ~ ADEF? Ἢ 
Is AABC ~ AEFD? 
Is AABC ~ ADFE? 
Is AABC ~ AEDF? 
Is AABC ~ A FED? 
Is AABC ~ AFDE? 


6. Is AABC ~ ADEB? 
Is AABC ~ A DBE? 
Is AABC ~ ABED? 
Is AABC ~ A BDE? 
Is AABC ~ AEBD? 
Is AABC ~ AEDB? 


A B 
7. Given isosceles A ABC with AB = AC and with points D, E, F such 
that A-D-B, B-E-C, C-F-A, DE 1 AB, FE 1 AC, prove that 
ABDE — AGFE, 
8. If at a certain time, in a certain place, a certain tree casts a shadow 40 ft. 
long and a 6-ft, man casts a shadow 2 ft. and 3 in, long, find the height 
of the tree. 


ΜῈ Exercises 9-11 refer to the figure with A~E-C, B-D-C, ED || AB, and seg- 
ment lengths as marked. 
9. Name a pair of similar 
triangles and explain 
why they are similar. 
10. Find r. 
11. Find x. 


12. In the figure, A-D-C and 
Z£ABC=/ BDC. Name a 
pair of similar triangles and 


explain why they are similar. A D e 


13. 


10.6 Triangle Similarity Theorems 


In the figure, AB|i CD, ers | 
DE 1 AC, BF LAC, A-E-F, 

and E-F-C. Name a pair of 

similar triangles and explain why 

they are similar. i " 


Exercises 14-20 refer to the figure with BC || DE, DB || EC, A-B-D, D-E-F, 
A-C-F, and AF 1 FD. 


14. 
15, 
18, 
11. 


18, 


. In the figure, AE and CD are altitudes 


Prove AAFD ~ ACFE. ἢ 
Prove ACFE ~ AACB. 
Prove AAFD ~ AACB. 
If CF = 2, BD = 3, and E 
AC = 8, find AB. | 
F δ Α 


If AB = 12, BD = 3, and 
If AD = 18, AF = 9, and AC = 7, find EC. 


. lf CF = 3, EF = 4, and AC = 7, find DF. 


22. Given AABC with points D and 


23. 


24. 


E such that A-D-B, B-E-C, 
AE 1 BC, CD 1 AB, prove that 
(ΑΕ, EB) = (CD, DB). 


of AABC, A-F-E, and C-F-D. D ; 

(a) Prove ABEA ~ ABDC. 

[Ὁ] Prove AADF ~ ACEF. a) 
DB 


A B 
Given two right triangles, AABC and 
AAPQ, as in the figure, copy and com- 
plete the following proportionality involv- 
ing lengths of the sides of these triangles: 
(AB, BC, CA) = (AP, [7], 2). 
P 
Cc a 


Given AABC ~ ADEF, AB = 5, BC = 7, AC = 10, DE = 7, find 
EF and DF. 
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25, Given AABC ~ APOR prove that if AARC is a right triangle, then 
APOR is also a right triangle. 

26, Prove Corollary 10.11.1. 

27. CHALLENGE PROBLEM. Given 
parallelogram ABCD with 
B-E-C, AE and BD intersect- 
ing at F, and BF = 4: BD, 
prove that BE = 4+ BC, 


28. Prove Theorem 10,13, Consider two cases: (a) AB and DE are parallel, 
BC and EF are parallel, CA and FD are parallel, and (b) AB and DE ate 


antiparallel, BC and EF are antiparallel, CA and FD are antiparallel. Use 
Theorems 7.26 and 7.28. 


10.7 SIMILARITIES IN RIGHT TRIANGLES 


Sometimes base and altitude are interpreted as segments and some- 
times as numbers (lengths of segments). In our next theorem altitudes 
are segments. If AABC ~ AA‘B'C, then we have agreed that A and 
A’ are corresponding vertices, AB and A’B’ are corresponding sides, 
and so on. It is natural to extend this idea to include corresponding 
altitudes, that is, altitudes from corresponding vertices. 


THEOREM 10.14 If two triangles are similar, then the lengths of 
any two corresponding altitudes are proportional to the lengths of 
any two corresponding sides. 


Proof: Given AABC ~ AA'B'C’,, let D and D" be the feet of the 
altitudes from A to BC and from A’ to B’C’, respectively. Let a = BC, 
b=CA, c= AB, h=AD, ἀπ ΒΟ BP=HCA’, c = ΑΒ’, 
h’ = ΑἹ). 

We shall prove the theorem for the case in which B-D-C, as shown 
in Figure 10-10, The remainder of the proof is assigned in the Exercises. 


10.7 Similarities in Right Triangles 


Since B-D-C, £Band 4 C are acute angles. Why? Then 4 B’ and 
£C' are acute angles. Why? Then it is impossible for D’ to be either 
the point B’ or the point C’. Why? Also, it is impossible that D’-B’-C’ 
or that B’-C’-D’. If D’-B’-C’, then AB'D'A’ isa right triangle with an 
acute exterior angle contrary to the Exterior Angle Theorem. There- 
fore B'-D'-C’ as indicated in Figure 10.10. 

Now 4B = /B' (Why?) and ZBDA = /B'D'A' (Why?). It fol- 
lows from the A.A. Similarity Theorem that AADB ~ AA‘'D’B’, 
Therefore 


(ec, hi) = (ο΄, h’). 
But 
(a, Ὁ, οἷ = (a’, b,c’). 
Therefore 
(a,c)= (a,c) and = (b,c) = (b’,c’). 


It follows from the Alternation and Inversion Properties of Propor- 
tions that 


avs(cc), (Gcls(aa), and (6c) = (bb). 


It follows from the Equivalence Properties of Proportionalities that ἢ 
and h’ are proportional to the lengths of any two corresponding sides. 


THEOREM 10,15 If two triangles are similar, then their areas 
are proportional to the squares of the lengths of any two corre- 
sponding sides. 


Proof: Given AABC ~ AA'B‘C’, let D and D’ be the feet of the 
altitudes from A to BC and from A’ to B’C”, respectively. Let a = BC, 
b= CA, c= ΑΒ, h= AD, α' = BC, bP =C'A'", c = Α'Β. h' = 
A'TY, (See Figure 10-11.) It follows from Theorem 10.14 that 


(h, h’) = (a, a’). 
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Suppose that h = ka; then h’ = ka’ and 


| AABC| = jah = ξαίκα) = (Ka, 
|AA’B'C’| = ΕΝ ἘΠ α Καὶ = (Ak)(a’)?. 
Therefore the areas of AABC and AA‘B'C’ are proportional to a? and 
(a’)*. Similarly, it may be shown that the areas are proportional to b? 
and (b")* and to ¢? and (c’)*. 


THEOREM 10.16 In any right triangle the altitude to the hypote- 
nuse separates the right triangle into two triangles each similar to 
the original triangle, and hence also to each other. 


Proof: Let A ABC be a right triangle with the right angle at C and 
with D the foot of the altitude to the hypotenuse. Then D 5 A and 
Dé Β. (Which theorem is the basis for this assertion?) Also, it is im- 
possible to have D-A-B or A-B-D., (If either of these betweenness re- 
lations is true, there is a triangle with D as one vertex with one interior 
angle a right angle and one exterior angle an acute angle. Which the- 
orem does this contradict?) Therefore D is an interior point of AB as 
suggested in Figure 10-12. 


Figure 112 A D ἢ 


You are asked in the Exercises at the end of this section to complete the 
proof by showing that AABC, AACD, and ACBD are all similar to 
each other. 


Next we have two corollaries that follow easily from Theorem 
10.16, but first we need some definitions. 


of P on Lis (1) the point P if P is on 1 and (2) the foot of the 


Definition 10.4 If Pisa point and J is a line, the projection 
perpendicular from P to Lif P is not on 1. 


set of all points Q on / such that each Q is the projection on I 


of some P in 5. 


Definition 10.5 The projection of a set $ on a line [ is the | 


10.7 Similarities in Right Triangles 


Compare Definitions 10.4 and 10.5 with Definitions 8.9 and 8.10 
in which we defined a projection on a plane. 

Note in Figure 10-12 that AD is the projection of AC on ‘AB. In- 
deed, A is the projection of A, Dis the projection of C, and every point 
Q such that A-Q-D is the projection of a point P such that A-P-C, 

— 
Conversely, every point P such that A-P-C has as its projection on AB 
a point (9 such that A-O-D. . 

Since the projection of AC on ABis a part of the hypotenuse in the 
situation of Theorem 10.16, we may say that AD is the projection of 
AC on the hypotenuse. Similarly, DB is the projection of CB on the 
hypotenuse. 


COROLLARY 10.18.1 The square of the length of the altitude to 
the hypotenuse of a right triangle is equal to the product of the 
lengths of the projections of the legs on the hypotenuse. 


Proof: In Figure 10-12, AD is the projection of AC on AB, and DB 
is the projection of BC on AB. In the notation of the figure, we must 
prove that 
(CD? = ΑΒ" DB. 
Using Theorem 10,16 and some properties of proportionalities, we 
have 
AACD ~ ACBD 
(AC, CD, AD) = (CB, BD, CD) 
(CD, AD) = (BD, CD) 
(CD = ΑΒ . DB 
COROLLARY 10.16.2 The square of the length of a leg of a right 


triangle is equal to the product of the lengths of the hypotenuse and 
the projection of that leg on the hypotenuse. 


Proof: Assigned as an exercise. 


Definition 10.6 If a and b are positive numbers such that 


(a, x) 7 (x, b) 
or that 
(x, a) = (b,x), 


then x is called a geometric mean of a and Bb, 
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Note that if 
(a, x) = (x, δὴ 
or if 
ix, a) τ (b, x), 


then x? = ab (Why?) andx = \/aborx = —./ab. We often call \/ab 
the geometric mean of a and b, In view of Definition 10.6, Corollary 
10.16.1 and Corollary 10.16.2 can be restated as follows. 


COROLLARY 10.18.1 (Altemate Form) The length of the alti- 
tude to the hypotenuse of a right triangle is the geometric mean of 
the lengths of the projections of the legs on the hypotenuse. 


COROLLARY 10.16.2 (Alternate Form) The length of a leg of 
a right triangle is the geometric mean of the lengths of the hypote- 
nuse and the projection of that leg on the hypotenuse. 


In Chapter 9 we proved the Pythagorean Theorem using proper- 
ties of areas and suggested two other area proofs in the Exercises. One 
of the shortest proofs of the Pythagorean Theorem is an algebraic proof 
that follows easily from Corollary 10.16.3. We state the Pythagorean 
Theorem again and outline a proof that employs Corollary 10.16.2. We 
also proved the Converse of the Pythagorean Theorem in Chapter 9. 


We state the converse again; we shall not prove it again. 


THEOREM 10,17 (The Pythagorean Theorem) In any right tri- 
angle the square of the length of the hypotenuse is equal to the sum 
of the squares of the lengths of the two legs. 


Proof: Let AABC with a right angle at C be given. (See Figure 
10-13.) Let D be the foot of the altitude to the hypotenuse AB. Let 
AB = c, BC = a, CA = b, AD = x, and DB = c — x. Thenit follows 
from Corollary 10.16.2, with a the length of a leg and ¢ — x the length 
of its projection on the hypotenuse that a? = (ὁ — x)c, and with b the 
length of a leg and x the length of its projection on the hypotenuse that 
b? = xe . The proof may be completed by showing that a? + b? = c?, 
Cc 


Aw: =D ΓΕ, Ἢ 
= SS ee 
¢ 


Figure 10-13 
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THEOREM 10.18 (Converse of the Pythagorean Thearem) 1Ὲ 
αὐ + ΒΚ = οἷ, where a, b, c are the lengths of the sides of a triangle, 
then the triangle is a right triangle with c the length of the 
hypotenuse. 


EXERCISES 10.7 


1, Given right triangle AABC with hypotenuse AB, let D be the foot of 
the altitude to BC, E the foot of the altitude to AC, and F the foot of the 
altitude to AB. How many distinct points are there in the set 


(A, B, C, D, E, F}? 


In Exercises 2-7, there is a figure showing a right triangle with hypotenuse 
AB and with D the foot of the altitude to AB, In each case, given the lengths 
of some of the six segments, find the lengths of the other segments. Express 
your answers in exact form using radicals if necessary. 


2 A, ΕΞ ἃ 
z 
4 1 
ἢ Cc 
C fi 
3. 8 
a 
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8, 


9, 


10. 


11. 


12. 


13. 


14, 


15. 


16. 


11. 


Find the perimeter of an equilateral triangle if the length of each of its 
altitudes is 10, 

Find the length of the diagonal of a rectangular floor to the nearest foot 
if the floor is 21 ft. wide and 28 ft. long. 

A ladder 12 ft. long reaches to a window sill on the side of a house. If 
the window sill is 9 ft. above the (level) ground, how far is the foot of 
the ladder from the side of the house? 

Find the length of the hypotenuse of a right triangle if its legs each have 
length 1. Express the answer exactly using a radical. 

Find the length of the hypotenuse of a right triangle if its legs each have 
length LOO. 

Find the lengths of the legs of an isosceles right triangle whose hypote- 
nuse has length 1. 

Find the lengths of the legs of an isosceles right triangle whose hypote- 
nuse has length 2. 

Find the lengths of the legs of an isosceles right triangle if the length of 
its hypotenuse is \/2. 

If one leg and the hypotenuse of a right triangle have lengths 1 and 2, 
respectively, find the length of the other leg. 

Find the length of a leg of a right triangle if the other leg and the hypote- 
nuse have lengths 1 and 4/3, respectively. 


18. Find the length of the leg of a right triangle if the other leg and the hy- 


19, 


2}, 


21. 


= 8 fs 


potenuse have lengths 100 and 100,/3, respectively. 

Given SABC with m ZC = 90 and with D the midpoint of AB and E 
the midpoint of BC, prove that ACED = ABED, 

For AABC, mC = Sand Dis the midpoint of AB. FAC = 4/7 and 
BC = 3, find CD. 

Complete the proof of Theorem 10.16 by showing that 


ABC —> ACD 
and 

ABC —+ CBD 
are similarities, (See Figure 10-12.) It will then follow from the equiva- 
lence properties of similarity for triangles that ACD <—+ CBD is also 
a similarity. 
Prove Corollary 10.16.2 for the leg AC in Figure 10-12. 
Prove Corollary 10.16.2 for the leg BC in Figure 10-12. 
ie proof of Theorem 10,17, Show that a? + b? = οϑ, (See Figure 
1 .} 


ΤΕ AABC - ADEF and 5+ AB = 3+ DE, what is the ratio of the length 


of an altitude of the smaller triangle to the length of the corresponding 
altitude of the larger triangle? Which theorem justifies your answer? 
In Exercise 25, what is the ratio of the area of the smaller triangle to the 
area of the larger triangle? Which theorem justifies your answer? 


10.8 Some Right Triangle Theorems 


27, If 16-| APOR| = 25-|A\ABC) and if APQR ~ AABC, what is the 
ratio of PR to AC? Which theorem justifies your answer? 

28. Prove Theorem 10.14 for the case in which D = B or D = C, 

29. Prove Theorem 10.14 for the case in which D-B-C (the proof for the 
case in which B-C-D is similar to the proof for the case in which 
D-B-C}, 


10.8 SOME RIGHT TRIANGLE THEOREMS 


Following are some theorems regarding right triangles. Although 
they are not profound, they are useful theorems that every mathemat- 
ics student who has studied formal geometry ought to know. These 
theorems should not surprise you. If you worked the exercises in Ex- 
ercises 10.7, you will recognize them as “‘old stuff,” 


THEOREM 10.19 The median to the hypotenuse of a right tri- 
angle is one-half as long as the hypotenuse. 


A 


Proof: Let AABC be a right triangle 
with D the midpoint of the hypotenuse. 
(See Figure 10-14.) We want to prove 
that CD = ὁ AB, or equivalently, that 
CD = DB, Let point E be the midpoint 
of CB. Then Figure 10-14 


(BD, BE) > (BA,BC) (Why?) and 4B=ZB. 


Tt follows from the 5.4.5, Similarity Theorem that AABC ~ A DBE, 
Then 


mé BED = mZBCA = 00 = mZCED. 


It follows from the §.A.S. Congruence Postulate that ACDE = 
A BDE and therefore CD = DB. 

There are some special right triangles that are referred to in special 
ways. First we mention the 3, 4, 5 triangles. A triangle whose sides 
have lengths 3, 4, 5 isa right triangle. We know this since 3? + 4* = 5°, 
(Are we using the Pythagorean Theorem when we make this conclu- 
sion, or are we using its converse?) 

Given a distance function, there are infinitely many 3, 4, 5 right 
triangles. Indeed, if A is any point in space (infinitely many choices 
here) and if Bis any point such that AB = 5 (infinitely many choices 
here), there are infinitely many possible points C so that AABC is a 
right triangle with AB = 5, BC = 3, and CA = 4, and infinitely many 
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possible points C such that AB = 5, BC = 4, and CA = 3. But there 
are many, many more, not included among these, that are also fre- 
quently referred to as 3, 4, 5 right triangles as our next theorem 
suggests. 


THEOREM 10.20 (The 8, 4, ὅ Theorem) If x is any positive num- 
ber, then every triangle with side lengths 3x, 4x, 5x is a right 


Proof: Let AABC be a triangle with BC = 3,CA = 4, AB = 5. Let 
x be any positive number, Let 4.A’B’C' be any triangle with Β΄’ = 3x, 
CA’ = 4x, Λ΄ Β' = 3x. Then AA‘B'C'~ AABC. (Which triangle 
Similarity Theorem do we use in making this deduction?) Since A ABC 
is a right triangle, it follows that AA’B'C’ is a right triangle, and this 
completes the proof. 


A triangle is called a 3, 4, 5 triangle if its sides are of lengths 3, 4, 5 
or if the lengths of its sides are proportional to 3, 4, 5, AILS, 4, 5 triangles 
are right triangles. 


THEOREM 10.21 (The 5, 12,13 Theorem) If x isa positive num- 
ber and if the lengths of the sides of a triangle are 5x, 12x, and 13x, 
then the triangle is a right triangle. 


Proof: Assigned as an exercise, 


A triangle is called a 5, 12, 18 triangle if the lengths of its sides are 
proportional to 5, 12, 13. 


THEOREM 10.22 (The 1, 1, \/2 Theorem) If the lengths of the 
sides of a triangle are proportional to 1, 1, \/2, then the triangle is 
an isosceles right triangle, 


Proof: Let the lengths of the sides of a triangle be a, b, c and suppose 


(a, b,c) = (1,1, v9). 


Then there is a positive number k such that a = k- 1, b = Κ΄ 1, and 
e = k+ 4/3. Then 
f= 5: 
a? + hb? = k2 + κὰ = Ok? 
οἷ τῷ ἰκ 3 = 2k, 
αἰ πο, ὁ 
Therefore the triangle is an isosceles right triangle. 


10.8 Some Right Triangle Theorems 


A triangle is called a 1, 1, \/2 triangle, or a 45, 45, 90 triangle, if 
the lengths of its sides are proportional to I, 1, »/2. 


THEOREM 10.23 (The 1, \/3,2 Theorem) If the lengths of the 
sides of a triangle are proportional to 1, »/3, 2, then it is a right tri- 
angle with its shortest side half as long as its hypotenuse. 


Proof: Assigned as an exercise. 


A triangle is called a 1, \/3, 2 triangle if the lengths of its sides are 
proportional to 1, \/3, 2. 

A triangle is called a 30, 60, 90 triangle if the measures of its acute 
angles are 30 and 60. 


THEOREM 10,24 A triangle is a 30, 60, 90 triangle if and only 
ifitisa 1, \/3, 2 triangle with the shortest side opposite the 30 de- 
gree angle. 


Proof: Let AABCbea 1, 1/3, 2 triangle and ka positive number such 
that AC = k, BC = \/3k, and AB = 2k, (See Figure 10-15.) 


Figure 10-15 


Let D be the point on opp CA such that CD = k, Then 


1, AABC = ADBC 1, Why? 
2. AB = DB = DA 2, Why? 
3. mZABD + mZBDA + m2ZDAB = 180 3. Why? 
4,mZ£ABD =mZBDA = mé DAB = 60 4. Why? 
5, mZABC = πα ἐ DBC 5. Why? 
6. mZABC + m2 DBC = 60 6. Why? 
7. mZABC = 30 7. Why? 
8. mz BAC = 60 8. Why? 
9. m£ACB = 90 9. Why? 


Since 2 ABC is opposite the shortest side of AABC, this completes the 
“Gf” part of the proof. 
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Suppose next that AABC is a 30, 60, 90 triangle. (See Figure 
10-16.) Let D be the unique point on opp CB such that CB = CD. 


Draw DA. Then 

10. AABC = AADC 10. Why? 
11. πε ΟΛΒ =m/ZCAD = 80 11. Why? 
12. πὰ ὁ ΒΑ. =méZADB = πὰ Φ ΒΑ = 60 12. Why? 
13. BA = AD = DB 13. Why? 
14. BC = CD 14. Why? 
15. BC + CD = BD 15. Why? 
16. 2BC = AB 16. Why? 


Let BC = καὶ Then 


17. AB = 2k 17. Why? 

18. (AC)? + (BC)? = (AB)? 18. Why? 

19. (AC)? + k® = 4k? 19. Why? 

20. (AC)? = 3k2 20. Why? 

21, AC = /3k 21. Why? 

22. (BC, CA, AB) = (1, 1/3, 2) 22. Why? 

This shows that AABC is a 1, 1/3, 2 triangle and hence the “only if” 
part of the proof is completed. 


Note that in some of these names for special triangles the numbers 
are side lengths (or numbers proportional to them), whereas in others 
they are angle measures. There should be no confusion in regard to the 
30, 60, 90 name and the 45, 45, 90 name. Because 30, 60, 90 are not 
the lengths of the sides of any triangle, and 45, 45, 90 are not the 
lengths of the sides of any triangle. Which postulate justifies this 
staternent? 


10.8 Some Right Triangle Theorems 


EXERCISES 10.8 


1. If AABC is a right triangle with m ZC = 90, AC = 60, BC = 80, and 
with D the midpoint of AB, find CD. 

2. (See Figure 10-14.) 4 ACB and / DEB are congruent angles in the sit- 
uation represented by this figure. Find several other pairs of congruent 
angles, (Six more pairs would be rather good.) 

3. In the proof of Theorem 10.19 we asserted that ACDE = ABDE, 
Write a two-column proof for this deduction. 

4. Ina book on the history of mathematics find something about the rope 
stretchers in ancient Egypt. Explain the connection between rope 
stretchers and right triangles, 

5. A baseball diamond is a square whose sides are 90 ft. long, What is the 
distance (to the nearest foot) between first and third bases? 

6. The figure represents a cube whose six faces are 1 in. by | in. squares. 
Using the Pythagorean Theorem twice, once on ABCD and once on 
A ABD, find AD, Express the answer exactly using a radical if neces- 
sary. (Why is 4 ABD a right angle?) 


E 
Ἵ 
t 


7. A room in the shape of a rectangular box is 15 ft. wide, 18 ft. long, and 
8 ft. high. Find the distance to the nearest foot between one comer of 
the floor and a diagonally opposite comer of the ceiling. 


@ In Exercises 8-16, the lengths of the hypotenuse and one leg of a right tri- 
angle ure given. In each exercise, the triangle is a 1, 1, \/2 triangle, or a 
1, W,2 triangle, or a 3, 4, 5 triangle, or a 5, 12, 13 triangle. Determine 
which one. 
8. 100, 50 11. 100, 80 14, \/2,3,/6 
9. 100, 60 12, 100, 50>/3 15. 145, 116 
10. 100, 5ὺ νὰ 13. 100, 924, 16. 65, 25 
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17. Let AABC be a right triangle with the right angle at C. The midpoint 
of AB is the center of a circle which lies in the plane of the triangle and 
which contains the points A and B. Does the point C lie inside of the 
circle, on the circle, or outside of the circle? Why? 

18. The figure suggests a point A ona high bluff above a level plane. If the 
angle of elevation of the point A from the point C is a 30 degree angle 
and if it is 200 ft. from C to B, what is the height BA to the nearest 10 ft.? 
Assume that “ CBA is a right angle, 


19, The figure represents an observer A in an airplane 5000 ft. directly 
above a point B on the ground. If B, C, D are three collinear points on 
the ground and if m4 ABC = 90,m 2 BAC = 45,m4CAD = 15, find 
to the nearest 100 ft. the distance from C to D. 


D 


20. Find three positive integers, a, b, ὁ such that \/a, \/b, \/c are the 
lengths of the sides of a right triangle. How many such triples of positive 
integers are there? 

21. If xand y are any positive integers, distinct or not, show that \/x, yy, 
Vx + y are the lengths of the sides of a right triangle. 

22. In the figure is shown a right triangle AABC with CD the altitude to 
the hypotenuse. If AD = 1, DC = x, BD = y, show that x = y/y. 


10.8 Some Right Triangle Theorems 


23, In the figure below, ABCD is a parallelogram with AB = 76, AD = 50, 


27, 


mé£A = 30, and ἢ the length of the altitude from D to AB. Find 
ΙΑΒΟΙῚ. 


ε ἡ parallelogram has adjacent sides of lengths 22 and 14. If the measure 


of one of its angles is 30, find the area of the parallelogram. 


- Find the area of a rhombus of side length 12 if one of its angles has a 


measure of 60, 


- The measure of each base angle of an isosceles triangle is 30 and each 


of the two congruent sides has length 24. 

(a) How long is the base? 

(b) What is the area of the triangle? 

In the figure, ABCD is a trapezoid with AB || CD, AD = BC = 20, 
CD = 28, and mZA = mZB = 60, Find |ABCD), 


. Use the figure to complete the proof that in a 30, 60 right triangle the 


side opposite the 30 degree angle is one-half as long as the hypotenuse. 


Proof: In the figure,m 4A = 30, m2 Β = 60, and D is the midpoint 
of AB, Show that A BCD is equilateral and that 


ΒΞ. (ἢ Ξε 1.48. 


29. In a 30, 60 right triangle, the length of the hypotenuse is 8/5. 


a0). 


(a) Find the length of the shorter leg, 
(b) Find the length of the longer leg. 
(c) Find the area of the triangle, 
Prove Theorem 10.21. 
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31. Prove Theorem 10.23. 

32. If wand c are positive integers such that u > v, and if A, B,C are points 
such that AC = 2uc, BC = u? — ο AB = wu? + v*, prove that AABC 
is a right triangle. (‘This exercise also appears in Chapter 9, but it is good 
for a repeat appearance here.) 

33. See Exercise 32. If u and v are relatively prime positive integers (this 
means that no positive integer except 1 divides both of them), if u 
and v are not both odd, and if u 7» v, then it can be shown that the three 
integers, u?—vc?, 2uc, u?+ 0°, are relatively prime. If the lengths of the 
sides of a right triangle are relatively prime positive integers, the tri- 
angle is called a primitive Pythagorean triangle and the triple of its 
side lengths is called a primitive Pythagorean triple. Two examples of 
primitive Pythagorean triples are (3, 4,5) and (5, 12,13). Find five 
more primitive Pythagorean triples. 

34. CHALLENGE PropLem. The figure shows a right triangle AABC with 
CD the altitude to the hypotenuse. 


A 
fi 
5 
c q B 
If AC = p, BC = ᾳ, CD =», prove that L411. 
3 } : ΡΣ" Ξ re 


CHAPTER SUMMARY 


The central theme of this chapter is SIMILARITY. The concept of 
similarity is based on our experiences with objects which have the same 
shape. The relationship of lengths in one figure to the corresponding lengths 
in a similar figure suggests the idea of a PROPORTIONALITY. In this chap- 
ter we studied the properties of proportionalities and we used them in de- 
veloping the geometry of similar polygons. 

The key theorems of this chapter include THE TRIANGLE PROPOR- 
TIONALITY THEOREM, THE CONVERSE OF THE TRIANGLE PRO- 
PORTIONALITY THEOREM, THE 5.5.8. SIMILARITY THEOREM, 
THE 5.4.5. SIMILARITY THEOREM, THE A.A. SIMILARITY THE- 
OREM, THE PYTHAGOREAN THEOREM, and THE CONVERSE OF 
THE PYTHAGOREAN THEOREM. 

The chapter concludes with a study of special right triangles. A knowl- 
edge of these triangles will prove useful as you continue your study of 
mathematics, 


REVIEW EXERCISES 


ΝῈ In Exercises 1-10, complete the statement so that it will be a proportionality. 


ΓΞ 
= 


oe ὡς’ ὃ 0 τῷ 


(5, 12) = (35, [Π} 

(1, 2,3, 4, 5) = {{| 2) 2), Gh 15) 
(25, 60, 65) = (Ὁ, 12, [7] 

(4, 10, 21) ΞΕ (6, [1]} 

(4, 10, 21) = ({Π], 6, Π|} 

(4, 10, 21) ra (C2), {Π|, 6) 

(5000, 3000, 1500} Ξ (200, [Π], []} 
(100, 400, 500) = {{|.ΠἸ 10) 

ΩΤ, 27, 81) = (7. EL 3) 

(357, 1309, 833) = ([%, 11, [Π|} 


Ν In Exercises 11-20, determine if the given statement is true or if it is false. 


11, 
12, 


13. 


8 


25. 


If x= y, then (δ, x) = (δ, y). 
If x4 y, then (5, x) = (δ, εὐ. 


" 


ot athe 
f= y? Ben 3.2) = σιν 


Ὃ. 3 im =) ἢ 
ee a eG Se iy). 


_ a hb = Ἂ 
Ifx = SE", then (a, 2) = (x, δ). 
If x? = ah, then (a, x} = (x, b). 


- If x? = ab, then (x, a) = (b, χ). 
ia b= 


(6, d), then (a, b) = (ὦ, c). 


F 


. If (a, δὴ = (c, d), then (a, ὁ) = (b, d). 
. If ad = be, then (a, Bb} = (ce, εἴ). 


. If AABC is any triangle, then AABC ~ AABC. Which property of 


an equivalence relation does this illustrate: the Reflexive Property, the 
Symmetric Property, or the Transitive Property? 


. If AABC ~ ADEF, then ADEF ~ AABC. Which property of an 


equivalence relation does this illustrate? 
If AABC ~ ADEF and ADEF ~ AGHI, then AABC ~ ACH. 
Which property of an equivalence relation does this illustrate? 


» State the Triangle Proportionality Theorem and show how it may be 


used to prove the theorem regarding the lengths of segments formed by 
two transversals cutting three or more coplanar and parallel lines. 
State the three triangle Similarity Theorems. 
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26. According to Theorem 10.9, if AABC is any triangle and k is any posi- 
tive number, then there is a triangle A DEF such that ADEF= SABC 
with proportionality constant k, Explain how this theorem was used in 
proving the triangle Similarity Theorems. 

27. Explain why there is an A.A, Similarity Theorem but no A,S,A, Simi- 
larity Theorem. 

28. Prove that the altitude to the hypotenuse of a right triangle determines 
two triangles that are similar to each other. 

29. Using similar triangles, prove the Pythagorean Theorem. 

30. If A, B, C, D are points such that A-D-B, AD = BD = 25, AC = 30, 
BC = 40, find CD. 

31. If the lengths of two sides of a right triangle are 10 and 15, find the 
length of the third side. (Two possibilities.) 

32, Find the measures of the angles of a triangle if the lengths of its sides 

33. Find the measures of the angles of a triangle if the lengths of its sides 
are ἢ, 2/3, 3. 

34. We know that 30, 60, 90 cannot be the lengths of the sides of a triangle. 
Which postulate justifies this statement? 


In Exercises 35-43, refer to Figure 10-17 in which AABC isa right triangle 
with the right angle at C, is the altitude from C to the hypotenuse, 
AD = x, DB = y, AB = c, BC = a, AC = b, and CD = h. 


Figure 10-17 


. ΔΑΒ ~ AADC and AACB ~ AP}, By the symmetric and [5] prop- 
erties of similarity for triangles, A?]~ ΔΙ 

ΠΣ equals the product of x and [5] (a, 5, or y). 

b? equals the product of x and [7] (a, 6, or y). 

. a? equals the product of y and [5] (4, ¢, or x). 

Ifx = 18 and y = 9, find A, a, and b. 

If D is the midpoint of AB, then CD = [7] (in terms of c). 
lfmZA = Wand c = 15, then a = [7]. 

If a = 1ῦ and c = 20, then b = [7] and πα τῷ [7]. 
IfméA = 45 and a = 12, then b =P] ἀπά ὁ = [ἢ 


ΡΈΕΙ ΒΘ δὶ 


Review Exercises 


44. Copy and complete: In a 30, 60 right triangle, the side opposite the 30 
degree angle is [7] (in terms of the hypotenuse). 

45, Ifa boy 5 ft. tall casts a shadow 2 ft. long, how high (to the nearest 10 ft.) 
is a tree if its shadow is 73 ft. long? What assumptions did you make in 
working this exercise? 

46. Find the distance from C to AB if AC = 10, BC = τὸν, AB = 20. 

47. If the hypotenuse and a leg of a right triangle have lengths 241 and 220, 
respectively, find the length of the other leg. 

48. CHALLENGE PROBLEM. Given rectangle ADEH and points B and 
C on AD such that HA = AB = BC = CD = DE = 1, prove that 
méEAD = mZEBD = m/ ECD. 
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Coordinates 
in a Plane 


11.1 INTRODUCTION 


In Chapter 3 we introduced the idea of a coordinate system on a 
line. Recall that if P and Q are any two distinct points, then there is a 
unique coordinate system on PG with P as origin and () as unit point. 
Thus a coordinate system on a line is determined by choosing any two 
distinct points on the line, one of them the origin and the other the unit 
point. If, on line J, P is the origin and Q is the unit point, then PO is 
called the unit segment for the coordinate system on | determined by 
Pand Q. A coordinate system on / is a one-to-one correspondence be- 
tween the set of all points of | and the set of all real numbers. The 
numbers associated with the points of [are called coordinates, and they 
can be used to determine distances (in the system based on PO as the 
unit segment) between points on L. 

In this chapter we introduce the idea of a coordinate system in a 
plane. In a plane, each point is associated with a pair of numbers, rather 
than a single number. After proving some basic theorems concerning 
a coordinate system in a plane, we develop some equations for a line. 
We then show how coordinates can be used to provide simpler proofs 
of some geometric theorems. 
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11.2 A COORDINATE SYSTEM IN A PLANE 


Suppose that a plane is given and, unless we specify otherwise, that 
all sets of points under consideration are subsets of this plane. Suppose 
further than a unit segment is given and that all distances are relative 
to this unit segment unless otherwise indicated. 


Let OX and OY be perpendicular lines in the plane intersecting 
in the point O as shown in Figure 11-1. Let I and J be points on OX 
and OY, respectively, such that 

Ol = OJ = 1. 
There is a unique coordinate system on OX with origin © and unit 
point I, This is called the x-coordinate system, and the coordinate of a 
point RB of OX in this system is called the x-coordinateor abscissaof R. 


Figure 11-1 
In Figure 11-1, the abscissa of R is 5. There is a unique coordinate 
system on OY with origin O and unit point J. This is called the 
y-coordinate system, and the coordinate of a point S of OY in this sys- 
tem is called the y-coordinateor ordinateof 5, In Figure 11-1, the ordi- 
nate of S is —2. Name the coordinates of T and V in Figure 11-1. Is it 
necessary to specify the coordinate system in each case? Why? 
— > —_ 

The line OX is called the x-axisand OY is called the y-axis. Together 
they are called the coordinate axes, Their point of intersection, O, is 
called the origin and the plane is called the xy-plane. Although we 
usually represent a line with a segment and an arrowhead at each end, 
it is common practice to represent an axis with a segment having an 
arrowhead only on the end that “points in the positive direction.” In 
many of the figures in this book axes are represented in this way. 
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The projection of a point P on a line | is (1) P itself if P is on , and 
(2) the foot of the perpendicular from P to 1 if P is not on I. (See Defini- 
tion 10.4.) Since the perpendicular segment from an external point to a 
line is unique, each point in a plane has a unique projection on a given 
line in that plane. 

In Figure 11-2, PA is perpendicular to the x-axis at A and PB is 
perpendicular to the y-axis at B. Therefore A is the projection of P on 
the x-axis and B is the projection of P on the y-axis. If 4 and 3 are the 
coordinates of A and B, respectively, then we call the ordered pair of 
numbers (4, 3) the coordinates of P. 


Figure 11-2 


More generally, if P is any point in the xy-plane, the x-coordinate 
(abscissa) of P is the x-coordinate of the projection of P on the x-axis, 
The y-coordinate (ordinate) of P is the y-coordinate of the projection 
of P on the y-axis. We call the x-coordinate of P and the y-coordinate 
of P the coordinates of P. The xy-coordinates or, simply, the coordi- 
nates of P are an ordered pair of real numbers in which the abscissa is 
the first number of the pair and the ordinate is the second. Thus if the 
abscissa of P is a and the ordinate of P is b, then the xy-coordinates of 
P are written as (a, b), 


THEOREM 11.1 The correspondence which matches each point 
in the xy-plane with its xy-coordinates is a one-to-one correspond- 
ence between the set of all ordered pairs of real numbers and the 
set of all points in the xy-plane. 


Proof: In the xy-plane, let an x-coordinate system on the x-axis and a 
y-coordinate system on the y-axis be given. Let P be any point in the 
given zy-plane. If A and B are the projections of P on the x-axis and the 
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y-axis, respectively, let the abscissa of A be a and the ordinate of B be 
b. Since each point on the x-axis has a unique x-coordinate and each 
point on the y-axis has a unique y-coordinate, and since the projections 
of P on the x- and y-axes are unique, it follows that there is exactly one 
ordered pair of real numbers (a, )) that corresponds to the point P. 

Conversely, let (a, b) be any ordered pair of real numbers; then 
there is a unique point A on the x-axis with abscissa ἃ and a unique 
point B on the y-axis with ordinate b, Also, there is a unique line ἢ 
through A and perpendicular to the x-axis and a unique line [2 through 
B and perpendicular to the y-axis. These two lines intersect (Why?) 
in a unique point P. Hence every ordered pair of real numbers corre- 
sponds to exactly one point in the given xy-plane and the proof is 
complete. 


| Definition 11,1 The one-to-one correspondence between 
| the set of all points in an xy-plane and the set of all ordered | 
pairs of real numbers in which each point Pin the plane cor- | 
responds to the ordered pair (a, b),in whicha isthe x-coordi- 
nate of P and b is the y-coordinate of P, is an xy-coordinate | 
system. 


Since there are many pairs of perpendicular lines in a plane and 
since any pair of such lines may serve as axes, it follows that there are 
many xy-coordinate systems in a given plane. In a given problem sit- 
uation, we are free to choose whichever coordinate system scems most 
appropriate. 

In view of the one-to-one correspondence between the set of all 
ordered pairs of real numbers and the set of all points in a given 
xy-plane, it is clear that symbols used to denote the ordered pairs may 
be used to denote the corresponding points. Thus, if P is the point 
whose coordinates are the ordered pair (4, —3), we may speak of the 
point (4, —3) or we may write P = (4, —3). Sometimes we simply 
write P{4, —3). 

It should be noted that the numbers in an ordered pair need not 
be distinet. Thus (3, 3) is an ordered pair of real numbers. Of course, 
the ordered pair (3, 5) is not the same as the ordered pair (5, 3). Indeed, 
(a, b) = (ec, 2) if and only if a = ὁ and b = d. 

As shown in Figure 11-3, it is customary to think of the unit point J 
as lying to the “right” of the origin (that is, on ray OX in the figure) and 
of unit point J as lying “above” the origin (that is, on ray OY). This 
means, then, that the points on the x-axis with positive alscissas lie to 
the right of the origin and those points on the x-axis with negative 
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abscissas lie to the “‘left’’ of the origin (that is, on opp OX). Where do 
the points on the y-axis with positive ordinates lie? Where do the points 
on the y-axis with negative ordinates lie? 

There are situations in which it is convenient to think of the posi- 
tive part of the x-axis as extending to the left, or the positive part of 
the y-axis as extending downward, or some other variation. However, 
it will not be necessary to do this. 

A line in a plane separates the points of the plane not on the line 
into two halfplanes, the line being the edge of each halfplane. Simi- 
larly, the coordinate axes separate the points of an xy-plane not on the 
axes into four ““quarter-planes,” or quadrants, the union of whose edges 
is the axes, For convenience, these quadrants are numbered J, II, III, IV 
as indicated in Figure 11-4. 


Figure 11-4 


Quadrant 1 is the set of all points (x, y) such that x >> Ὁ and y > 0, 


Quadrant IT is the set of all points (x, y) such that x < ὃ and y > 0, 
Quadrant III is the set of all points (x, y) such that x < Ὁ and y < 0, 
Quadrant I'V is the set of all points (x, y) such that x > 0 and y < 0, 
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We can describe the coordinates of those points (x, y) on OX by 


x > Ὁ and y = 0, and the coordinates of those points on opp OX by 

x = Oand y = 0. Describe, in a similar way, the coordinates of those 
—» — 

points (x, y) on OY; on opp OY. 

Since we usually think of an xy-coordinate system oriented as we 
have shown in Figures 11-1 through 11-4, it is customary to call all lines 
parallel to OY vertical lines, Similarly, we call all lines parallel to OX 
horizontal lines. 

It is often convenient to use “above,” “below,” “right,” “‘left” to 
describe the position of a point. However, we can get along without 
these words if challenged to do so. For example, we could describe the 
position of the point P = (2, —5) by saying that P is 5 units “below” 
the x-axis and 2 units to the “right” of the y-axis in an xy-plane, Or we 
could say that Pis in the fourth quadrant, that it is on a vertical line 
which intersects the x-axis in a point 2 units from the origin, and that 
it is on a horizontal line which intersects the y-axis in a point 5 units 
from the origin. 


EXERCISES 11.2 


In Exercises 1-8, name the quadrant in which the point lies. 


1. (—2, 4) 5. (x, —2) 
2. (7, —3) 6. (— ΤᾺ, —1) 
3. (— 1/2, —5) 1. (- 5 V3) 
4, (1,2, 6) 5. (4, 


In Exercises 9-15, describe the set of all points (x, y) which satisfy the given 
conditions. 


2. «<< Oiy <0 14. x is any real number, y = 4 
10. x>Oy<0 15. x = —2, y is any real number 
ll x<0,y=0 16, x > 3.y = —5 

19, x=0,y>0 17. x=2,y<1 

18, χε α ἘΞ 0 18. xy = 0 


19. If R = (—3, 7), and 
(a) if S is the point where the vertical line through R intersects the 
x-axis, What is the abscissa of 57 The ordinate of S? What are the 
coordinates of S$? 
(b) if Tis the point where the horizontal line through A intersects the 
y-axis, what is the abscissa of ΤῊ The ordinate of T? What are the 
coordinates of ΤΞ 


11.3 Graphs In ἃ Plane 


20. Of the following points, find three that are collinear: (3, —5), (5, 7), 
[- 5, -- 5} [5, 2), (7, —5). 

21, Describe the set of all points in the xy-plane for which the abscissa is 
— 2; for which the ordinate is 6. Describe the intersection of these two 
sets, 

22. Describe the set of all points in the xy-plane for which the abscissa is 
zero; the ordinate is zero. Describe the intersection of these two sets. 
Describe the union of these two sets. 
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A graph is a set of points. To draw a graph or to plot a graph is to 
draw a picture that suggests which points belong to the graph. The 
picture of a graph shows the axes, but they are not usually a part of the 
graph, Of course, a subset of the axes is often a part of a graph. 

It is customary to label the x- and y-axes as shown in Figure 11-5. 
It is usually desirable to label at least one point (other than the origin) 
on the x-axis with its x-coordinate and at least one point (other than the 
origin) on the y-axis with its y-coordinate, 


In setting up an xy-coordinate system we start with three distinct 


points O, I, J such that OF 1. Of and ΟἹ = ΟἹ = 1, asin Figure 11-1, 
Although it is understood that OF and OJ are congruent segments 
(based on lengths in the distance system that we consider to be fixed), 
it is sometimes helpful, particularly in applied problems, to take points 
Tand J so that OF and OJ “appear” to be different in length. If this is 
done, a picture of the xy-plane may be described by saying that the 
“scale” on the x-axis is different from the “scale” on the y-axis. The 
word scale, as used here, is not part of our formal geometry. As far as 
our formal geometry is concerned the distance from Ὁ to 1 is the same 
as the distance from O to J regardless of appearance. 
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If the scale on the x-axis is different from the scale on the y-axis, a 
graph may appear distorted, An answer to the question “When is a 
square not a square?’ might be “When different scales for the x- and 
y-axes are used in graphing its length and width.” For example, Figure 
11-6 shows a picture of a quadrilateral ABCD all of whose angles are 
right angles. Since AB = CD = 4 and AD = BC = 4 in our formal 
geometry, it is true that ABCD is a square in our formal geometry. In 
physical (informal) geometry, if we were to measure the sides of quad- 
rilateral ABCD with a ruler, we would find that they are of unequal 
length and conclude that ABCD is not a square, 


- — ππε----- | 


beat τ C76, 10) -| 


Pigwe 1:6 PPE 
If a graph contains only a wr mae it may be desirable to write 
the coordinates of each point beside the dot that represents it. 


Example 1 Plot the points A(—4, 3), B(0, —5), C(5, —2), D(4, 0). 
(See Figure 11-7.) 


Figure 11-7 Ξ τῇ ΗΝ Tot ΓΗ ἯΙ 
Sometimes a small open circle is used to indicate that the endpoint 


of a segment or of a ray does not belong to the graph. In this connec- 
tion recall the symbol for a halfline introduced in Chapter 2. 
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Example2 Draw the graph of {x, y) : x < 2andy = 3}. (See Figure 
11-8.) 


If there are infinitely many potiits in the graph, the picture may 
contain segments or curves, and sometimes shaded regions or arrows, 
to indicate which points belong to the graph. 


Example ἃ Draw the graph of {(x, y): 1<x< 3 οὐ ὃ - αὶ < 4}. 
(See Figure 11-9.) 


SLAC Eee ΕΠ] 


Ls ἰ 5 | Figure 11:-ἢ 

Note that in Figure: 11-95 we iawn Den Ι ied lo as solid lines to 
indicate that they are a part of the graph, We have shown parts of m, 
and mz as dashed lines to indicate that these parts do not belong to the 
graph. Of course, segment AD on m, and segment BC on mz are part 
of the graph. It is desirable to indicate all of lines m, and me in some 
manner since they are a part of the “boundary” of the graph, Let us 
agree, then, that if a line, a segment, or a ray is not part of a graph, but 
serves as a boundary to a graph, it will be shown in the graph as a 
dashed line, segment, or ray. 

Write the coordinates of the point of intersection of lines lz and m, 
in Figure 11-9. Is this point a point of the graphr 
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Example4 Draw the graph of {(x, y) : x « —2}. (See Figure 11-10.) 


As Figure 11-10 suggests, the graph of {(x, y) : x ΞΞ --2)} is the 
halfplane on the left of the vertical line /. The interiors of the rays 
shown in the graph are intended to indicate this halfplane. Why does 
line | appear as a dashed line in this graph? Since line | is a vertical line, 
it is parallel to the y-axis. Therefore all the points of line / are on the 
same side of the y-axis in the xy-plane. Another way of describing the 
graph in Figure 11-10, then, is as the halfplane with edge / on the op- 
posite side of line | from the y-axis. Since line / represents the set of all 
points in the xy-plane whose abscissa is — 2, another way of describing 
line 1 is the line with an equation x = —2. The halfplane pictured in 
Figure 11-10 is the set of all points (x, y) such that x <<. — 2; or we may 
describe it as all of the xy-plane which lies to the left of the line 
x= —2. 


EXERCISES 11.3 


1. If A = (2, 2), B = (3, 3), C= (4, —2), D = (—3, —3), draw the 
graph of the set of all points which belong to the polygon ABCD. 

2, Draw the graph of the set of points that belong to the interior of the 
polygon in Exercise 1. 

3. In your graph for Exercise 2, should the segments AB, BC, CD, DA ap- 
pear as dashed lines or as solid lines? 

4, Draw the graph of 


{(x, y)i x= Sand —1< y < 2}, 


5. Is the point (3, 2) part of the graph for Exercise 47 Is the point (3, — 1) 
part of the graph? 


M In Exercises 6-13, graph the set of all points (x, y) in an xy-plane satisfying 


11.3 Graphs in » Plane 


the given conditions. Then describe the graph of the set in words. Exercise 
6 has been worked as a sample. 


6. 2<x*< 6and y = 3. 


15. 
16. 


17. 
18. 


19. 


Graph: 


| Figure 11-11 


Description: The graph is the segment whose endpoints are 
A(2, 3) and Bi6, 3). 


~x>—2Zandy=2 
.eo3 
yaad 


x= —Sand -2<y<5 

-δξας -lor2<y<¢5 

—§<x2< -land2 ς ἢ Ξ δ 

Which, if any, of the following points are not part of the graph for Ex- 
ercise 12; (—5, 2),{—1, 2), (—1, 5), (—5, 3)? Which of these points are 
not part of the graph for Exercise 13? 

If P = (2, 0) and Q = (9, 0), what is the length of segment FO? Justify 
your conclusion. 

If. A = (2, 5) and B = (8, 5), what is the length of AB? Why? 

If C = (—3, —4) and D = (—3, 6), what is the length of CD? Why? 
Give the coordinates of the midpoints of the segments whose endpoints 
are the following: 

(a) (S, 2), (3, 12) 

(b) (1, 4), (9, 4) 

(ὦ) (—3, 1), (7,1) 

CHALLENGE PROBLEM, Give the coordinates of the midpoint of the 
segment whose endpoints are (3, 5) and (8, 7). 


. CHALLENGE PROBLEM. If P = (5, 1) and Q = (8, 6), what is the exact 


length of PO? 
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eee 
11.4 DISTANCE FORMULAS 


Consider an xy-coordinate system as shown in Figure 11-12. Let I 
be the unit point on the x-axis and let P and Q be any two points with 
abscissas x, and x2, respectively, on the x-axis. 


Figure 11:18 δε 
We know, by the definition of a coordinate system on OX relative to 
unit segment Of (Definition 3,3), that 
PQ ( OF units) = jx) — x2! = βὰς — x4]. 
For example, if P = (3, 0) and O = (7, 0). then x, = 3, χὰ = 7, and 
ΡΟ = ὶ —7| = [1 -- 3) =4. 


Now suppose that / is any line in the xy-plane and parallel to the 
x-axis as in Figure 11-13 (that is, / is any horizontal line), Let P and Ὁ 
be any two points on I and let P(x, 0) and Q(x, 0) be the projections 
of P and (9, respectively, on the x-axis. 


Figure 11-13 


By our definition of the abscissa of a point in an xy-plane, we know that 
the abscissa of P is x; and that the abscissa of Q is x2. If P = ΡῚ and 
Q = Q1, then 


ΡΟ = P\Q: = |x — xy]. 


11.34 Distance Formulas 
If P+ P,, then Ὁ + Οἱ and the quadrilateral PP,Q,0Q is a parallelo- 
gram. Therefore we again have 
FO = PyQy = [Δ] = χα]. 


Note that if | is a horizontal line, then 1 is perpendicular to the y-axis 
(Why?) and every point of | projects onto the same point in the y-axis. 
Thus all points on a horizontal line have the same ordinate. We have 
proved the following theorem. 


THEOREM IL2 If P(x, yx) and Q(x2, y1) are points on the same 
horizontal line in an xy-plane, then 


PQ = [πὶ = χα. 
It should be noted that if P = Q in Theorem 11.2, then 
x = Xe and PO = (0) = 0. 
THEOREM 11.3 Tf P(x, yx) and Q(x, y2) are points on the same 
vertical line in an xy-plane, then 
PO = [νι — ν᾿] 
Proof: The proof is similar to the one given for Theorem 11.2 and is 
assigned as an exercise, 
Example I fA= (3, 5) and B = (—6, 5), find AB. 
Solution: AB = |3 — (—6)| = 9. 


Note that if two points have the same ordinate, then they lie on the 


same horizontal line. Thus AB in Example 1 is a horizontal line. Hence 
AB is the absolute value of the difference of the abscissas of the points 
A and B, as shown in the solution to Example 1. 


Example 2 If C = (—8, —3) and ἢ = (-- ἢ, 4), find CD. 


Note that if two points have the same abscissa, then they lie on the 
same vertical line. Thus GD in Example 2 is a vertical line. Hence CD 
is the absolute value of the difference of the ordinates of the points C 
and D, as shown in the solution to Example 2. 
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You have seen how to find the distance between any two points in 
an xy-coordinate system if the two points lie on the same horizontal line 
or if the two points lie on the same vertical line. Next we show how to 
find the distance between two points if they lie on the same oblique 
line, that is, a line that is neither horizontal nor vertical. Before pro- 
ceeding to the general case, let us consider an example. 


Example 3 If P = (—2, —3) and O = (4, 5), find PQ. 


Solution: (See Figure 11-14.) Let 1: be the line through Q and parallel 
to the y-axis and let Iz be the line through P and parallel to the x-axis. 
These two lines intersect in a point R such that 1; 1 1. at R. Why? 
Therefore PO is the hypotenuse of a right triangle, A POR, with the 
right angle at A. Since ἰ is a horizontal line and ἢ is a vertical line, we 
have 
PR = [4 —(—2)| = 6 
OR = [5 — (--.}} Ξ 8 
by Theorems 11.2 and 11.3. 
By the Pythagorean Theorem, 


(PO)? = (PRP + (OR, 


= 6? + 82, 
= 36 + 64, 
= 100, 
and hence 
PO = 10. 


Note that in finding PQ in Example 3 we made reference to a right 
triangle. We proceed now to the theorem that will enable us to find the 
distance between any two points in any xy-coordinate system without 
reference to a right triangle. The formula in this theorem is often re- 
ferred to as the Distance Formula for points in an xy-plane. 


THEOREM 11.4 If P, — (x4, y1) and Κα — (X2, Y2) are any two 
points in an xy-plane, then 


Proof; There are four cases to consider. 


Case 1. P, = Ps, 

Case 2. P, and Pz are distinct points on a horizontal line. 
Cave 3, Py and Py are distinct points on a vertical line. 
Case 4. P; and δὰ are distinct points on an oblique line. 


11.4 Distance Formulas 


Proof of Case 1: If P, = Ps, then x, = x2, ἡ = ye, and, by the for- 
mula of Theorem 11.4, we have 


P,P = V0 = 0. 


as it should since the distance between a point and itself is defined to 
be zero. 


Proof of Case 2: If P, and Ps are distinct points on the same hori- 
zontal line, then y; = ye and, by the formula of Theorem 11.4, we have 


Pi Ps S χἠ (4 = Xe} = [κι = Xo|. 


This result agrees with the statement of Theorern 11.2 for two points 
on the same horizontal line. 


Proof of Case 3: Tf P, and ῥα are distinct points on the same vertical 
line, then x, = x2 and, by the formula of Theorem 11,4, we have 


P,P. = v/(yi — yo)* = |ἱ — yal, 
which agrees with the statement of Theorem 11.3. 


Proof of Case 4: If P, and Ps are distinct points on an oblique line as 
shown in Figure 11-15, then the line through P, and parallel to the 
y-axis intersects the line through P, and parallel to the x-axis in a point 
R(x, ye) such that AP)P,R is a right triangle. 


PoR = χὰ — x9| 
by Theorem 112 and 

PuR = |yi — yal 
by Theorem 11.3. We have 
(P2R)? = κι — χ}" = (αι — 2)? 
and AT 


- 


Ι 
| 
| 
| 
| 
| 
Ι 


ja ea ΡΝ 
tol, oe he — et 
(PiR)? = |ψι . ψ5}" = (yi — yo) Fewe 115 
Since P,P, is the hypotenuse of AP,P2R, we have, by the Pytha- 
gorean Theorem, that 


(PiPs)? = (PaR)* + (PLA 


PxP2 = ναι — x2)? + (yn — ye)", 
and the proof is complete. 


or that 
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Since (x, — x2)? = (xp — 41)? and (μι — yo)? = (y2 - yi)2, in 
using the Distance Formula of Theorem 11.4, it does not matter which 
point is designated P;(x1, y;) and which point is designated Po(xo, yo). 


Example4 If A = (2, —4)and B = (—5, 3), find AB. 


Solution: Substituting the coordinates of the given points in the Dis- 
tance Formula, we have 


AB = \/2 — (—5)P + (—4— 3 

= f= A. | — 

= \/49 + 49 

= 49-3 

= ἵν 

Note that in working Example 4 we considered A(2, —4) as the 

point P(x), yx) and B(—5, 3) as the point Ps(xe, yo) when we substi- 
tuted these coordinates into the distance formula. Show, by working 
Example 4 again, that we would have obtained the same result for AB 
had we considered A(2, — 4) as the point Pa{x2, y2) and Βί -- 5, 3) as the 
point Py (x1, yy). 


EXERCISES 11.4 


l. Prove Theorem 11.3, 


In Exercises 2-10, use Theorem 11.2, Theorem 11.3, or the distance formula 

to find the distance between the given points. 
2. (—3, 2) and (—3, 11) 
3. (8, 1g) and (3}, 15) 

. (—2.5, ν᾽ and (17.3, 1/3) 

. {π| 4.8) and (=, —9.6) 

(—2, 7) and (3, —5) 

. (3, —6) and (9, 0) 

, (4, 17) and (—3, 9) 

(—3, —5) and (5, -- 1) 

. (6, —3) and (—4, 2) 


ΞΘ τὰ we 


11. Find the perimeter of the triangle whose vertices are Αἱ -- ὦ, -- 8), 
B(3, 9), and C{—10, 12). 


11.4 Distance Formulas 


12. Prove that the triangle whose vertices are P{1, 2), O(9, 2), and R(5, 8) 
is isosceles. 

13. AABC has vertices A(6, 0), B(—4, 4), and C(10, 4). 
(a) Find the perimeter of AABC. 
(5) Find the area of AABC, 

14. Find the lengths of the diagonals of a quadrilateral ABCD if 
A= (4, —3), B= (7, 10), C = (—8&, 2), and D = (—1, —5). 

15, The vertices of A POR are Pi—1, —2), 0/4, 0), and A(2, 5), Prove that 
APOR is a right isosceles triangle. 

16. If the distance between A(6, —2) and B(O, y) is 10, find the possible 
y-coordinates of B. 

17, Find the coordinates of the points on the x-axis whose distance from 
(2, 8) is 10, 

18. If (a, —a) is a point in quadrant IV, prove that the triangle with vertices 
(—5, 0), (0, 5), and (a, —a) is isosceles. 

19. Given D = (—2, 2), E = (10, 2), F = (4, y) with 2 DFE a right angle, 
find the two distinct possible values of y. 

20, Given P = (—2, —7), 0 = (3,3), AR = (6, 9), use the distance formula 
to show that PO + OR = PR, and hence that P-O-R. 


Exercises 21-26 refer to the triangle whose vertices are A = (2, 4), B = 
(6, 8), and C = (12, 2), 


21. Draw line ἢ through A and parallel to the y-axis. Draw line lz through 
B, parallel to the x-axis, and intersecting [; at D. What are the coordi- 
nates of D? 

22. Draw line I; through C, parallel to the x-axis, and intersecting ἢ at E. 
What are the coordinates of EP 

23. What kind of quadrilateral is quadrilateral BDEC ? Find |BDEC |. 

24, What kind of triangles are ABDA and ACEA? Find |ABDA| and 
|\ACEA|, 

25. Copy and complete: 


IBDEC| = |AABC| + | AP) + |AP)). 
26. Find | AABC]. 


27. CHALLENGE ProBLEeM. Find |APOR) if P = (6, 0), Ὁ = (1, 5), and 
R = (10, 8). 

28. CHALLENGE PROBLEM. If A = (0,0), D = (b,c), B = (a, 0), and C = 
(a + Ὁ, οὐ, where a, b, c are positive numbers, prove that quadrilateral 
ABCD is a parallelogram, (Hint: Lf the opposite sides of a quadrilateral 
are congruent, then the quadrilateral is a parallelogram.) 
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11.5 THE MIDPOINT FORMULA 


We know that the midpoint M of a segment PO is the point be- 
tween P and QO such that PM = MO or that PM = 4PO, or, similarly, 
MOQ = ΡΟ. Suppose that the coordinates of P and Q are given and 
that we wish to find the coordinates of M, the midpoint of PO, For ex- 
ample, if P = (2, 3) and Q = (8, 5), we can find the coordinates (x, y) 
of M, the midpoint of PO, as follows. (See Figure 11-16.) 


TR es 


| 


Figure 11-16 | Sd FEE a el i Ee det ES 

Let P(2, 0), M’(x, 0), Q’(8, 0) be the projections of P, M, Q, re- 
spectively, on the x-axis and ΡΠ (0, 3), ΜΗ (Ο. y), Οὐ (0, 5) be the projec- 
tions of P, M, Ὁ, respectively, on the y-axis. Since M is the midpoint 
of PO, it follows from Theorem 10.8 that M’ is the midpoint of PQ’ 
and M” is the midpoint of P’O”. Therefore, by Definition 3.3, 
2<x< 8 πα 3 « y < 5. By the definition of midpoint, we have 


(l) PM = ΜΌ'’ anid (2) P’M" = M"O", 
By Theorem 11.2, 
PM =|x-—2| and Μ0’ - [8 — x. 

Since x — 2 > 0{Why?) and 8 — x > 0, we get by substitution into (1), 
x—-2=>6-—x, 

Therefore 2x = 10 and x = 5. 

Similarly, by Theorem 11.3, 
P'M”" = |y — 3| and Μ᾽" = |5 — yl. 

Since y — 3 > Oand 5 — y > 0, we get by substitution into (2), 

y—3=5-— y. 


Therefore 2y = 8 and y = 4. Hence the coordinates of M, the mid- 
point of PO, are (5, 4). 


115. The Midpoint Formula 


We can proceed, as in the preceding example, to find the coordi- 
nates of the midpoint of any segment if the coordinates of the end- 
points of the segment are given. However, Theorem 11.5 provides us 
with a formula that will enable us to find the coordinates of the mid- 
point of a segment. The formula in Theorem 11.5 is often referred to as 
the midpoint formula. 


THEOREM ILS If P = (x, y;)and QO = (xe, yz) are any two dis- 
tinct points in an xy-plane, then the midpoint M of PO is the point 


n= EGREER) 


There are three cases to consider. 
Case 1: P and Q are distinct points on a horizontal line. 
Case 2: P and Q are distinct points on a vertical line. 
Case 3; P and Q are distinct points on an oblique line, 
We shall begin the proof for Case 3 and assign the remainder and 
the proofs of Cases 1 and 2 as exercises, 


Proof of Case 3: Let P(x,, yi) and Q(x2, y2) be any two distinct points 
on an oblique line in an xy-plane as shown in Figure 11-17 and let 
M(x, y) be the midpoint of PQ. Let P’(x;, 0), M'(x, 0), and Q’(xe, 0) be 
the projections of F, M, and Q, respectively, on the x-axis. By Theorem 
10.8, Μ' is the midpoint of P’Q’. By Definition 3.3, x is between x, and 
χα; thus 

χὰ Ξ καὶ χὰ ΟΥ̓ χὰ Ξ χα τ αι, 


(In Figure 11-17 we have shown x; < x < x2, but this order might be 
reversed if P and QO are chosen in a different way.) 


Figure 11-17 
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By the definition of midpoint, 

PM’ = ΜΌ". 
and by Theorem 11.2, 

PM = [τ = x} 
anc 

Μ'Θ' = |xe — αἱ. 
Therefore 


|x — αι} = [re — a]. 


If x, < x< wm, then x—x, >0 and x —x>0 and we have 
x — Χ = x» — x. Why? Therefore 


Ὡχ τῷὸι ΧῚ  Χ2 
and 
x1 + Xz 
Fe 5 
2 


If χὰ < x < x), then x; — x > 0 and x — xz > 0. In this case, 
PM = |x --- αι! =m —x 
and 
Μ'Ο’ = |xg — αἱ = x — &. 
Thus 
x -- χὰ = Χὶ — x, 
and again we have 


-- ἜΞΡ Σ᾽ 
ΝΣ 
We have shown that if M(x, y) is the midpoint of the segment whose 


endpoints are P(x;, y;) and O{x2, y2), then the abscissa of Mis 2%, 


x 


In a similar way, it can be shown that the ordinate of M is wee 


(You are asked to show this in the Exercises, thus completing the proof 
of Case 3.) 


Frample | Find the coordinates of the midpoint of the segment 
whose endpoints are the following: 

1. A(2, -- 3) and B(2, 9). 

2. C{—12, 1) and D{—3, 1). 

3. E(—2, 7) and F(10, 12), 
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Solution: 
1. Segment AB lies on a vertical line. Therefore x = x; = χ and 


M+% At Δ) 
2 2 


Therefore the midpoint is 


= 11. 


2 
2, Segment CD lies on a horizontal line. Therefore y = y1 = ye 
and 
“ ἘΞ ἅτ 
2 3 
Therefore the midpoint is 


xy + ΧΩ 
M= (Ξ.1.5. ) 
ee 
. {-ἰ13 :{[-ῷ. ,\_/f 15 
=(-B469.1) (#1) 
3. Segment EF lies on an oblique line; hence the midpoint M of EF 
is the point 
Ma (222, yi + #8) 
2 2 
J (Ξ8 3 10 7+ 15} Ee (4 49) 
7 2 aim ks 7 
Example 2 The vertices of a triangle are A(0, δ), B(4, 3), and 
C{—2, 1). Find the length of the median to BC. 


Solution: The median to BC is the segment whose endpoints are 
A(0, 5) and M, the midpoint of BC. The coordinates of M are (1, 2) by 
the midpoint formula; hence 


AM = 


by the Distance Formula. 
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EXERCISES 11.5 


1, Complete the proof of Case 3 of Theorem 11.5 by showing that the ordi- 
nate of M is 41 U2. (See Figure 11-17.) 


2. Prove Case 1 of Theorem 11.5. (In this case, y = y; = yo in the state- 
ment of the theorem.) 

3. Prove Case 2 of Theorem 11.5. {In this case, x = x, = χα in the state- 
ment of the theorem.) 


In Exercises 4-10, find the midpoint of AB if A and B have the given 
coordinates. 

4, (—95, —2) and (—5, 6) 

5. (—3, 5) and (8, 5) 

6. (0, 0) and (8, 10) 

7. (0, 0) and {—8, 10) 

8. (1, 2) and (6, 14) 

9. (r, 7) and (3r, —3) 

10. (a, b) and (—5a, Tb) 


11. The vertices of a triangle are (2, —3), (10, 1), and R(4, 6). Find the 
midpoint of PO. Find the length of the median to PQ. 

12, The vertices of a triangle are A(—3, —2), Bil, 6), and C(5, —2), Find 
the lengths of the medians to AB and BC, How are the lengths of these 
two medians related to each other? What kind of triangle is AABC? 


Exercises 13-15 refer to quadrilateral ABCD whose vertices are the points 
A = (0, 0), B = (6, 0), C = (8, 4), D = (2, 4). 

13. Find AC and BD. 

14. Show that the midpoint of AC is the same point as the midpoint of BD. 
15, What kind of quadrilateral is ABCD? 


Exercises 16-24 refer to AABC whose vertices are the points A = (2, 0), 
B = (12, 0), GC = (7, 55/3). 

16. Prove that AABC is equilateral. 

17. Find the coordinates of D, the midpoint of AB. 

18, Find the coordinates of E, the midpoint of BC. 

19, Find the coordinates of I, the midpoint of AC. 

20. Show that the lengths of the three medians of AABC are equal, 

21, Find DE and show that DE = 4AC, 
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22. Find EF and show that EF = 1.8. 
23. Find FD and show that FD = 180. 
24, Do the results of Exercises 21-23 prove that A DEF is equilateral? 


Exercises 25-27 refer to AJSK whose vertices are the points J = (ἢ, 0), 
ἃ = (6, 0), K = (0, 8). 

25, What kind of triangle is AJSK? 

26. Find the coordinates of M, the midpoint of 5K. 

27. Prove that JM = $SK, 


In Exercises 28-31, the coordinates of two points A, M are given, Find the 
coordinates of the point B such that M is the midpoint of 
98. A = (1,3), M= (4,7) 
29, A = (4, 7), M = (1,3) 
30. A = (—1, —8), M = (6, 0) 
41. A = (—6, —4), M = (—3, —2) 


Exercises 32-36 refer to the segment AB whose endpoints are A = (3, 2), 
B = (ΤΊ, 6) and the point P{ x, y) on AB such that AP = 3AB. 
32, Let A’, P’, Β' be the projections of A, P, B, respectively, on the x-axis. 


A'’P _ AP 3» 
Why does Gy = ap = 


33. What is the abscissa of F’ in εὐ τς 32? What is the abscissa of P? 
34, Let A”, ΡΠ BY be the projections of A, P, B, respectively, on the y-axis. 


ΑΘ AP 3s 
Why does = AR Ξ ΛΕ = τ 


95, What is the ordinate of P” in Exercise 34? What is the ordinate of P? 

36, What are the coordinates of P? 

a7. IEA = (—4, —2) and B = (6, 3), find the coordinates of the point FP on 
AB such that AP = AB, (Hint: See Exercises 32-36.) 

38. CHALLENGE ProsLem, Given positive numbers a and and a right tri- 
angle with vertices at A = (0, b), B = (a, 0), and C = (0, 0), find the 
coordinates of M, the midpoint of AB, and show that CM = 4AB. Does 
this prove that for any right triangle, the median to the hypotenuse is 
one-half as long as the hypotenuse? 

49, CHALLENGE PRonLEM. Given positive numbers a, b, c and a quadri- 
lateral ABCD with vertices at A = (0, 0), B = (a, 0), C = (a + B, e}, 
and Ὁ = (hb, εἰ, 

(a) prove that ABCD is a parallelogram, 
(b) prove that the diagonals AC and BD bisect each other by showing 
that the midpoint of AC is the same point as the midpoint of BD. 
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11.6 PARAMETRIC LINEAR EQUATIONS 


If we are given a line in an xy-plane, it is often desirable to find the 
coordinates of points on that line. We know that two distinct points 
determine a line. Suppose that we know the xy-coordinates of two dis- 


tinct points A and B on AB. We should be able to find the xy-coordi- 
nates of any other point P on AB provided, of course, enough informa- 
tion is given to determine one and only one point FP on ‘AB. 


Example 1 Let A = (1, 3), B = (4, 7), and suppose that 5, Q, R are 
points on AB such that $ is on Ab, O is on AB, and R is on opp AB. 
(See Figure 11-18.) Suppose, further, that 


AS=4AB, AQ=2AB, AR=AB, 


and we wish to find the coondinates ‘i 5, Ὁ, and R. 


Figure 11-18 | : 

Let § = (x, y). To find cond) y we aiicht pmol as follows. Let A’, 

B’, S’ be the projections of A, B, 5, respectively, on the x-axis, and let 

A”, Β΄, 5" be the projections of A, B, 5, respectively, on the y-axis. 
Using Theorem 10.5, we get 


ST 3s Ae ses 
ὧν 4 AS As ft ἜΣΤΙ: ἃ Ξ 53 
3 ‘AB Ξ- AYR =a ΞΞ an y= 3° 
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Similarly, we can find that Ὁ = (7, 11) and R = (—2, —1). (Verity 
these results by setting up appropriate equations and solving them.) If 


P were any other point on AB such that 
AP = KAB, 


where k is any positive number or zero, we could find the coordinates 
of P by a computation similar to those above. Our objective, however, 
is to derive an expression from which the coordinates of any point on 


‘AB can be obtained by simple replacements. 


In Chapter 3 we studied a coordinate system ona line. In this chap- 
ter we have already defined an xy-coordinate system in a plane, based 
on two line coordinate systems like those you studied in Chapter 3. 

Let us consider now a third line coordinate system, a coordinate 
system on line AB with A as origin and B as unit point. We call it the 


k-coordinate system on AB. It should be clear that we start with an 
xy-coordinate system based on a unit segment for distance, When we 
speak of “the distance” between two points in the xy-plane, we are 
talking about the distance based on the same unit segment that is used 
in setting up the xy-coordinate system. For every different choice of 
points A and B on a line [in the xy-plane, there is a different k coordi- 
nate system on / with A as origin and B as unit point. The k-distance 
between two points on / will usually be different from the ry-distance 
between those points. 

The following table shows the x-coordinate, the y-coordinate, and 
the k-coordinate of the points A, B, 5, Ὁ, R that were shown in Exam- 
ple 1. 


Point x-Coordinate y-Coordinate k-Coordinate 
A | 3 () 
B 4 7 1 
ς 8 53 3 
? 7 11 2 
R οἷ -} —] 
P ΓῚ k 


We shall derive the equations which show us how to compute the 


x- and y-coordinates of a point on AB in terms of its k-coordinate, First 
we shall show that the x-coordinates of the points of / form a coordinate 
system on / as do the y-coordinates. 


466 


Coordinates in a Plane Chapter 11 


Let [ be any nonvertical line in an xy-plane, (See Figure 11-19.) Let 
O10, yo), 11, yi), Pix, y) be points on §, and let Οὐ, I’, P be their re- 
spective projections on the x-axis. It follows from the Plane Separation 
Postulate and the properties of parallel lines that ΟἹ, I’, P’ have the 
same betweenness relation as do their respective projections. For ex- 
ample, if O-I-P, then O’-]'-P". 


Figure 11-19 


Let § denote the unique coordinate system on | with O as origin 
and J as unit point. Note that OT serves as a unit segment for § and that 
generally (except if / is parallel to the x-axis) distances “in §"" are dif- 
ferent from distances “in the xy-coordinate system.” Let p be the co- 
ordinate of Pin the system §. Since betweenness for points on I is the 
same as for their projections on the x-axis, it follows from the definition 
of a coordinate system on a line that p and x are both positive, or both 
negative, or both zero. It follows from Theorem 10.8 that 


OF = OF 
ΟΙ ΟἹ 
Since these ratios are equal regardless of the distance function, we have 
ΟΡ p= 6 OP [κα -ὦὋ 0] 


a ππξὴ ΙΡ!, OT 7 i= =|, and p=x. 
Now 3 is the one-to-one correspondence that matches each point P on 
! with a number p. Since p = x, we see that the correspondence that 
matches each point of | with its x-coordinate is indeed a coordinate 
system. Similarly if 1 is a nonhorizontal line, then the correspondence 
that matches each point of | with its y-coordinate is a coordinate system 
on I. We state these results in our next theorem. 


THEOREM 11.6 If I is any nonvertical (nonhorizontal) line in 
an xy-plane, then the one-to-one correspondence between the 
points of / and their x-coordinates (y-coordinates) is a coordinate 
system on ὦ, 
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In the next theorem, as well as in many others throughout the rest 
of this book, there is the assertion, “*k is real” within a set-builder sym- 
bol. This is short for “k is a real number.” 


THEOREM 11.7 If A(x, yx) and Βίχυ, yz) are any two distinct 
points, then 


AB = {(x, υ) : α τε αὐ + Mrz — αι), = ψὲ + Kye — ψι), kisreal}. 


If k is a real number and if P is the point (x,y) where 
x= χὶ + Κίχα — x) and y = yy + Ky2 — yi), then 
= AL if k>0o; 
a; and PEAB if > 0; 
rv and Pé€oppAB if k<0. 


—-k= 
Proof: Let A(x, y1), B(xg, yz) be any two distinct points. Suppose first 


that AB is neither vertical nor horizontal, Think of three coordinate 


systems on AB as suggested in Figure 11-20, the x-coordinate system 
and the y-coordinate system, determined by the xy-coordinate system 
(see Theorem 11.6), and the k-coordinate system in which A is the 
origin and B is the unit point. 


Figure 11-20 
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It follows from the Two-Coordinate-Systems Theorem (Theorem 
3.6) and its corollary, each applied twice, that AB is the set of all points 
Pix, y) such that 

x—x, k—0O y—y  k-—O 


%—x% 1-0° yw—y 1-0’ 


or 
x— χὰ = Kx — 1), y — yi = Myo — τα}; 
or 
χ Ξε χὶ + hime — x), y= yt + Aye — yy); 
AP 
ere |k| = —. 
where || AB 


Since the definition of a coordinate system requires that between- 
ness for points agree with betweenness for coordinates, it follows that 


Pis on AB if and only if k > 0, and Pis on opp AB if and only ifk < 0. 

If ABis a vertical line, then the x-coordinate of every point P on AB 
is the same number, and there is no x-coordinate system on ‘AB. In this 
case Xj = Χα = x for every point P(x, y) on ‘AB and the equation 


r= + kixe = ταὶ. 
which simplifies to x = χα, is still applicable. The proof for the non- 
vertical-nonhorizontal case is applicable to this case as far as the rela- 
tion between y and k is concerned. Therefore the assertion of the the- 
orem applies in the vertical case, Similarly, the theorem may be proved 
for the horizontal case, 
In 
AB = {ix, y)i x= x + Κίχο — x), y = yr + Kiyo — yi), Καὶ is real}, 
the “‘k is real” is put in because k is not mentioned before the braces 
and not before the colon within the braces, and we read the sentence as 
“AB is the set of all points (x, y) such that 


x= x + Kix — x4), 
y = yr + Κι — ψι), 
where k is real.” 
The equations 
x= x + Κίζχῳ — Χ1) anc y = yi + Kye — ys) 
in the statement of Theorem 11.7 are called parametric equations for 
the line AB and k is called the parameter. A parameter js usually 
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thought of as a variable to which values may be assigned arbitrarily, 
and other variables are defined in terms of it. By assigning real number 
values to the parameter k in the parametric equations for ‘AB, we ob- 
tain ordered pairs of numbers corresponding to points on ‘AB in the xy 
coordinate system. Of course, we could assign values to x (in the non- 
vertical case) and find values of y so that the resulting ordered pairs 
correspond to points of AB or we could assign values to y (in the non- 
horizontal case) and find values of x so that the resulting ordered pairs 
correspond to points of ‘AB. But it is easier, and it works in all cases, to 
assign values to k and compute values of x and of y so that the resulting 
ordered pairs correspond to points of AB. 

Note that parametric equations for a line are not unique. If I is a 
line, then there are many choices for the two points A and B of The- 
orem 11.7, and hence many pairs of parametric equations for L. 

If we replace the coordinates (x), xz) and (yi, y2) in the parametric 
equations of Theorem 11.7 with the coordinates (1, 3) and (4, 7) of the 
points A and B in Example 1, we obtain the parametric equations 


x=1]1+ 3k and y¥ = 3+ 4k 


for the line AB in that example. Recall that, in Example 1, $ is a point 
on AB such that AS = 4AB. Thus, by replacing k with the number 3 
in the parametric equations 

* = 1 + 3k, y = 3 - Ak, 
we obtain the coordinates (3, 54) of the point 8. Show that you get the 


ay-coordinates of the points (9 and A on AB in Example 1 by assigning 
the values 2 and — 1, respectively, to k in the parametric equations 


* = 1] + 3k y= 3 + 4k 


It follows from Theorem 11.7 that every line can be represented by 
set-builder notation and a pair of parametric equations. However, it is 
not true that every pair of parametric equations represents a line. For 
example, the set 


S={(,y):x=2+k-0,y =3 + k+0, kis real} 


is a set whose only clement is (2, 3). Note that in the statement of The- 
orem 11.7, the points A and B are distinct; hence not both of the co- 
efficients of k in the parametric equations can be zero. That is, we can 
have x:—x,;=0 or yo—y,=0, but we cannot have both r»—x*x,—0 
ancl Ye-—-yi= 0. 
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Although not every pair of parametric equations represents a line, 
our next theorem provides us with a method for identifying those pairs 
of parametric equations that represent lines. 


THEOREM 11.8 If a, b, c, d are real numbers, if b and d are not 
both zero, and if 

S= {(x,y):2=a+ bk, y =e + dk, kis real}, 
then 5 is a line. 


Proof: Taking k = 0 and k = 1, we get two points in S, namely 
A(a, c) and Bia + b, ¢ + αἰ). By Theorem 11.7, parametric equations 


for AB are 
x=a+ka+b—a)=a+ bk 

4 Ξε 6 -Ἐ ke + d—c) =e + dk 
Therefore eee :x=a+ bk,y=c + dk, kis real}; 
hence 5 = Shah Gs toe 

In addition to being able to write parametric equations for a line, 

we can also write parametric equations for a segment or a ray if we 
place the proper restrictions on the parameter k. We illustrate this 
technique in the following examples. 


and 


Example 2 Let A = (4, 1) and B = (2, —3). Using coordinates and 
parametric equations, express (1) AB, (2) AB, and (3) AB 
Solution: 


1. Substituting the coordinates of A and B into the equations of 
Theorem 11.7, we get x τὸ 4 — 2k and y = 1 — 4k as para- 


metric equations for ‘AB. Therefore 
AB = {(x, y): x= 4 —2k,y = 1— 4k, kis real}. 
2. If Pisa point on AB, then P € AB if and only if k > 0. Therefore 
AB = {(x, y):x = 4 — 2k, y = 1— 4k, k > 0}. 


3, If P, A, Bare three points on AB and if ky, ke, ka are the coordi- 
nates of F, A, B, respectively, then Pis between A and B if and 
only if Κι is between kz and kg, Since the k-coordinates of A and 
Bon AB are 0 and 1, respectively, then P is between A and B if 
and only if k is between 0 and 1. Therefore 


AB = {ix,y)ieu=4— 2k, y=1—4k0< k < 1). 
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Example 3 Given A = (4, 1) and B = (2, —3), find P on AB such 
that AP — 4. AB. 


Solution: Taking k = 4 in the parametric equations of Example 2, 
we get 
P = (x, y) = (—4, —15). 


Example4 Given A = (4,1) and B = (2, —3), find Pon opp AB such 
that AP = 4+ AB, 


Solution: Taking k = —4 in the parametric equations of Example 2, 
we get 
P = (x, (ἢ = (12, 17). 


Example ὃ Given A = (4, 1) and B = (2, —3), find C and D, the 
points of trisection of AB. 


Solution: Taking k = τ and k = 4 in the parametric equations of 
Example 2, we get C = (1), —4) and D = (8, —4) as the points of 
trisection. 


EXERCISES 11.6 


In Exercises 1-5, the coordinates of two points A, B are given. Use para- 
metric equations and set-builder notation to express AB, AB, opp AB, and 


L A= (1, 4), Β ΞΞ (β, 7) 4,A= (2, 3), B = (0, 0) 
2. A = (2, 2), B = (5, 5) ἃ, A =(—3, —2), B = (0, 1) 
3. A = (—1, 3), B = (3, 0) 


6-10, Find the coordinates of the midpoint of AB in Exercises 1-5. (Hint: 
Let Καὶ = 4 in the parametric equations for AB.) 


11. Find the points of trisection of AB in Exercise 2. 
In Exercises 12-17, a relation between AP and AB is given. If 
A = (—2, —5) and B = (4, 1), find the coordinates of P in AB. 


12, AP = 2AB 15. AP = \/ZAB 
13, AP = 25AB 16, AP = 1.548 
14, 4AP = 3AB 17. AP = 4AB 


472 


Coordinates in a Plane Chapter 11 


18-23. The instructions for Exercises 15-23 are the same as for Exercises 


12-17, except that P is in opp AB, Recall that AP = —k in this case. 


In Exercise 18, AP = 2AB as in Exercise 12; in Exercise 19, 
AP = 25AB as in Exercise 13; etc. 

24, Find the coordinates of P ¢ AB if A = (—1,5), B = (4, —3), and 
AP = 3AB, (There are two possible answers.) 

25. Given A = (0, 4), B = (3, 0), and Cis on AB, find the y-coordinate of 
C if its x-coordinate is -- ὃ, (Mint: Obtain the parametric equations for 
‘AB and let x = —2 in one of these equations (Which περ). Solve this 
equation for k and use this value of k to find the y-coordinate of C.) 

96. Given A = (—1,3), B = (2, —3), and Cison AB, 
(a) find the y-coordinate of C if its x-coordinate is 5. 
(b) find the abscissa of C if its ordinate is 8, 

In Exercises 27-31, draw the graph of the set. 


27. {{ἀ| y): 1 3k, y = 2 —k, kis real} 

28. {{| y)ix= 3k y= Κιῦ Ξ καὶ <3) 

29. {(x,y): x= —24+k y = —2k,k > 0) 

30. {((x, y)i x= —Ky=kk <0} 

Exercises 32-39 refer to the triangle whose vertices are A = (3, 2), 

B = (9, 4), and C = (5, 8) 

32, Find the coordinates of D, the midpoint of AB. 

33, Find the coordinates of E, the midpoint of BC. 

34, Find the coordinates of F, the midpoint of AC. 

35. Find the coordinates of the point R in CD such that CR = 3CD. (Use 
the parametric equations for CD, where C = (xy, χη} = (5, 8). 
D = (x2, y2) = (6, 3), and k = 4.) 

36, Find the coordinates of the point Sin BF such that BS = 3BF. (Use the 
a equations for BF. where B = (x1, yi), F = (xe, yo), and 
k= 4.) 

. Find the coordinates of the point T in AE such that AT = ΞΑΕ. 

5 ᾿Ξ 8 --  ΤῇἮ 

. Show that the three medians of AABC intersect in a point whose dis- 
tance from each vertex is two-thirds of the length of the median from 
that vertex, 

40. CHALLENGE PROBLEM. = If a, ἢ, ὁ are positive numbers andifA = (0,0), 
B = (a, 0), and C = (5, c), show that the three medians of AABC are 
concurrent at a point whose distance from each vertex is two-thirds of 
the length of the median from that vertex. 
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11.7 SLOPE 


In this section we develop the idea of the slope of a line. Slope 
corresponds to the idea of the steepness of an inclined plane or the 
steepness of a stairway. If all the steps of a stairway are uniform, we 
may describe the steepness of the stairway in terms of the “rise” and 
“run” of one of its steps. The steepness of a uniform stairway is the 
number obtained by dividing the rise by the run of one of the steps. 
For example, we may say that the steepness of the stairway shown in 
Figure 11-21 is 3. 


Figure 1.81 & 


In our formal geometry, we define the steepness or slope of a line 
in a similar way. That is, we define the slope of a line in terms of the 
slope of any segment on the line and we define the slope of a segment 
in an xy-plane in terms of the coordinates of its endpoints. In informal 
geometry, we can think of the slope of a segment in somewhat the 
same way as we think of the slope of a step in a stairway; that is, in 
terms of its “rise divided by run.” Figure 11-22 suggests that the slope 
of AB is 4 = 4. Note that in terms of the coordinates (2, 3) and (8, 7) 
of the endpoints A and B of AB, the rise is [7 — 3] = 4 and the run 
is [8 — 3] = 6. 
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Thus, if A = (x1, yx) and B = (xs, yz), where x, = x2, we could define 
the slope m of AB as 


omy δον uaa ἐπ 
vg - X41 ; 


but we do not. The same formula without the absolute value symbols 
is not only easier to handle but it is more useful. The sign of the slope 
indicates whether the segment “slopes up or down.” In Figure 11-22, 
segment AB has a positive number for its slope and we note that the 
segment slopes up as we view it from left to right. However, the seg- 
ment CD shown in Figure 11-23 slopes down as we view it from left to 
right. 


Figure 11-23 | 
If we use the formula 
n= a— Ψι 
ago 11 
to compute the slope of CD, we obtain 
τος .5 
Τ-- 4 τῆν 


a negative number. This is one of the reasons why we do not include 
the absolute value symbols in our formula for the slope of a segment. 
That is, if the slope of a segment is a positive number, the segment 
slopes up when viewed from left to right, and if the slope is a negative 
number, the segment slopes down when viewed from left to right. We 
are ready now for our formal definition. 


Definition 11.2 If A(x, yi) and Blxz, ys) are two distinct 
points and if x; +4 xz, then theslope of AB is ao = ᾿ : 
2— xy 


If A(xy, yi) and Bix2, yz) are two distinct points and x, = xg, then 
AB is a vertical segment and slope is not defined for AB in this case. 
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If Αἰ, yy) and Bixe, ye) are two distinct points and y, = yz, then AB 
is a horizontal segment and its slope is zero. 

Note that in computing the slope of a segment AB it does not mat- 
ter which endpoint of AB is designated (x,, y;) and which endpoint is 
designated (x2, y2). Thus, for the slope m of AB in Figure 11-22, we 
could write 


jp ES. 2 2 


to — Χὶ 8-- ἃ δ 


or we could write 


ag Ay f= 8 —6 3 
Similarly, for the slope m of CD in Figure 11-23, we could write 
m = "Ὁ 9 _ b= Sy. 
%e—-% T—4 3 
or 
Ὁ ἘΠ ea o—1_ 4 


πριν ee ὁ a 


As suggested earlier, the concept of the slope of a line is based on 
the concept of the slope of a segment. It seems reasonable that the 
slopes of all segments of a nonvertical line are equal, and we state this 
as our next theorem, 


THEOREM 11,9 The slopes of all segments of a nonvertical line 
are equal. 


Proof: Suppose that AB is any nonvertical line with A = (x, y1) and 
B = (xe, yo). Then, by Theorem 11.7, AB can be expressed parametri- 
cally as 


2c = (τς y) : x= xy + Axe — χὰ}, y = ψι + Aye — ys), kis real). 


By Definition 11.2, the slope of AB is 
5 Ὁ ὩΣ σεται 


io --- X] a 
Let R and § be any two distinct points of AB. There are two distinct 
numbers k; and ke such that 


R= (αὶ + kilxe — x1), ya + Ailye — ys) 
and 
S = (x, + kolxe — x1), yr + Κυίη — y:)). 
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By Definition 11.2, the slope of RS is 

᾿ )) = (yr + ἰαἰψ -- yx) _ (y2 -- νυ -- Κι) 

(x + kolxe — 1) — (x, + Ay(xe — x1)) (x2 — x4)(Ko - ky) 
ὡς mal: 


ay = Ty 


== Ἢ, 


We have proved that any two segments of ‘ABhave the same slope, and 
the proof is complete. 


Definition 11.3 The slope of a nonvertical line is equal to 
the slope of any of its segments. The slope of a nonvertical 
ray is equal to the slope of the line that contains the ray. 


Example 1 Find the slope of the line which contains the points 
A= (—9, 5) and Bm (4, 0). 


Solution: AB is a nonvertical line and, by Definition 11.3, the slope 
of AB is equal to the slope of AB. Therefore the slope of AB is 


Wai oe DSO Ὁ 
=. 


t—x 4—(—2) 


We know that two distinct points determine a line in the sense that 
if any two distinct points are given, then there is exactly one line which 
contains them. It is also true that a nonvertical line is determined by 
any point on it and its slope. That is, there is exactly one line which 
contains a given point and has a given slope. We now state this 
formally, 


THEOREM 11.10 Givena point A and a real number m, there is 
one and only one line which contains A and has slope m. 


Proof: 

Existence. Let a point A = (x, μι} and a slope m be given. Let 
B be the point (x1 + 1, μι + m). Then ‘AB i is a line which contains A 
and has slope m. (Show that the slope of AB is m.) 


Uniqueness, Let PO be any line which contains A and has slope 


m. Since PO is a nonvertical line (Why?), it intersects the vertical line 
through Bix, + 1, y: + m) in some point R(x; + 1, yo) as suggested 
in Figure 11-24. (The figure shows R and B as distinct points. We shall 
prove that they are actually the same point.) The slope of PO is equal to 
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Figure 11-24 
se ap pe ae ee 
Cee ar Pe ee ene 


Therefore yz = τι + πὶ. Hence A = B and PO = AB. This proves 
that AB is the only line through A with slope m, and the proof is 
complete, 


If we know the coordinates of two points on a line, we can use The- 
orem 11.7 to write parametric equations for the line. Theorem 11.10 
implies that a line is determined by any point on it and its slope. There- 
fore we should be able to write parametric equations for a line passing 
through a given point and having a given slope. Our next theorem tells 
us how to do this. 


THEOREM 11,11 The line I given by 
1. {π ((Ὁ 2}: χα ξξ ἃὰ ἜΚ, ἢ = y + mk, kis real} 
or by 
2. l= {{π| ἡ : x= x + sk, y = ψι + τὰ, kis real} 
is the line through (x, y1) with slope m = +. 
Proof: We shall establish (1) and (2) separately. 
Proof of 1: Taking k = Ὁ and k = 1 in the parametric equations in 
(1), we get (x;, yi) and (x; + 1, y, + m), two points on I. The slope of 
the segment joining these two points is 
μι Ἔ m— πὶ 
αὶ Ἔ1 -- 


Therefore / as given in (1) is the line through (x, y,) with slope m. 


a= αἰ 
Ϊ 


ΔΤ7 
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Proof of 8: Taking k= 0 and k = | in the parametric equations in 
(2), we get (x1, y1) and (x; + 8, 4; + 1), two points on I. The slope of 
the segment joining these two points is 


2 So al tilt) ie 
αὶ τ 8 -- χ 8 


Therefore ἰ as given in (2) is the line through (x;, yi) with slope m, and 
the proof is complete. 


= Wi, 


Example 2 A line p passes through (2, 5) and has slope 3. Find the 
point on p whose abscissa is —2, 


Solution: Using Theorem 11.11, we can express p as 
p={ixy)ix=s2+kh,y = 5 + 3K, kis real}. 
We next set x = —2, obtaining —2 = 2 + k, ork = —4. Hence 
y= 5 + 3(—4) = —7. 
The point on p whose abscissa is —2 is {—2, —7). 


Example 3 Find the slope of the line 
C= {{, y):x=2 -- 3, y = 3, kis real}. 


Solution: Taking k = 0 and k = 1, we get (2, 3) and (—1, 3), two 
points on the line. The slope of the segment joining these two points is 


Therefore the slope of | is zero. Is | a vertical, horizontal, or oblique 
line? 


We conclude this section with the following summary remarks re- 
garding the slope of a line. 


1. If a line has a positive number for its slope, then the line is ob- 
lique and slopes up when viewed from left to right. (See Figure 
11-25a.) 

2. Ifa line has a negative number for its slope, then the line is ob- 
lique and slopes down when viewed from left to right. (See Fig- 
ure 11-25h.) 

3, Ifa line has slope zero, then the line is horizontal. (See Figure 
11-25¢.) 

4. Slope is not defined for a vertical line. 


Figure 11-25 


EXERCISES 11.7 


In Exercises 1-10, find the slope of the segment joining the given points. 
Express each answer as a fraction in lowest terms. 


1. (2, 5) and (5, 7) 6, (24, —4) and (—1, 4}) 
2. (—1, —3) and (8, 3) 7. (—5.6, 3) and (1.4, —4) 
3. (0, —4) and (8, 0) 8, (1.2, —3) and (3.2, —5) 
4, (—1, 4) and (2, —2) 9, (2, 5) and (5, 2) 

5. (—3, —3) and (3, 3) 10. (7, 12) and (1, —3) 


11-20, In Exercises 11-20, tell without plotting the points whether the 
given line (a) slopes up, (b) slopes down, or (c) is horizontal, In Exercise 
11, the line is the one that passes through the two given points in Ex- 
ercise 1. In Exercise 12, the line is the one that passes through the two 
given points in Exercise 2, and so on. 


21, (a) On the same xy-plane, graph the line τὶ through the two points of 
Exercise 1 and the line s through the two points of Exercise 2, 
(b) What appears to be true about these two lines, that is, how are r 
and s related? 
(c) How are the slopes of these two lines related? 
22, (a) On the same xy-plane, graph the line p through the two points of 
Exercise 3 and the line q through the two points of Exercise 4. 
(b) What appears to be true about these two lines, that is, how are p 
and q related? 
(c) How are the slopes of these two lines related? (Hint; Find the prod- 
uct of the slope of p and the slope of gq.) 


In Exercises 23-27, find x or y (whichever is not given) so that the line 
through the two points will have the given slope. 

23. (4, 1) and (x, 4), m= 3 2th. (4, —3) and (0, y) ΠῚ ἘΞ - 
24, (—3, 1) and (6, y),m = --ἰ 27. (5, 12) and (—2, y), m = 0 
25. (x, 0) and (—3, 5), m = 3 
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28. 


30. 
91, 
32. 


32, 


J. 


(a) On the same xy-plane, graph the line / through the two points of 
Exercise 25 and the line n through the two points of Exercise 26. 

(Ὁ) What appears to be true about these two lines, that is, how are J and 
n related? 

(c) How are the slopes of [ and n related? 


. (a) Plot the quadrilateral ABCD with vertices A = (—2, —3), 


Β = (3, —2), C = (4, 2), and D = (—1, 1). 
(b) Which pairs of sides have the same slope? 
(c) Is ABCD a parallelogram? 
Write parametric equations for the line 1 through (—2, 5) with slope 2. 
Write parametric equations for the line p through (1, — 1) with slope 3. 
Use the parametric equations for line 7 obtained in Exercise 30 to find 
the coordinates of at least one more point on / and plot the graph of L 
Use the parametric equations for the line p obtained in Exercise 31 to 
τ the coordinates of at least one more point on p and plot the graph 
or Pp. 
One way to plot the graph of line p in Exercise 31 is suggested by the 
figure. Note that the point Q(1, —1) is on p and the “‘slope fraction” 2 
tells us how to get from one point to another on p. The numerator 3 
represents the difference in the ordinates of two points on p, and the de- 
nominator 2 represents the difference in the abscissas of the same two 
points. Thus, if we begin at the point (1, — 1}, which is known to be 
on p, we arrive at another point on p by increasing the ordinate and 
ubscissa of (1, —1) by 3 and 2, respectively. If the slope is negative, it 
can be written as a fraction with a negative numerator and a positive 
—3 
‘ay 
point to another, in informal geometry, by moving 2 to the right and 3 
down; in formal geometry, by adding 2 to the abscissa and subtracting 
3 from the ordinate. Write the coordinates of the points A, B, C. 


denominator; for example, . Inthis example we could get from one 
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30. Use the method described in Exercise 34 to plot the graph of the line 
through (—2, 1) with slope 4. 
. Use the method described in Exercise 34 to plot the graph of the line 
through (0, 6) with slope —2. 
37. Use the method described in Exercise 34 to plot the graph of the line 
through (0, 0} with slope 2. (Hint: 2 = 2.) 


δ 


11.8 OTHER EQUATIONS OF LINES 


In Section 11.6 we showed how a line can be expressed in terms of 
parametric equations. In this section we shall show how parametric 
equations for a line can be used to obtain other equations of the line, 
You are already familiar with most of these equations from your work 
in algebra. Perhaps the simplest equations for lines are those for hori- 
zontal and vertical lines. 


THEOREM 11.12 If is the horizontal line through (x1, yi}, then 
l= {(x, y):y = ψι}. 
Proof: Let (x2, y2) be any other point on the horizontal line / through 
the point (x1, yi}. By Theorem 11.7, 
f= {(x% y)i x = xy + K(xe — αι), y = ψι + Kly2 — yy), kis real}. 
Line I is horizontal so y; = to. Therefore 
ψ Ξε ψι + Kys— ym) =y + k-O= yn. 
For any real number k, 
x= χὶ + Kixe — x) 


is a real number. Conversely, for every real number x, there is a real 
number k such that + = χὰ + Κίχ — x). The one and only Καὶ that 
works here is 


——— 
ig — ἅ 


It follows that ὦ is the set of all points (x, y) such that y = y, and risa 
real number, that is, that 


f= (( y): y = yn). 
This completes the proof. 
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In the statement of Theorem 11.12 it should be clear that we could 
say that 


T= {(x, y): x= χὰ + kixg — x1), y = yy, kis real}, 
or 

I= {(x, y) : xis real and y = y,}, 

f= {(x, y : y = ys, x is real}. 


Since the equation x = x, + k(xy — χα) establishes a one-to-one cor- 
respondence between the set of all real numbers thought of as k-values 
and the set of all real numbers thought of as x-values, these set-builder 
symbols all denote the same set. 


THEOREM 11.13 WU Lis the vertical line through (x4, y;), then 
P= {(x, y)i a= x}. 
Proof: Assigned as an exercise. 
Example 1 If P = (—4, 3), write an equation of (1) the vertical line 
through P and (2) the horizontal line through Ρ. 
ae 


1. An equation of the vertical line through Pisx = -- 4. 
2, An equation of the horizontal line through P is y = 3. 


Our next theorem tells us how to write an equation of a line if we 
know the coordinates of any two distinct points on the line. 


THEOREM 11.14 (The Two-Point Form) If A = (x, 1) and 
= (xz, yz) are distinct points, and if AB is an oblique line, then 


AB = α y == Jo | 


to — X1 Yo — if 


Proof: We are given that A = (x), ψι) and B = (xs, ys) are distinct 
points on oblique line AB, There are two things to prove. 


1. If P = (x, y) is a point of AB, then ——“* a eh 
g— Τὶ Ya — Yi 


2. If ah = a ooo ἘΝ then P = (x, y) is a point of ‘AB. 


χὰ -- Xy  -πυ 


1L6 Other Equations of Lines 


Proof of 1: Suppose that P = (x, y) and that P is a point on AB, If 
P= A, then 


ac — 1) 
= ἄγ, =", — =O, 
x Xj. y Lal n= Ki 
1 ioe) ἢ ὖ eee ὗν 
Ya τ Wi gy — Δ " το 1 


If PA, then by Theorem 11.9 the slope of AP equals the slope of AB 
since AP and AB are segments (not necessarily distinct) of the same line 


AB. But the slope of AB is 2— and the slope of AP is te 2 
2 wl 


aA - Ty 
Therefore 
fee σονι 
u—x+ x*—x 
Multiplying both sides of this last equation by x — x,, then dividing 
both sides by ye — yi, then simplifying, we get 
xX -- Δ = Y — "ἢ 
Xe — 1) Y2— Yi 
Therefore, in all cases, whether A = P or AP, if P € AB, then 
4 = ὅδ a y— ui 
ἴδ — Δ μὰ "- Yi 
Proof of 2: Suppose that P = (x, y) and that 
2-1 Yr 
te —™ πη τοῦ 
Either x — x; = Ὁ or x — 1 £0. If x — x1 = 0, then y — yi = 0, 
eee 
(a y) = (4, yx). P = A, and P € AB. Ifx — x, 0, multiply both sides 
of 


ΞΕ τε EE χρ 2 


t2—% 6 fe -- ἢ] X= ΧΊ 
to get 
fe Ψ-- δὲ 


ay — Ζὶ i — XT 
Since en is the slope of AB and ἘΞ: is the slope of AP, this 
am Χὶ — αὶ 
proves that if « — x; 4 0, then the slopes of AB and AP are the same 
and, as we shall prove, P € AB. 
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Suppose, contrary to what we assert, that the slopes of AB and AP 
are equal, but that A, B, P are noncollinear as in Figure 11-26, 


Figure 11-26 
Let Q(x, y’) be the point in which the vertical line through P 
intersects AB. It follows from Theorem 11.9 that the slopes of AQ and 
AB are equal, so the slope of AO is equal to the slope of AP. and 


ν᾽ -νι ἡ -- ῦἱ 


*=— x, x—x ὦ 
y—w=y— ψι, 
y=y, 
V=P, 


and the points A, B, P are collinear. Since our supposition that A, B, P 
are noncollinear leads to a contradiction, this proves that our suppo- 
sition is false. Therefore A, B, P are collinear and P lies on AR. This 
completes the proof in all cases, whether x — x, = 0 or x — x, τέ Ὁ, 
that if 

co T Ee y— τῷ 

ἀρ παι 2 ὕἱ 
and Ρ = (x, y), then P € AB. This completes the proof of Theorem 
11.14. 


The equation 
Ψ -- ΧῚ y — ys 


te — Τὶ yo— σι 


in the statement of Theorem 11,14 is often written in the form 


ΠῚ — ΤΠ 
ag — Xy 


(1) y= (τ — 24). 


11.8 Other Equations of Lines 4a5 
Show how Equation (1) is obtained from the one in the statement of 
on the oblique line ‘AB of Theorem 11.14, then 


is the slope of AB. Substituting m for Le in Equation (1), we 
2—-%1 

obtain 

(2) Y — Yi = m(x — x) 

for AB. It should be noted that Equation (2) still holds if AB is a hori- 
zontal line since, in this case, πὶ = 0 and Equation (3) reduces to 
y = yy. Thus, if we know the slope of a line and the coordinates of any 
point on the line, we can write an equation of the line. When an equa- 


tion of a line is written in the form of Equation (2), it is often referred 
to as the point slope form. We have proved the following theorem. 


THEOREM 11.15 (The Point Slope Form) If Lis the line through 
A = (x, τη} with slope m, then 
[= {(x, y) > y — yx = m(x — x)} 
Example 1 IfA = (—2,3) and B = (4, 6), write an equation of ‘AB, 


Solution: Substituting the coordinates of A and B in the Two-Point 
Form of an equation, we obtain 

ἀπε acd GO ρ:- 9 

4... [9 8. ἃ 


or 


as an equation of AB. 
If we multiply both sides of the equation in Example 1 by 6, and 
add —2y + 6 to both sides, we obtain 
x—2y+8=0, 
which is of the form 
Ax + By +C=0, 
with A=1,B= —2,andC = 8. 
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This latter form is often referred to as the general form of a linear equa- 
tion, that is, of an equation whose graph isa line. Although we shall not 
do so here, it can be proved using the theorems of this chapter that if 
A, B, C are real numbers with A and B not both zero, then Ax + By + 
C = Ois an equation of a line. The converse statement is also true, that 
is, every line has an equation of the form Ax + By + C = 0 in which 
A, B, C are real and A and B are not both zero. What is the graph of 
Ax+ By+C=0ifA=0,B=0,C+O0? ifA =0,B =0,C = 0? 


Example 2 Write an equation of the line through (3, —4) with slope 
—#and put the equation in general form. 


Solution: Substituting (3, —4) for (χὰ, y,) and —2 for m in the Point 
Slope Form of an equation, we obtain 


y — (—4) = —H{z— 3) 

y+4= —Hx — 3). 
Multiplying both sides of this last equation by 3 and adding 2x — 6 to 
both sides, we obtain 2x + 3y + 6 = 0 as an equation of the line in 
general linear form. 


or 


Every nonvertical line intersects the y-axis (Why?) in a point 
whose coordinates are (0, b), where b is a real number. The number b 
is often called the y-intercept of the line. Similarly, every nonhorizontal 
line intersects the x-axis in a point whose coordinates are («, 0), where 
aisa real number, The number a is called the x-intercept of the line. It 
should be clear that the x- and y-intercepts of a line can be obtained 
fromm an equation of the line as follows: 


1, If the line is a nonhorizontal line, the x-intercept is obtained hy 
substituting 0 for y in an equation of the line and solving the 
resulting equation for x. 

2. If the line is a nonvertical line, the y-intercept is obtained by 
substituting 0 for x in an equation of the line and solving the 
resulting equation for y. 


Example 8 Find the x- and y-intercepts of the line whose equation is 
ox -- ἀμ + 8= 0. 

Solution: Substituting 0 for y in the equation 3x — 4y + 8 = 0, we 

obtain 3x + 8 = 0, orx = — 24, Hence the x-intercept is — 24, Sub- 


stituting Ὁ for x in the equation, we obtain —4y + 8. = 0, or y = 3. 
Hence the y-intercept is 2. 


11.8 Other Equations of Lines 


If we substitute (0, 6) for (a, ψι} in the Point Slope Form of an 
equation of a line, we obtain 


y — b= mix — 0) 
y = mx + b, 


or 


It should be clear that when an equation of a nonvertical line is put in 
the form y = mx + 5, the slope and y-intercept of the line can be read 
directly from the equation. This form, which is often called the slope 
yintercept form, is especially convenient when one wants to draw the 
eraph of a line whose equation is given. 


Example 4 An equation of the line / is 3x + 2y — 8 = 0. 


1, Put the equation in slope y-intercept form. 
2. Draw the graph of | on an xy-plane. 


Solution: 
1. To put the equation 3x + 2y — 8 = Oinslope y-intercept form 
we add —3x + 8 to both sides and then divide both sides by 2. 

The resulting equation is y = —3x + 4. 
2. The graph of | is shown in Figure 11-27. Note that the slope and 
y-intercept of 1 can be read directly from the equation y = 
— ix + 4. Thus, if we start at the point where y = 4 on the 
y-axis [that is, the point (0, 4)] and “trace out” a slope of -- ὁ, 
we arrive at a second point on |, These two points determine 
land hence they determine the graph of I. 


Figure 11-27 

As you might expect, two nonvertical lines are parallel to each other 
if and only if they have the same slope. If you worked Exercises 22 and 
28 of Section 11.7, you should have discovered a relationship between 
the slopes of two lines that are oblique and perpendicular. We state 
these properties of parallel nonvertical lines and of perpendicular 
oblique lines as the last two theorems of this section. 


487 


488 


Coordinates in a Plane Chapter 11 


THEOREM 11.16 Two nonvertical lines are parallel if and only 
if their slopes are equal. 


Proof: Let two nonvertical lines r and s be given. We have two things 
to prove, 


1. If || s, then their slopes are equal. 
2. If the slopes ofr and s are equal, then r || s. 


Proof of 1: Suppose that r and s are nonvertical lines and that r || 5. If 
r= 8, then r and s are the same line and hence they have the same 
slope. Suppose τ ϑέ 5, as shown in Figure 11-28, Let P{x;, yi) and 
ας, yz) be two distinct points on r. Let the vertical lines through 
Pand Q intersect 5 in P'(x1, y1 + h) and Q'(xe, y2 + ἢ, respectively. 


Figure 11-24 


Then PP’Q'Q is a parallelogram (Why?) and PP’ = QQ’. But PP’ = [ἢ] 
and QQ’ = |. Why? Therefore |h| = [Κ'. Since h and kare either both 
positive or both negative, we have h = k, The slope of PO (and hence 


of τὴ is 2 the slope of ΡΟ {and hence of s) is 
Xo — X4 


(y2 +k) ~ (νι +h) ὑ5-- yn 
Xo — X4 ae — Ty : 
since h = k, Therefore the slopes of r and s are equal. 
Proof of 3: Suppose that r and s are nonvertical lines and that their 
slopes are equal. If r = 5, then by definition r |) s. Suppose that r > s. 
Let m be the slope of r. Then s also has slope m. Now, either r and s are 


11.8 Other Equations of Lines 


parallel or they are not. Suppose they are not parallel. Then they have 
exactly one point P(x,, yj) in common. Thus we have two distinct lines 
passing through the same point and having the same slope. This con- 
tradicts Theorem 11.10. Therefore our supposition that r and s are not 
parallel is incorrect; hence it follows that r||s, and the proof is 
complete. 


THEOREM 11,17 Two oblique lines are perpendicular if and 
only if the product of their slopes is —1. 


Proof, Let l; and Iz be two given oblique lines with slopes m, and mz, 
respectively. We have two statements to prove. 


1, If t, L b, then my*m, = —1. 
2. If m,* ms = —l,then] 1 bk. 


Before proceeding with the proof we wish to comment on the 
adjective “oblique” in the statement of the theorem, Would the state- 
ment that results if “oblique” is erased be a theorem? No, it would not. 
For if one of two lines is not oblique, then those two lines are perpen- 
dicular if and only if one of them is horizontal and the other is vertical. 
Since a vertical line has no slope, there would be no product of slopes 
in this case, | 

We now proceed to the proof of statements 1 and 2. 


Let μι and pe be the lines through (0, ΟἹ and parallel to 4, and Jo, 
respectively, as shown in Figure 11-29, Then the slope of p; is m and 
the slope of ps is ma. Why? Since neither μὲ nor p2 is a vertical line, 
they both intersect the line 


P= {(x, 9} Ὁ ἃ Ξξ 1}. 


Figure 11-29 
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Let A = (1, ψι) and B = (1, ye) be the points of intersection of | with 
lines py and ps, respectively, as shown in Figure 11-30. 


Figure 11.30 
Then the slope of p; is 


ποτ 


and the slope of po is 
fis = 1 = 12. 


Therefore A = (1, m,) and B = (1, mz). Now, ἢ L & if and only if 
Pi LL P2- 
It follows from the Pythagorean Theorem and its converse (applied 
to AOAS in Figure 11-30) that 
pi lpe if and onlyif (ΟΑἿ + (OB)? = (AB)?, 
From the distance formula, we get 
(OA)* = l + my", 
(OB? ξΞ. 1. mz?, 
and 
(AB)? = (mz — m,)*. 
Thus 
μι. po ifandonlyif 1 - my? + 1 + m2? = (me — my)?, 
ifand only if 2 + πὴ + m2? = πιῇ — 2myme + my’, 
ifand only if 2 = —2rmyme, 
ifandonlyif mymy = —1. 


Therefore ἢ | ly if and only ifm ymz = —1, and the proof is complete. 


11,8 Other Equations of Lines 491 
Example 5 If 
ἵν = {(% y) : 5x — 2y + 4 = 0}, 
l, = {(x, y) : 2x + 5y — 15 = 0}, 
Iz = {(x, y) : 5x — 2y — 8 = 0}, 
show that |; || 5 and that J, 1 bh. 


Solution: Putting the equations of 1}, /2, [5 in slope y-intercept form, 
we get 

h = (( 9) τ y = $+ 2), 

h = {( νὴ: y = —3x Ὁ 3}, 


ly = {(x, y) : y = ἦν — 4). 


Since } = slope of |; = slope of /3, it follows that I, || 13. Also, since the 
product of the slopes of ἢ and Iz equals 


εἰ ἢ-- 
i : * 
it follows that ἢ 1 b. It is also true that bh L &. Why? 


anc 


EXERCISES 11.5 
1, Prove Theorem 11.13. 


In Exercises 2-6, use the Two-Point Form to write an equation of the line 
containing the given points, and put each equation in general form (that is, 
the form Ax + By + C = 0). 

2. (1, 5) and (3, 4) 5. (0, ΟἹ and (—1, 6) 

3. (0, 3) and (—5, 0) 6. (—2, 2) and (2, —2) 

4, (0, -- 3) and (5, 0) 


In Exercises 7-12, use the Point Slope Form to write an equation of the line 
which contains the given point and has the given slope, and put each equa- 
tion in general form, 

7. (3, 5) and m = 1 

8. (—2, 1) andm = —1 

8, (0, 0) and m = 2 
10. (5, ΟἹ and m = —¥ 
11, (=—3, —7) andm = —1 
12, (—5, —3) andm =} 
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In Exercises 13-16, determine which word, parallel or perpendicular, would 
make a true statement, 

13. The lines of Exercises 7 and 8 are [7]. 

14, The lines of Exercises 8 and 11 are [?] and distinct. 

15, The lines of Exercises 9 and 12 are [7]. Are these two lines distinct? 
16. The lines of Exercises 9 and 10 are [7]. 


11. Write an equation (in general form) of the line which contains the point 
(3, 8) and is parallel to the line whose equation is 2x — 3y = 10. (Hint: 
What is the slope of the line whose equation is 2x — 3y = 10?) 

18, Write an equation (in general form) of the line which contains the point 
(3, 8) and is perpendicular to the line whose equation is 2x — 3y = 10, 

19, Write an equation (in general form) of the line which contains the origin 
and is perpendicular to the line whose equation is y = x. 


In Exercises 20-25, an equation of a line is given. In each exercise, (a) put 
the equation in slope y-intercept form, (b) find the slope of the line, and 
(0) find the x- and y-intereepts of the line. 

20. 2x —3y — 12 =0 

21. 3x + 2y = 16 

22, 4x — 6y — —8 

23. y+x=0 

24. 4x — 2y = 1] 

25, 5x + 4y +13=0 


26, Which pairs, if any, of the lines of Exercises 20-25 are parallel? Which 
pairs, if any are perpendicular? 
27. Find, without graphing, the coordinates of the point of intersection of 
the lines 
p= (ix y)i x + 3y = 6} 
and 
q = {(x, y) : ὅτ + 4y = —3}. 
(Hint; Note that p is not parallel to q (show this) and hence the lines 
intersect in exactly one point.) Let (αι, y1) be the point of intersection 
of lines p and q. Then, since (x1, yi) is on p, χὰ + 3y, = 6 or 


(1) ψι = τοῖν, + 2. 
Also since (x1, yi) is on ἢ, Sx, + dy. = —3 or 
(2) i= -- ἧχι = 2. 


Apply the substitution property of equality to Equations (1) and (2) and 
find x and tft. 


11.8 Other Equations of Lines 
28. Show without graphing that lines 
p = {(x, y) : 2x — 3y = 12} 
ancl 
q= (ἃ, y):4y+x= —5} 
are not parallel, and find the coordinates of their point of intersection. 
(See Exercise 37.) 


Exercises 29-39 refer to the triangle whose vertices are A = (1, 1), 
B= (9, 3), and C = (7, 9). In each case where an equation of a line is asked 
for, write the equation in slope y-intercept form. (It may help to draw the 
figure in an xy-plane and label the points as you need them.) 

29. Find the coordinates of the midpoint D of AB. 

30, Find the coordinates of the midpoint E of BC. 

31. Find the coordinates of the midpoint F of AC. 

32, Write an equation of the line through A and E. 

38, Write an equation of the line through B and F. 

34, Write an equation of the line through € and D. 

35. Show that the lines AE, BF, CD intersect in the same point. 

36. Write an equation of the line through E and F. 

37. Write an equation of the line through A and B. 

38. Show that EF || AB and hence that EF || AB. 

39. Show that EF = 1.8. 


40, Ifa +0 and b +0, an equation of the form = + 1 = 1 is called the 
intercept form of an equation of a line. Show that the line whose equa- 


tion is = + £ = 1 contains the points (a, 0) and (0, b). 


41, Put the equation 3% + 4y = 12 in intercept form (see Exercise 40) and 
read the x- and y-intercepts directly from the equation. 
42. Given that p = {(x, y): x = 3}. 


(a) Is (3. 7) € p? 
(b) Is (3, 17) € p? 
(c) Is (4, 4) Ε p? 


(d) Is (3, —9) Ε p? 
43, Given that g = {(x, y) i y = —4)}: 


(a) Is (—4, 5) € q? 
(b) Is (—4, ν ἢ) € φῦ 
(c) Is(—4, -- πὶ € q? 
(d) Is (4, —4) € q? 
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44. CHALLENGE PROBLEM. Use theorems of this chapter to prove the fol- 
lowing statement: If A, B, C are real numbers with A and B not both 
zero. then Ax + By + C = 0 is an equation of a line. 

45. CHALLENGE PROBLEM. Use theorems of this chapter to prove the fol- 
lowing statement: Every line has an equation of the form Ax + By + 
C = 0in which A, B, C are real and A and B are not both zero. {Note 
that this statement is the converse of the statement in Exercise 44.) 


119 PROOFS USING COORDINATES 


We have defined an xy-coordinate system in a plane and have used 
coordinates as tools in much of our work in this chapter, Given a plane, 
there are many xy-coordinate systems in that plane. In constructing a 
proof of a geometric theorem, it is wise to select a convenient xy-coor- 
dinate system that fits the problem and, at the same time, reduces the 
number of symbols needed in the proof. Such a selection yields no loss 
of generality, yet reduces the amount and difficulty of work involved. 
We illustrate with our next theorem which appeared as a corollary in 
Chapter 10. 


THEOREM 11.18 A segment which joins the midpoints of two 
sides of a triangle is parallel to the third side and has half the length 
of the third side. 


We shall give two proofs of Theorem 11.18. In the first proof, 
we select an arbitrary xy-coordinate system in the plane of the triangle 
without any regard to the position of the vertices and sides of the given 
triangle. In our second proof, we “pick” an xy-coordinate system in 
the plane of the triangle in such a way as to reduce the number of sym- 
bols needed in the proof. 


Proof I: Let AABC in any xy-plane be given. (See Figure 11-31.) 


Figure 11-31 


11.9 Proofs Using Coordinates 
Suppose that 
A=(%1,91) B=(2,y2) C= (as, ys). 
Let D, E, F be the midpoints of BC, AC, AB, respectively, Then 


p= (2GS AEM) ὦ τ (BERBER) ny 


Using the Distance Formula, we get 
o_ (2+ %3 _ +a) | (yetys yt yal, 
oe 2 2 y+ ( 2 2 ) 
= [Ὁ — 11)? + Gly2 — ψι)), 
= U(xe — x1)? + (ye — y1)*). 


But, by the same formula, 
Theref (AB)? = (x2 — x)? + (ye — y1)?. 
erefore 
(DE = WAB)?, 
= DE = ¥{AB). 
Next, we prove that DE || AB. Suppose that AB is a vertical segment. 
Then, 
1 = Xp and t2+ %y _ Xi + Xs 
ae -Ξ 5 
Therefore 
p= (4+, Btu) 
See 
fe ss Yi + us) 
Ἶ ἄρ σε δ, 


and DE is a vertical segment. Hence DE || AB. If AB is not a vertical 
segment, then its slope is ——— = at . The slope of DE is 


τς ti + υ8 
2 yey 
ee ty at 
2 z 


Therefore, since DE and AB have the same slope, DE || AB. This com- 
pletes the proof so far as the segment DE is concerned. In a similar 
way, We can prove that EF = 4BC and EF || BC and that DF = 4AC 
and DF || AC. 
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Proof II: Let A ABC be given. In the plane of this triangle there is an 


xy-coordinate system with the origin at A, with AE as the x-axis, with 
the x-coordinate of B positive, and with the y-coordinate of C positive. 
(See Figure 11-32.) 


Cl2xp, ἄγῃ) 7 


Figure 11-32 


Let x1, x2, 2 be real numbers such that B = (2x, 0), C = (2x, Biya). 
Let D, E, F be the midpoints of BC, AC, AB, respectively. Then 


= (X1 + X2, 113], E= (x2. 5]. 
the slope of DE = 0, the slope of AB = 0, 


DE = [{πὶ “Ἕ Xo) -- χα] - x] = ἃ. 


and 
AB = [2x,| = ὅτι. 


Therefore DE || AB and DE = 4AB, This completes the proof for DE 
and this is all that we need to prove, since DE might be any one of the 
three segments which joins the midpoints of two sides of the given 
triangle. 


To prove the statement of the theorem for the segment which joins 
the midpoints of two sides, we first label the triangle so that AC and CB 
are those two sides and then proceed as above. Thus each of the three 
parts of the proof uses a different coordinate system, but what we write 
in each case is the same. For example, Figure 11-33 shows another pic- 
ture of the triangle shown in Figure 11-32. However, it shows a differ- 
ent xy-coordinate system and a different labeling of the vertices. Vertex 
Cin Figure 11-32 becomes vertex A in Figure 11-33, A becomes B, and 
B becomes C, and we have made the x-axis look horizontal. 

You should note that the proof that DE = 4AB and DE || AB would 
proceed exactly as before, but DE in Figure 11-33 is not the same seg- 
ment DE as in Figure 11-32. The same applies for the segment AB. 
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A(x, 0) 
Figure 11-39 


It is clear that Proof 1 is simpler than Proof I and is to be preferred. 
In general, if a proof using coordinates involves a polygon, it is usually 
easier to construct a proof if we select an xy-coordinate system in the 
plane of the polygon satisfying one or both of the following conditions: 


1, Let the origin be a vertex of the polygon and let the positive part 
of the x-axis contain one of the sides of the polygon, 

2. If the polygon contains a right angle as one of its angles, let the 
origin be the vertex of the right angle and let the positive parts 
of the x- and y-axes contain the sides of the right angle. 


THEOREM 11.19 The medians of a triangle are concurrent in a 
point (centroid) which is two-thirds of the distance from each ver- 
tex to the midpoint of the opposite side, 


Proof: Let AABC be given. Select an xy-coordinate system in the 
plane of this triangle with the origin at A, with AB as the x-axis, with 
the abscissa of B positive, and with the ordinate of C positive. (See 
Figure 11-34.) Let a, b, ¢ be numbers such that B = (Ga, 0), C = 
(6b, 6c), Let D, E, F be the midpoints of BC, CA, AB, respectively. 


xy 
Βίβα, 


Figure 11-4 


Fide, 0) 
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Then AD, BE, CF are the medians of AABC. We must prove that AD, 
BE, CF are concurrent at some point P and that AP = 2AD, BP = 


4BE, and CP = CF. 

The midpoint of AB is F(3a, 0). We can express CF parametrically 
as follows: 
CF = {(x, y) : x = 6b + (3a — 6b)k, y = 6e + (0 — 6c)k,0 < καὶ < 1). 


The point P on CF such that CP = 4CF can be obtained by setting 
k = } in the parametric equations for CF. Thus 


x = ΒΡ + (3a — 6b)-4 


= 6b + 2a — 4b 
= 2b + Qa 
andl 
y = 6c + (0 — 60)" 5 
= 6c — 4c 
= 2c. 
Therefore 


P = (a + 2h, 2c). 
Similarly, the midpoint of BC is 
D = (3a + 3b, 3c) 
and 
AD 


AD = {ix,y)i x= 0 + (3a + 3b — OR, 


y=0+ Be—OkO<k <1}. 
The point P’ on AD such that AP’ = §AD is obtained by setting k = 3, 
Thus 
x = (3a + 3b) +4 


= 2a + 2b 
and 
y = (8c) "3 
= 2c. 
Therefore 


P’ = (2a + 2b, 2c). 
The midpoint of CA is E = (3b, 3c) and 
BE = {(x, y) : x = Ga + (3b — 6a)k, y = 0 + (3c — 0)k,0 < k <1). 
The point P” on BE such that BP’ = 4BE is obtained by setting k = 3, 
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Thus 
x = θα + (3b — 6a) +2 
= 62 + 2b — 4a 
= 2a + 2b 
and 
y = (3e)-F 
= se. 
Therefore 


PY" = (2a + 2b, οὶ), 
We have shown that 
P= PF = P" = (2a + 2b, 2c), 


that CP = CF, AP = 4AD, and that BP = 3BE. Therefore the medi- 
ans of a triangle are concurrent at a point which is two-thirds of the 
distance from each vertex to the midpoint of the opposite side, and the 
proof is complete. 


In the second sentence of this proof we could have taken a, b, c as 
real numbers such that B = (a, 0) and C = (b, εἰ. The resulting ex- 
pressions for the coordinates of D, E, F, and P would have involved 
many fractions. We avoided these fractions by taking a, b, c so that 
B = (6a, 0) and C = (6b, 6c). 

You may feel that Theorem 11.19 would be easier to prove without 
using coordinates. It is possible to construct such a proof using the the- 
orems, postulates, and definitions that we have established before this 
chapter. You might be interested in trying to do so. 

As indicated in the statement of the theorem the point of intersec- 
tion of the medians of a triangle is its centroid. In informal geometry 
we think of it as the balance point; it is the point where a cardboard 
triangular region of uniform thickness balances. In calculus the idea 
of moments of mass (extending the idea of weight times distance in 
teeter-totter exercises) is introduced and extended to develop a theory 
of centroids for plane figures. The centroid of a triangle is an example 
of a centroid as the concept is developed formally in calculus. 

Our last example of this section is a theorem that you will find help- 
ful in working some of the exercises at the end of the section, 


THEOREM 11.20 Let quadrilateral ABCD with A = (0, 0), 
B = (a, 0), D = (b, c) be given. ABCD is a parallelogram if and 
only if C = {a + b, c). 
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Figure 11-35 shows one possible orientation of the given quadri- 
lateral ABCD in an xy-plane. However, our proof depends only on A 
being at the origin and B being on the x-axis as given in the theorem. 
We must prove two things. 


1. If C = (a + B, ec), then ABCD is a parallelogram. 
2. If ABCD is a parallelogram, then C = (a + 5, οἷ. 


Figure 11:85 
Proof of 1: IfC = (a + b,c), the slope of CDis _ 


ae eet 


a+b—b a 


Also, the slope of AB = a = 0. Therefore CD || AB. Since AB and TD 
are horizontal segments (Why?), we have 


AB = lal 
ancl 
CD = [α i bm b| = lal. 


Therefore AB = CD and ABCD is a parallelogram. 


Proof of 2: If ABCD is a parallelogram, we must prove that 
C = (a + b, c}. Since ABCD is a parallelogram, AB || CD. The slope 
of AB is 0; therefore the slope of CD is 0, Let C = (x, y); then the slope 
of CD is 


a 6 
πω 


Therefore y — ¢ = QO and y = ο. We have AB = CD (Why?) and 


AB = |a| and CD = |x — bl. 
Therefore 
[ὰ = |x — BI, 


11.9 Proofs Using Coordinates 
Now, if a > 0, then x > b, and if a < 0, then x < b. (If a > 0 and 
x < b, ora « Oand x > b, then C and B would be on opposite sides 


of AD and ABCD would not be a parallelogram.) It follows that 
a= x -- borthat x = ἃ + b. Therefore 


c= (a + b, c) 
and the proof is complete. 


EXERCISES 11.9 


Unless stated otherwise, use coordinates to prove the theorems in this set of 
exercises. Many of these theorems have appeared as theorems or exercises 
earlier in the text. We include them here since they can be proved easily 
using coordinates. 

l. Prove: 


THEOREM 11.21 If the diagonals of a quadrilateral bisect each other, 
then the quadrilateral is a parallelogram, 


(Hint: Let A = (0, 0), B = (a, 0), C = (x, y), and D = (5, c) be the vertices 

of the quadrilateral and suppose the diagonals of the quadrilateral bisect 

each other. Show that x = a + b, y = δ, and then apply Theorem 11.20.) 
2, Prove: 


THEOREM 11.22 The diagonals of a parallelogram bisect each other, 


(This is the converse of Theorem 11.21. By Theorem 11.20, the vertices of a 
parallelogram may be taken as A = (0, 0), B = (a, 0), C = (a + b, c), and 
D = c). Show that the midpoint of AC is the same point as the midpoint 
of BD.) 


3. Prove: 


THEOREM 11.23 If the vertices of a parallelogram are A = (0, 0), 
B= (a, 0, C = (a+ 6, εἰ. D = (b, c), then the parallelogram is a 
rectangle if and only if b = 0. 


(You must prove (1) if ABCD is a rectangle, then b = Ὁ and (2) if b = Ὁ, then 
ABCD is a rectangle.) 


4, Prove: 


THEOREM 11,24 The diagonals of a rectangle are congruent. 


(Let ABCD be the given rectangle. Use Theorem 11.23 and prove 
AC = BD.) 
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5. Justify the steps in the proof of the following theorem. 


THEOREM 11.25 If the diagonals of a parallelogram are congruent, 
then the parallelogram is a rectangle. 
Proof: Let A = (0, 0), B = (a, 0), C = (a + b, c), D = (b, c) be the 
vertices of the given parallelogram, What theorem justifies our writing 
c= (a -- bh, ΟἿ 
We have 
AC = BD. 
Therefore 
(AC)? = (a + δὴ + οὗ, 


sa (BD)? = (b — a)? Ὁ 5, 
Therefore 
(a + by? + oc? = (b — a)? + o?, 
Simplifying, 
ΟἹ + Qab + b? + εἰ = b®? — Jab + a? + οἷ, 
Jah = —Zab, 


and dab = ἢ. 
Since 4a = 0, we can divide both sides of the last equation by 4a, ob- 
taining b = 0. Therefore ABCD is a rectangle. 

6, Justify the steps in the proof of the following theorem, 


THEOREM 11.26 A rectangle is a square if and only if its diagonals 
are perpendicular. 


(See Figure 11-36.) By Theorem 11.23 
we may write A= (0,0), B= (α, 0), 
C = (a,c), D = (0, c) for the vertices of 
the given rectangle. There are two things 
to prove. 


1. ΠΑ͂Σ 1 BD, then ABCD is a square. 
2. If ABCD is a square, then AC 1 BD. 


Figure 11-36 


Proof of I: We are given AC 1 BD, The slope of AC is “and the 
slope of BD is ir Therefore 


A eo 


—i—— = +], 


a --ὰ 
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Therefore 
ct 
—— = = lL εξ αὶ and le] = |al. 
But 


le] = BC and ja) = AB. 
Therefore BC = AB and ABCD is a square. 
Proof of 2: We are given ABCD is a square. Therefore 
AB = BC, jaj= |c|, end a? =e, 


Let m be the slope of AC and mz be the slope of BD. Then 


ΠῚ 1 οἷ 
ΠῊ =, ΠΣ = = and ht = — —F* 
il it a 
But 
oF _ 
a =. a0 mye = —1. 


Therefore AC 1 BD, 
. Justify the steps in the proof of the following theorem. 


THEOREM 11.27 If the vertices of a parallelogram are A = (0, 0), 
B = (a, 0), C = (a + b, εἰ, and D = (b, οὐ, then the parallelogram is 
ἃ thombus if and only if a? = b?+4 ¢, 
There are two things to prove, 
1. If a? = ΒΚ + ¢*, then ABCD is a rhombus. 
2. If ABCD is a rhombus, then a? = b? + εξ. 
Proof of 1: We are given that a? = b? + οἷ, so 
αὶ = νι ΡΣ εἶ. 
By the Distance Formula, 
AD = VF +e. 


Therefore AD = |a\. Also, AB = |a|. Therefore AB = AD and ABCD 
is a rhombus. 
Proof of 2: ABCD is a rhombus, so 


AD = AB 
and re 
ν᾿ Ἔ οἷ τ- [ὰ 
a = h? + οἵ 


and the proof is complete. 
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8, 


10. 


11, 


Prove: 


THEOREM 11.28 If the diagonals of a parallelogram are perpen- 
dicular, then the parallelogram is a rhombus. 


(Hint: Let A = (0,0), B = (a,0), C = (a + b,c), and D = (b,c) be 
the vertices of the given parallelogram. Let m, and mz be the slopes 
of AC and BD, respectively. Using Theorem 1127 of Exercise 7 and 
m,*mz = —1, show that a* = h* + c*.) 


. Recall that a trapezoid is a quadrilateral with at least one pair of parallel 


sides which are called the bases of the trapezoid. The other two sides 
are called the legs of the trapezoid, The segment joining the midpoints 
of the legs is called the median of the trapezoid. Prove the following 
theorem. 
THEOREM 11.29 ‘The median of a trapezoid is parallel to each of the 
bases and its length is one-half the sum of the lengths of the two bases. 


(Hint: Let A = (0, 0), B = (2a, 0), C = (2d, 2c), and D = (2b, 2c) be 
the vertices of the given trapezoid. Then AB and CD are the parallel 
bases. Let E and F be the midpoints of AD and BC, respectively. Show 
that EF || AB, EF || CD, and that 

EF = HAB + CD).) 


A trapezoid is isosceles if its legs are congruent. (See Exercise 9.) Prove 
the following theorem. 

THEOREM 11.30 A trapezoid is isosceles if its diagonals are 
congruent, 

Prove: 


THEOREM 11.31 If w line bisects one side of a triangle and is parallel 
to a second side, then the line bisects the third side of the triangle. 


. Prove: 


THEOREM 11.32 The midpoint of the hypotenuse of a right triangle 
is equidistant from the vertices of the triangle. 


(Hint: Let A = (0,0), B = (3α, 0), and C = (0, 2b), where a, b are 
positive numbers, be the vertices of the given right triangle.) 


13, Complete the proof of the following theorem. 


THEOREM 11.33 The lines which contain the altitudes of a triangle 
are concurrent. (Their common point is called the orthocenter of the 
triangle.) (See Figure 11-37). 


Proof; Let A = (a, 0), B = (b, 0}, C = (0, c), and suppose that a < b, 
0 < cas shown in Figure 11-37. Let A’, Β΄, C’ be the feet of the per- 


14. 


15. 


Figure 11-37 


> > ἢ 
pendiculars from A, B, C te BC, CA, ‘AB, respectively. You are to prove 
i—! 
that AA’, BB’, CC’ are concurrent at some point Pix, yy), (Note that 
C’(0, 0) is the origin.) 
The slope of BC is ¢—9 = ς since AA’ ΒΟ, the slope of 
Why?). Using the point slope form of an equation, we may 


A Pe 2 
δ F 
express AA’ as 


AA’ = {x νὴ τ Ξε Βᾳ — aj}, 
since (@, 0) isa point on AA’. We may express CC’ as 
oC = {(x, ἡ : x= 0}. 
ei 
Now write an equation for BB’, Let P(x, yi) be the point of inter- 
"τα ἀπὸ 
section of lines AA’, CC", and let P’{xg, 2) be the point of intersection 
—- _—»+ 
of lines BB’, GC", Solve the equations for AA’, CC" “simultaneously” 
to find Pix, yy) and solve the equations for BB’, raed simultaneously to 
find P'{xs, yz). Show that P = P’ and hence the lines AA’, BE’, oC’ are 


concurrent at P. 

Prove Theorem 11.18 by use of definitions, postulates, and theorems 
studied before this chapter: that is, without the use of coordinates. 
(Perhaps you did this in an exercise of Chapter 10.) 

Use Theorem 11,18 and theorems, definitions, and postulates studied 
before this chapter to prove Theorem 11,29 without the use of 
coordinates, 


16. CHALLENGE ProniemM. Prove Theorem 11.19 without the use of 
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CHAPTER SUMMARY 


In this chapter we used the idea of a coordinate system on a line to de- 
fine an xy-coordinate system in a plane. We showed that there is a one-to- 
one correspondence between the set of all points ina plane and the set of all 
ordered pairs of real numbers. The key theorems in this chapter are: 

THEOREM 11.4 If Py = (χὰ, ys) and Ps = (xe, ys) are any bwo 

points in an xy-plane, then 


PP, = ναι — χρὴ + (yn — yale. 


THEOREM 11.5 If P = (x, yy) and Ὁ = (xe, ys) are any two distinct 
points in an xy-plane, then the midpoint M of PO is the point 


Mc (-: ‘ xa uy 4 ue) 


THEOREM 11.7 TE A(x, yy) and Βὲ τὸ, yz) are any two distinct points, 
then 

— 

AB= {x,y): x= χὰ + kixe - αι} ἢ = yi + Kye — yi), kis real}. 

If k is a real number and if P = (x, y) where x = x, + Kix2 — x4), 

ἢ = yi + Ky2 — yi), then 

AP=KAB) and PeAB if k>0; 
AP=-—-—KAB) and Pé€oppAB if k<0. 

The fonnula in Theorem 11.4 is called the DISTANCE FORMULA. 
The formula in Theorem 11.5 is called the MIDPOINT FORMULA. 
The equations + = x) + A(xg το χΔ) and y = {1 + A(y2 — yx) in The- 
orem 11.7 are called PARAMETRIC EQUATIONS for the line AB, and 
k is called the PARAMETER. We proved that the converse of Theorem 
11.7 also holds; that is, if a, b, ας, d are real numbers, if b and d are not both 
zero, and if 

S= {(x,y): a= a+ bk, y =e + dk, kis real}, 
then § is a line. 

We defined the SLOPE of a nonvertical line to be the slope of any one 
of its segments. We defined the slope of a nonvertical segment with end- 
points Py(x,, 1), Pala, ya) to be ee . We showed that two nonvertical 

ag = Al 
lines are parallel if and only if they have equal slopes and that two oblique 
lines are perpendicular if and only if the product of their slopes is — 1. Slope 
is not defined for a vertical line, but the slope of a horizontal line is zero. 

We proved that if Py(x1, αι} and Po(x2, yz) are any two distinct points 
on a nonvertical line, then 

re . YN 


eS [{2-- ἢ 


Review Exercises 
is an equation of the line. We called this form of equation the TWO-POINT 
FORM for an equation of a line. We proved that a line with slope m and 
passing through Pix,, y;) has an equation of the fonn 

μ — yy = mix — x3) 
and called this form the POINT SLOPE FORM for an equation of a line. 
We proved that a line with slope m and y-intercept b has an equation of the 
form 
y=mx+b 

and called this form the SLOPE y-INTERCEPT FORM for an equation of 
a line, We showed that an equation of a vertical line through Plx,, ya) is 
x = x; and that an equation of a horizontal line through Pix,, yy) is y = ys. 
We called the form Ax + By + C = 0 the GENERAL FORM for an equa- 
tion of a line. 

Finally, we showed how coordinates could be used to construct proofs 
for some geometric theorems and observed that, in some cases, proofs using 


cordinates are easier than those using previously established definitions, 
postulates, and theorems, 


REVIEW EXERCISES 
Graph each of the sets indicated in Exercises 1-10. 


l. {is =5,0< y <5} 

2 (wi y= --ϑ, τῷ Ξὶ αὶ 5 ΤῈ 

3, {(x, y) : x= 1 + 2k, y = 2 + 3k, k is real} 
4. (0): πεῖ Ὁ 2k y= 2 + 3k, k > 0) 
5. {(x, y) τα τε --ϑ +k y=1—2kk <0) 
6. {(ἀ, gy): x= ky=3 —2h,2<k <6) 
% (αι 11 τ χα Φ 4 οτἱἃ < y< δ) 

8. {{π }:1 τ χα «- 4 υπὰ 3ὶ -ἰ y - δ) 

9. {0 y) sy > 3) 

10. {(x, y): y = 3x Ὁ 5) 


In Exercises 11-15, the endpoints A and B of a segment AB are given. Find 
(a) the slope of AB (in lowest terms), (b) the midpoint of AB, and (c) the dis- 
tance AB, 

IL. A = (2, 5) and B = (—2, 3) 

12, A = (—1, —3) and B = (2, —9) 

13. A = (2, —5) and B = (7,7) 

14. A = (—2, 1) and B = (2, 3) 

15. A = (—3, 1) and B = (7, 1) 
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16. Which segments in Exercises 11-15 are 


(a) parallel? 
(b) perpendicular? 
(c) congruent? 

17. Write, in general form, an equation of the line which contains the points 
P = (—1, —3) and Q = (2, —9). 

18. Write, in general form, an equation of the line which has a slope of 4 
and contains the point H = (—2, 1), 

19, Prove that the line of Exercise 17 is perpendicular to the line of Exercise 
18. 

20. Write, in slope y-intercept form, an equation of the line with slope 4 
and y-intercept 6, 


In Exercises 21-25, an equation of a line is given. In each exercise, (a) put 
the equation in slope y-intercept form, (b) write the slope of the line, and 
(ΟἹ write the χ- and y-intercepts of the line, 

21. 3x Ὁ 2y = 12 

93. 15x — 2ly=7 

24.x+y=0 

23.x—y=0 


26. Show that A SKM is a right isosceles triangle if § = (3, 4), K = (—1,5), 
and M = {—2, 1). 

27. Given A = (1, 0), B = (4,3), express AB using set-builder notation and 
parametric equations. 

28. Given A and B as in Exercise 27, express AB using set-builder notation 
and parametric equations, 

29. Given A and Β as in Exercise 27, find the trisection points of AR. 

30. Write an equation of the vertical line through (2, 5). 

91. Write an equation of the horizontal line through (2, 5). 

42. Write an equation of the line through (3, —7) and parallel to the line 
with equation y = 3x + 5. 

33. Write an equation of the line through (3, —7) and perpendicular to the 
line with equation y = 3x + 5. 

#4. Given the line with equation 5% — Gy = 60, write the equation of this 
line in slope y-intercept form. 

$0. Given the line of Exercise 34, write the equation of this line in intercept 
form. 

36. Given p= {(x, y): x= 3) and g = {(x, y) : 2x = 6}, explain why 
ΡῚ 4. 


Review Exercises 509 


ΙΝ Exercises 37-17 refer to the rectangle PORS whose vertices are 
P= (—1, —4), Ο = (5, —4), R = (5, 3), 5. = (-- 1, 3). 
37, Find the midpoint of PR. 
38, Find the midpoint of 50, 
39. Show that PO = SR. 
40. Show that PR = SQ. 
41. Write parametric equations for PQ. 
42. Write parametric equations for PR. 
43, Find A on PR such that PA = 4PR. 
44, Find B on PR such that PB = 2PR. 
45. Find C on opp PR such that PC = 3PR. 
46. hide parametric equations for the line through 5 and perpendicular 
to ‘ 
47. Write parametric equations for the line through A and parallel to 50. 


48. Let the trapezoid ABCD have vertices A = (0,0), B = (2a, 0), 
C = (2d, 2c), and D = (2h, 2c), as shown in the figure. Let a, b, ec, d be 
i numbers such that b - d < a. Let E and F be the midpoints of 

and BC, respectively. Let EF intersect AC at P and BD at Q. Show 
that P is the midpoint of AC, that Q is the midpoint of BD, and that 
ΡΟ = HAB — CD). 


49. Prove, using coordinates, that the set of all points in a plane equidistant 
from two given points in the plane is the perpendicular bisector of the 
segment joining the given points, (Hint; Let the two given points in an 
xy-plane be A = (—a, 0) and B = (a, 0). Then the y-axis is the per- 
pendicular bisector of AB in the given xy-plane.) There are two things 
to prove. 

(a) Lf Pix, y) is on the y-axis, then AP = PB. 
(b) 1f AP = PB and P is in the xy-plane, then P is on the y-axis, 

50, CHALLENGE PnopLem. Prove that the area 8 of a triangle whose ver- 
tices are A = (xy, tf), B = (x2, yo), and C = (xs, ys) is given by the 
formula 

S = 4\xiy2 + x2ys + Χαμ το Taye — Mays — Χο]. 
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Coordinates 
in Space 


12.1 A COORDINATE SYSTEM IN SPACE 


In Chapter 3 we introduced the fundamental idea of a coordinate 
system on a line, or a line coordinate system, or a one-dimensional co- 
ordinate system, as it is sometimes called. In Chapter 11, we defined a 
coordinate system in a plane and called it an xy-coordinate system. An 
xy-coordinate system is a one-to-one correspondence between all the 
points in a plane and all the ordered pairs of real numbers, Each point 
has two coordinates. An xy-coordinate system is a two-dimensional co- 
ordinate system. In this chapter we introduce the idea of a coordinate 
system in space and called it an xyz-coordinate system. In this system 
each point of space is matched with an ordered triple of numbers, It is 
a three-dimensional coordinate system, 

Let a unit segment and the distance function based on it be given, 
All distances will be relative to this unit segment unless otherwise 
indicated. 


Let OX and OY be any two perpendicular lines and let OZ be the 
unique line that is perpendicular to each at their point of intersection. 


Let I, J, K be points on OX, OY. OZ, respectively, such that 
OI = OJ = OK = 1. 
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On OX there is a unique line coordinate system with O as origin 
and I as unit point. On OY there is a unique line coordinate system 


with O as origin and J as unit point. On OZ there is a unique line co- 
ordinate system with O as origin and K as unit point. We call these 


coordinate systems the x-coordinate system on OX, the y-coordinate 
system on OY, and the z-coordinate system on OZ. We refer to Ox, 


OY, OZ as the a-axis, the y-axis, and the z-axis, respectively. We refer 
to them collectively as the coordinate axes. 

The plane containing the x- and y-axes is called the xy-plane, The 
plane containing the x- and z-axes is called the yz-plane. The plane con- 
taining the y- and z-axes is called the yz-plane. We refer to these three 
planes collectively as the coordinate planes. 

From the theorems regarding parallelism and perpendicularity in 
Chapter 8 it should be clear that all lines parallel to the z-axis are per- 
pendicular to the xy-plane, that all lines parallel to the y-axis are per- 
pendicular to the xz-plane, and that all lines parallel to the x-axis are 
perpendicular to the yz-plane, It should also be clear that all planes 
parallel to the xy-plane are perpendicular to the z-axis, that all planes 
parallel to the xz-plane are perpendicular to the y-axis, and that all 
planes parallel to the yz-plane are perpendicular to the x-axis. 

Figure 12-1 suggests the x-, y-, and z-coordinate systems. The 
parts of the axes with negative coordinates are shown by dashed lines. 
They are not “hidden” from view by the coordinate axes in the figure. 
However, they are hidden from view by the coordinate planes, Thus 
the negative part of the x-axis is behind the yz-plane; the negative part 
of the y-axis is hidden by the xs-plane; the negative part of the z-axis 
is hidden by the xy-plane. In drawing pictures you should use your own 
judgment about whether a dashed segment is better than a solid one. 


Figure 12-1 


distinct in Figure 12-3 may 


12.1 A Coordinate System in Space 


In Figure 12-1, the positive parts of the x-, y-, and z-axes are ar- 
ranged as the thumb, forefinger, and middle finger, respectively, of a 
right hand when it is held as suggested in Figure 12-2. An xyz-coordi- 
nate system with axes oriented in this manner is called a right-handed 
coordinate system. If the unit points on the axes are selected so that 
the positive parts of the x-, y-, z-axes conform to the orientation of the 
thumb, forefinger, and middle finger of the left hand when the thumb 
and forefinger are extended and the middle finger is folded, the xyz- 
coordinate system is called a left-handed coordinate system. The fig- 
ures in this book are for a right-handed system. 


᾿ς Figure 12-2 


There is an xy-coordinate system in the xy-plane determined by 
O, I, J as in Chapter 11. This system is a one-to-one correspondence 
between the set of all points in the xy-plane and the set of all ordered 
pairs of real numbers. Similarly, there is an xz-coordinate system in the 
xz-plane and a yz-coordinate system in the yz-plane. 


Let P be any point in space. 
Figure 12-3 shows P as not 
lying on any of the coordinate 
planes, However, the following 
discussion which leads to the 
definition of an xyz-coordinate 
system applies to any point. 


For special positions of P some 
of the labeled points that are 


not be distinct. For example, 
P and P,, may be the same 
point. Figure 12-3 
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Let Py, Pr, Py: be the projections of P on the xy-plane, the xz-plane, 
and the yz-plane, respectively. Let asy, dye, dy; be the planes through 
P and parallel to the xy-plane, the xz-plane, and the yz-plane, respec- 
tively, Then ἂν contains P, Py, and Pys; ay, contains P, P,,,, and ΤΣ 
and a,, contains P, P,,, and Pyy. 

Let Ὁ, Oy, Ὁ, be the points in which ay,., a2, @ry intersect the 
x-axis, the y-axis, and the z-axis, respectively, We are now ready to set 
up an xyz-coordinate system. 

The x-coordinate of P is the x-coordinate of Q,; the y-coordinate of 
Pis the y-coordinate of Oy; the <-coordinate of P is the z-coordinate of 
Q,. We write 


P = (a, b, c) or Pla, b, ΟἹ 


to indicate that the x-, y-, s-coordinates of P are a, b, c, respectively, 
If (a, b, ΟἹ is any ordered triple of real numbers, then there is one 
and only one point P such that 


P = Mia, B, οἷ. 


It is the intersection of three planes, one parallel to the xz-plane and 
cutting the x-axis at the point whose x-coordinate is a, etc. The cor- 
respondence between the set of all ordered triples of real numbers 
and the set of all points is a one-to-one correspondence. For if (a, b, c) 
and (d, e, f ) are different triples of numbers, then one or more of the 
following inequalities must hold: 


afd, be cH#f. 


Suppose, for example, that a  d. Then P(a, b, c) and Εἰ, ε, f) lie in 
distinct planes parallel to the yz-plane and therefore P = R. 


Definition 12.1 Given an x-axis, a y-axis, and a z-axis, the 
one-to-one correspondence between all the points in space 
and all the ordered triples of real numbers in which each 
point P corresponds to the ordered triple (a, b, ΟἹ where a, b,c 
are the x-, y-, 2-coordinates, respectively, of P is the xys- 
coordinate system. 


Since the correspondence between points and triples is one-to-one, 
a system of names for the triples is a suitable system of names for the 
points. Thus (5, 6, —3) is an ordered triple of real numbers. It is also a 
point. It is the point whose x-, y-, and z-coordinates are 5, 6, and —3, 


12.1 A Coordinate System in Space 


Example 1 If 
A={xy9:s=2,y=3,z2= 4}, 
then 
A = {(2, 3, 4)}, 


that is, A is the set whose only element is the point (2, 3, 4), 


Example 5 If 
= {(x,y,2): x= —2,y = 3}, 
then B is the set of all points (x, y, z) such that the x-coordinate is —2 


and the y-coordinate is 3, that is, B is the line through (—2, 3, 0) and 
parallel to the z-axis. 


Example 8 If 
C= {(x, y, 2): y = 7), 
then C is the set of all points whose y-coordinate is 7, that is, C is the 


set of all points that are 7 units to the right of the xz-plane; hence C is 
the plane that is parallel to the xz-plane and 7 units to the right of it. 


Example 4 
D = {(x, y, 2): 2 = Zandt = 3). 


The use of “and” in this set-builder notation is the same as the use of a 
comma between statements of conditions in a set-builder notation. In 
other words, 

D= {(z, y,z):2=2, y= 3} 


is the set of all points (2, 3, z), that is, the line parallel to the z-axis and 
passing through (2, 3, 0). 


Example ὃ 
Ε = {(x, y, 2) : x = ἢ or y = 3}. 


Clearly, E is not the set D of Example 4. If you do not understand 
clearly the distinction between the use of “and” and “or” in a set- 
builder notation, you should review Chapter 1. E is the set of all points 
with x-coordinate 2 or y-coordinate 3, hence the set of all points lying 
either in the plane x = ἢ orinthe plane y = 3. In other words, E is the 
union of two planes, each parallel to the z-axis, one of them parallel to 
the yz-plane and 2 units in front of it, the other parallel to the xz-plane 
and 3 units to the right of it, assuming that the axes are as in Figure 
12-1. 


Coordinates in Space Chapter 12 
Example 6 

Ε = {(x, y, 2): x= 1+ 2k, y = 2 + 3k, kis real}. 
Now 


{(a, y) ix = 1+ 2k, y = 2 + 3k, kis real} 


is a line | in the xy-plane with slope } that passes through (1, 2), The 
set-builder notation for F places no restriction on the z-coordinate, 
Therefore, if (x, y) is any point on | and z is any real number, then 
(x, y. 5) is a point of F. Conversely, if (x, y, z) is any point on F, then 
(x, y) is a point of |. Think of I’ as the set 


{(% yz): a= 14+ 8k, y =2 + 3k, z= 0, kis real}. 


Then fis the same set as 1. If we think of a point of |, we think of it asa 
point (x, y) in an xy-plane. If we think of the same point as a point of I’, 
we think of it as a point (x, y, 0) in an xyz-space. Although the names 
of the points are different, the sets | and [’ are the same. The graph of 
the set I’ is shown in Figure 12-4, 


Figure 12-4 


Now [' is a part of F. Indeed, F is the set /’ and all points directly 
above it and all points directly below it. It may be helpful to think of it 
as the union of all lines parallel to the z-axis that pass through a point 
of l', But any way you look at F, you really have not seen it unless you 
recognize it as a plane, the plane through /’ and parallel to the z-axis. 


Example 7 


ὦ πὸ {my 2): 5 « 5}. 


Gis the set of all points (x, y, z) whose z-coordinate is less than 3. Now 
5 = 3is an equation of the horizontal plane, say a, that is 3 units above 
the xy-plane. Then G is the halfspace that is the underside of a. 


12.1 A Coordinate System in Space 

Example 8 
H = {(x, y,2): 1 5 2 5 8). 

H isa slab or zone of space bounded by two horizontal planes. H is the 
union of the horizontal planes with equations 5 = 1 and = = 3 and 
all of the space that lies between them. 
Example 9 

I = {{x, y, 2) : x2 + y? = 25,2 = 0). 
lisa circle in the xy-plane. Its center is the point (0, 0, 0). Its radius is δ, 


Example 10 
J = {{(x, y, τ: 22 + y? < 25,0 < = < 6}. 


J is a solid right circular cylinder. Its axis is a part of the z-axis. Its 
radius is 5. Its lower base lies in the xy-plane. Its height is 6. 


Example 1] 
K = {(x, y, 2) : x = 2 and x = 3}. 
There is no number x such that x = 2 and x = 3. Therefore there is 


no point (x, y, 5) such that x = 2 and x = 3. Therefore Καὶ = ©, the 
null set. 


Example 12 

L = {(x, y, z) : x* — 3x + 2 = 0}. 
Now x? — 3x + 2 = Ois true if and only if (x — 1)(x — 2) = 0; hence 
if and only if x = 1 or x = 2. Therefore L is the union of two planes, 


each parallel to the yz-plane, one of them 1 unit in front of it, the other 
2 units in front of it. 


EXERCISES 12.1 


In Exercises 1-35, a set 5 of points is given in set-builder notation. In each 
case, describe the set S in words, assuming that the axes appear as in 
Figure 12-1. (Hint: For Exercises 20, 21, and 22, compare with Example 12.) 
1. S= {(x, yz): x = 0) 

2 $= {(x, υ. 2) : y = 0} 

3, S = {(x, y, 2) : 5 = 0) 

4. $= {(x,y.2):4=0,y =0) 
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ὅ, ὃ τ-- (x,y, 2) : αὶ = 02=0) 

6 S= {(x, y, 2) y = 0,2=0) 

7. S={(i,ya)ix=Oy= ἢ, 5 = 0} 

8. 8 -- {(x.y2):e=1y=2,2= 2} 
%5={@y2):2=ly=3,1<42< 5) 
10. 5 -Ἦ ἀν ἡ, ἢ :χ83Ξ 1.1 κυ 3 5,:- --1 
11. S= {[ἀὐὰ 23 :χ 2 ly=3,z2= 1} 

1%. 5 = {ix yz): y Ξ 3) 

18, 8 = [(, y. 2}: αὶ Ξε ὅ, y <3} 

l4,.S={% yz: leox<o23<cy<5, -l<2< 3} 
15, 5={(,y zie > Oy >O,2> 0) 

16. 5 = {(x, y, 2) : x > 379} 

1, ὃ = (i, ya): 221, 4 = 2) 

18. ὃ = {(x, y, 3): ¢ = lory = 2} 

15, 5. ΞΞ {(x, y, 2) : x= 5 orx = 7} 

20. 5= {(x, y, 2): 23... 42+2=0} 

21. 5 = {(x, y, 2): 2? + 22+ 1 = 0} 

22, 5 = [{π| y, z) : x? = 16) 

2. 5= {(, ψ, 2): x* + y? = 25) 

24. 5 = {(x, y. a): 27 + y? = 5,2 = 5) 

5. 5 -- {ay 2) τῳ Ξε χα - 8,12 Ξ 4) 

26. 5 = {(x, υ, 3) : y = x} 

27. S= {{π| y, 2): z= y} 

28, 5= {{π| y, 2): ὃχ 4 4y = 12,22>0,y>0,l<2< 2} 
29. 8 = {(x, ψ, 2): πος = 1=*,2=0) 
30. 5. = {(x, y, 2): ΣῈ = Ξ- y= 0) 
31, S= {(x, y, 2) 

32. S= (ix, ys): e=14 2h y=2-k1<k <2} 
33. 5. Ξξ {(x, y, 2) : x? + y? < 25,2 = 3} 

34. 3= (Gy, 2): y? + 2* < 25, x = 3) 

35. 5= ((2, 9, 2) : 2 τεῦ, y 20, 3 0) 


In Exercises 36-30, use set-builder notation to express the set 5. 


36. 5 is the xy-plane. 
37. Sis the x=-plane. 
38. ὁ. is the yzplane, 


39. Sis the x-axis, 
40. Sis the y-axis. 


rw 1+ Oh y=2—-kz=015k <2} 
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12.2 A Distance Formula 


. Sis the plane through (2, 6, 7) and parallel to the yz-plane. 


S is the plane through (2, 6, 7) and parallel to the xz-plane. 
S is the plane through (2, 6, 7) and parallel to the xy-plane. 


. Sis the line through (2, 6, 7) and perpendicular to the yz-plane. 
. Sis the line through (2, 6, ΤΊ and perpendicular to the xz-plane, 
. Sis the line through (2, 6, 7) and perpendicular to the xy-plane. 
. Sis the line in the xy-plane which contains (2, 3, 0) and (3, 7, 0). 
. Sis the ray AB, with A = (5, 3, 0) and B = (4, 6, 0). 


§ is the segment PO, with P = (2, 1, 0) and Q = (0, —7, 0). 
5 is the segment RS, with R = (2, 1, 1) and S = {0, —1, 1). 


12.2. A DISTANCE FORMULA 


In this section we develop a formula for the distance between two 


points expressed in terms of their coordinates. We begin by consider- 
ing an example. 


Example] Let A = (3,2, 1)andB = (5, 4, 2), (See Figure 12-5.) Let 
As = (3, 3. 0), B, = (5, 4, 1), Bs — (5, 4, 0), Bs — (0, 4, 1), and 
Bs = (0, 4,2). Then AA2B2B, is a rectangle and AB; = A2B:. Also 
BB,B;B, is a rectangle and Β.Β = B,By. 


z 


Figure 12-5 


To find AB, we use the Distance Formula and the x- and y-coordinates 
of As and By. In the xy-coordinate system, Az = (3,2) and Bz = (5, 4). 
Therefore 


AsBo = Ve - 3} τὴν (4 — 9)2 = 1/§ = 2/2. 
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To find B3B, we use the Distance Formula and the y- and 2-coordinates 
of Bs and B,. In the yz-coordinate system Bz = (4, 1) and By = (4, 2). 


Therefore 
B3B, = νά — 4" + (T— 2? = VI=1. 

Now BB; is perpendicular to the ry-plane. It is also perpendicular to 
every plane parallel to the xy-plane. In particular, BB, is perpendicular 
to the plane with equation z = 1. Then BB, is perpendicular to every 
line in that plane through B,, Therefore BB, ΠΗ AB. ,and AAB,Bisa 
right triangle. It follows from the Pythagorean Theorem that 

(AB)? = (AB,)? + (BB)? 

(AB)? = (AgBo}* + (B3B,)" 

(AB)? = (V8)? + 1 

(ABF=8+1=9 

AB = 3 


Following the procedure used in this example we shall prove the 
next theorem. 


THEOREM 12.1 (Distance Formula Theorem) The distance 
between P(x1, yz, 21) and O(xz, ys, z2) is given by 


PO = \/ (xe — ΧἹ ΣῈ 2 — Yi 


+ (22 — 31)". 


Proof: Let P(xi, y1, 21) and Olxs, yz, 22) be given. Let 


P, = (mi, Y1, 9) 

O1 = (¥2, 2, Za) 

O2 = (Xe, Yas 0) 

Os = (0, Lt oe 21) 

οι, Ξ (0, 2, Z2) 
Figure 12-6 shows these seven points as distinct points. Depending on 
the values of the coordinates, the points may turn out not to be distinct. 
For example, if 2; = 0, then P = Γι. 

We proceed to find PQ in terms of the coordinates of P and Q. If P 
and ©, are distinct points, then they lie on a plane parallel to the 
ay-plane and PO, is parallel to the xy-plane. Therefore 

(1) PiQsQ.P is a rectangle, 


or (2) r= Ff, and en = Qs, 
or (3) P= Qy ancl Py = 03. 


12.2 A Distance Formula 


Qu 


In all three cases it is true that 
(PQs)? = (P1Qz2)? = (we — x1)? + (y2 — νι)". 

Similarly, (1) οι. isa rectangle, or (2) Q = 9 and 1 = Os, 
or (3) Ὁ -- Οἱ and QO, = Qs. In all three cases it is true that 
(Q:0) = (Q304)? = Ge — a)’. 

10 = ᾧ.. then ΠῺΣ = 21, (zo — 2)? = 0, and 

(POP = (PQ1)? = (xe — 11)" + (y2 — yn)® + (22 — PP. 

If P = Qj, then x2 = x1, Yo = Yr. (Xe — χι) = Ὁ, (y2 — yn)? = 0, 

and 
(PQ)? = (O10)? = (x2 — m1)? + (ye — yr)? + (He — δι). 

If O# Οἱ and P Ξέ Qi, then OQ; 1 PQ, and it follows from the 

Pythagorean Theorem that 

(POY? = (PO1)? + (001), 

(PQ)? = (a2 — 1)? + (ye — ya)? +  — 51)". 
We have now exhausted all cases. For if P and Q are any points and if 
Οἱ is related to P and Ὁ as indicated in the first sentence of this proof, 
then P = Οὐ: or Q = Οὐ; or P,Q, Οἱ are three distinct points. We have 
proved in all of these cases that 

(PQ)? = (x2 — x1)? + (yo — yr)? + (22 — 2}. 


PO = VG — mi + eo — HP Ὁ He -- AY 


Therefore 
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EXERCISES 12.2 


ΜΝ In Exercises 1-5, find the distance between P and (0. 


P= (0, 0, 0), ὦ Ξ (3, 4, 5) 
ἔξει -17,0= (2,1, -- 

3. P= (7,8, 1), ΞΞ (0, 9,0) 

4, P= (0, 0, 5), Ὁ = (3, 4, 0) 
= (8, —I, 5), ᾧ = (1, --ἰ, 6) 


6, Use the Distance Formula to show that the following points are 
collinear: A = (—1,5,2), B= (5, 7, 10), C = (2, 6, 6). 
7, Use the Distance Formula to show that the following points are not 
collinear; A = (0, 0,0), B = (5,3, —4), C = (15, 10, — 19). 
8, ΠᾺ = (1,3, —2), B = (ἢ, 7, 1),C = (2,6,0), is AABC a right triangle? 
9. IfA = (5, 3,2), B = (7,8, 1), C = (5,2, —3), is AABC a right triangle? 
10. Find the perimeter of ADEF if D=(0,0,0), E = (0, 6, 8), 
F = (10, 6, 8). 
In Exercises 11-14, find the distance between Pj2, —1, 7) and the given 
plane a. 
11. a= (( yz): 2 = --5} 13. a = {(x, y, 2) : 5 = 0} 
13. α = {(x, y, 3): y = 0) 14. ἃ = {x yz): y = -- 1} 


In Exercises 15-18, find the distance between the line I given by 
f= (xmy2ix2=3, αὶ = 4} 


and the given plane a which is parallel to it, (The distance between a line 
and a plane parallel to it is not defined in the book. Write a suitable definition 
for this distance.) 


15, a = {(x, y, 2): x = 0} 17. « = fix, ys): y = 6} 
16. ἃ = {(x, y, z): x = -- 5] 18, a = {(x, y, z): y = 4) 


In Exercises 19-23, sketch a figure to represent the given set. (The graphs 
will be three-dimensional.} 

19. A = {ix, ya): 1 Sx 2,2<y<4,0<2< 10) 

0. B= {xy}: loxr<26<y<84<<2< 6} 

21, C = {ixy,2:1<x<2,10<y «15,0 «- ς- -Ξ 10) 
22,D={(x,y2):1lox<o2,d4<cy< 16.4<z2<50r6<2< 7) 
23, Ε = {ix ye): lees 2,18 < y Ξ 50,0 Ξ καὶ < 10] 


24. CHALLENGE PROBLEM, On one large sheet graph the union of the sets 
in Exercises 19-23, 


12.3 Parametric Equations for a Line in Space 


12.3. PARAMETRIC EQUATIONS FOR A LINE IN SPACE 


Before studying Section 12.3 you should review the work on para- 
metric equations in Chapter 11. By use of a proof similar to the one for 
Theorem 11,7 the following theorem can be established. A proof of this 
theorem is not included here. 


THEOREM 12.2 If P(x, 11, =) and One, 25 Za) are any two dis- 
tinct points, then 
x= xX + κίας — x), 
PO = (x, y, 2): y= + kilns -- yx), and & is real 
z= & + klag — 2), 
If R = (a, ἃ, c), where 
a= x, + k(x, — x), 
b= yi + K(y2 — ys), 
c= % + Kz — %), 
is a point of PO, then 
R is the point P if k=0, 
REPO and PR=k-PO f k>O, 
Re oppPG and PR=-k-PQ if k<O. 


Example 1 Given P = (0, 0,0) and ᾧ = (3, 1, —2), find ἢ the point ἢ 
: ame such that PR = 3+ PQ and the point 5 on opp PO such that 
3. ΡΟ. 
Solution: 
PO = = {(x, y, z):x = 3k, y =k, z = —2k, k is real} 
To get R, set k = 3. Then KR = (9,3, —6). 
To get S, set k = —3. Then 5 = (—9, —3, 6). 


Example 8 Given A = (5, 1, —2) and B = (7, 3, —2), find the mid- 
point M of AB. 
Solution: 
AB = {(x, ψι 2): χ = 5 + 2k y = 1 4 2k,z = —2, kis real}. 
The k-coordinate of A is 0; the k-coordinate of B is 1; of M is 4. 
M = (5 + 5.1 2-4, —2) = (6, 2, —2). 
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Example 3 Given E = (5, 7, 9) and F = (—2, 3, —4), write para- 
metric equations for EF. 


Solution: x=5-—Tk 
y = 7 — 4k 
z= 9— 13k 
k>0 


Example4 Given ΠῚ = (δ, —3, 14) and 1 = (—2, 5, — 1), write para- 
metric equations for ΠῚ 

(1) with a parameter k so that k = Oat Hand k = 1 at 1. 

(2) with a parameter h so that ἢ = 0 at Tand ἢ = 1 at H. 

(3) with a parameter ὁ so that ὁ = ὃ at Hand ἐ = 10 at J. 


Solution: 
()e=5—-% @)x=-24+7 OG) x=5-07 
y = —3 + 8k y=5—-—86h y = —3 + O.8t 
z= 14 — 15k z= —1+ 1A z= 14... 151 
O<k<1 0<hA<1 0<f< 10 


Example 5 Given J = (5, 7,3) and Καὶ = (7, —1, 5), find an equation 
for the perpendicular bisecting plane of JK. A simplified equation is 
desired. 


Solution: Let a be the perpendicular bisecting plane of JK. Then 
Pix, y, 3) is a point of « if and only if 
IP = PR, 
Py? = (PK)?, 
(x— 5) + (y— 7? + @— SP = — 7? + y+ P+ 5, 
x* — 10x + 25 + y*? - ldy + 49 + 2? — 6249 
= 2" — Idx + 49+ ἡ + By 4+ 14+ 2 — le + 35, 
—10x + l4x — ldy — 2y — 6z + 10z 
95. 49..99 -- 49.- 1-- 95 = 6 
dx — l6y + ἀξ - ΒΞ 0, 
x—4y+2+2=0. 


Then x — 4y + z + 2 = 0 is “an equation of a.” This means that 
a= {(x,y,2): 2 —4y+242=0}. 


12.3 Parametric Equations for a Line in Space 


EXERCISES 12.5 


In Exercises 1-4, find the coordinates of the point P satisfying the given 
condition. 


1. 
z. 
3. 
4, 


A = (0, 0, 0), B = (3, 3, 3), ε AB, AP = $-AB. 

A = (0, 0, 0), B = (3, 3, 3), P € opp AB, AP = 4- AB. 
A = (5, —2, 6), B = (1, —3, 2), ΡῈ BA, AP = ἃ. AB, 
A = (-3, 2, 5), B = (5, 0, —1), ΡῈ AB, AP = PB. 


In Exercises 5-10, A = (0, 0, 0), B = (6, —3, 12), C = {—9, 18, 9). 
5. Find D, the midpoint of BC. 


=| oo 


13. 


14. 


15, 


18. 


. Find Εἰ, the midpoint of AC. 

. Find F, the midpoint of AR, 

. Find Gj, the point that is two-thirds of the way from A to D. 
. Find Gg, the point that is two-thirds of the way from B to E. 
. Find G3, the point that is two-thirds of the way from C to F. 


. Given $= {{πὰῆ y, z) : 3x + 4y + 52 = 50}, which of the following 


points are elements of 85: Αἰ, 5, 3), B(O, 0, 5), C(—1, —2, 12)? 
CHALLENGE PROBLEM. Find the point on the x-axis that is equidistant 
from A(2, 3, 1) and B(7, 2, 1). 

CHALLENGE PROBLEM. If 5 is the set of all points each of which is ata 
distance of 7 units from the origin, find an equation (in simplified form) 
for 5. What is a set of points like 5 usally called? 


CHALLENGE PROBLEM. If T is the set of all points, each of which is ata 
distance of 3 units from the point (3, —1, 2), find an equation (in simpli- 
fied form) for T. 
CHALLENGE PROBLEM, Given 
Ὁ = {(x, y, 2) : x? + y?® 4 2? = 125}, 
T= {ie yesh tae 5}, and O = (5, 0, 0), 
prove that all points P in the intersection of Καὶ and T are at the same dis- 
tance from (9. 
CHALLENGE PROBLEM. Let planes a and καὶ and points, O, A, Ax. B, Bi, 
be given as follows: 
a= {(x,y,2): 2+ 4 +2 = 6}, 
B= ({ix,y,z):x+y+2= 9}, 
O = (0, 0, 0), A = (2, 2, 2), A; = (6, 0, 0), 
B = (3, 3, 3), Βι = (9, 0, 0). 
(a) Show that A and A, are points of a. 


(8) Show that B and B, are points of β. 
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(c) Show that OA .1 AA}. 

(d) Show that OB | BB,, 

(¢) Find a point Ag in αὶ such that A, Ay, Ae are noncollinear. 

[ἢ Find a point By in κα such that B, By, Bs are noncollinear. 

(¢) Show that OA L ΑΔ, 

(h) Show that OB 1 BB. 

(i) Show that OA L ἃ. 

(i) Show that OB 1 8. 

{Κλ Show that O, A, B are collinear. 

ΠῚ) Find the distance between ἃ and 8. 
17. CHALLENGE ProsLEem, Let planes a and καὶ and line | be given as 

follows: 

a= {(x, y, 3): 2+ y +2z = 8), 

B= ((,y, 2): 2+ y + 22 = 2}, 
l 


z-1 


= {a yaizas = 45+}. 


(a) Find the point A in which / intersects a. 
(0) Find the point B in which / intersects 2. 
(c) Prove that AB 1 a. 

[ἃ] Prove that AB 1 ἢ. 

(6) Find the distance between a and β. 


12.4 EQUATIONS OF PLANES 
In Chapter 11 we used coordinates to write equations of lines. For 


example, 
ox + 44 +7=0 

is an equation of a line in an xy-plane, We say that 
ax + 4y +7=0 

is a linear equation in x and y. The equation 
ax +by+e=0 


is called the general linear equation in x and y. It is natural to extend 
this terminology and to call 


ax + by +ea+d=0 


the general linear equation in x, y, z. In this section we show that, if an 
xyz-coordinate system has been set up, every plane has an equation of 
the form 


ax + by +ez+d=0 


12.4 Equations of Planes 


with a, b, δ, εἰ real numbers and with a, b, ¢ not all zero, and conversely, 
that every equation of this form is an equation of a plane. What is the 
situation if a, 4, and ¢ are all zero? More specifically, what is the graph 
of Ox + Oy + Oz + 1 = 0? Of Ox + Oy + Oz + 0 = 0? 

We begin with several examples, assuming that an xyz-coordinate 
system has been set up in space. 


Example 1 Let O = (0, 0,0), Ρ = (3, 4, —6), and let α be the plane 
that is perpendicular to OP at P. We shall express a in terms of the co- 
ordinates of the points on it using set-builder notation. Now 
OP = ((x, y, 2) : x = 3k, y = 4k, z = —6K, k > 0}. 

Let 2 be the point on OP that is twice as far from O as P is from O. To 
find the coordinates of QO, set k = 2, then Ὁ = (6, 8, — 12), P is the 
midpoint of OO, and « is the perpendicular bisecting plane of OO. 

The perpendicular bisecting plane of a segment is the set of all 
points equidistant from the endpoints of the segment. Using the Dis- 
tance Formula, we find that the distance between O(0, 0, 0) and (x, y, z) 
15 


ναξ τ 


and that the distance between P(6, 8, -- 12) and (x, y, z=) is 


— 6? + (y -- 


Therefore 


ἃ τὸ {πῶ νὴ: V+ y+ τῇ | 
= νῖ -- 6 + ᾧ -- 8 + + 127}, 
αἱ Ξε {{πρν, 2): χὸ + 5 ἰ 2 


= — 1954 36+ y* — l6y + 644 2 + 94: + 144}, 
a = {(x, y, 2) : 12x - θὰ — 242 — 244 = 0], 
a = {(x, y, 2) : 3x + 4y — Gz — 61 = 0}. 
Example ἃ Let O = (0, 0, 0), P = (3, 4, —6), and let f be the plane 


that is perpendicular to OP at Ὁ, Note that is parallel to the plane ἃ 
of Example 1 and that a does not contain ©, but that § does. Now 


— , 
OP = {(x, y, 2): x = 3k, y = 4k, z = —6K, Καὶ is real}. 


Let A be the point on opp OP such that OR = OP. To find the coordi- 
nates of R, setk = —1, then R = (—3, —4, 6), and Ois the midpoint 
of RP and β is the perpendicular bisecting plane of AP. 
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Bis the set of all points (x, y, z) each of which is at the same distance 
from (3, 4, —6) as it is from (—3, —4, 6). Therefore 

3 ΤῸ (5 Ὁ δ» 
B= {(x, y, 2) : x* — 6x + 9 + υ -- 8y + 16 4+ 2 + 122 + 36 
=x? + 6x + 9+ y? + Sy + 16+ 2? — 122 + 36}, 

B= {(x,y, 2): —l2x — 16y + 242 = 0}, 
& = {(x, y, 2): 3x + 4y — 62 = 0}. 


Example 3 Let y be the following set of points in xyz-space: 
¥ = {(x, y, 3): x — 2y + 32 — 4 = 0}. 


We shall show that y is a plane, 
Note in Example 1 that an equation of a is 


dx + 4y — ΕΣ — 6] = 0, 


that the coefficients of x, y, in this equation are 3, 4, — 6, that the foot 
of the perpendicular from O to a is (3, 4, —6), that 


3? + 47 + (—6) = 61, 


and that 61 is the negative of the constant term in the equation of a. 
This suggests that we transform the given equation of y, 


x—2y+32-4=0, 


into an equivalent equation in which the sum of the squares of the co- 
efficients is the negative of the constant term, that is, an equation 


ax + by + cr + d=0 


where a? + 62 4+ ¢2 = —d, 
We multiply through by Καὶ and then determine a positive value of 
k so that the resulting equation of y has the desired property. We get 


ke — Qky + Ske — 4k = 0 
and we want 
Kk? + (—2k)? + (3k)? = 4k swith k > 0. 
Therefore 
k24 418. 49K = 4k, 4h =4k, k= 3. 
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Therefore 


y= (G2): Fe ἐν + $e— $= 0). 


Note that 


GP + (—7P + GP = dy + ἀδ + 8 - 35 = 5. 
and that $ is the negative of the constant term of our “adjusted” equa- 
tion of γ. 
Taking a clue from Exemplo 1, we suspect that y is the plane that 
cular at (3, —3,%) to the line through (0,0, ΟἹ and 
(4, —5, $), and hence that it is the perpendicular bisecting plane of the 
segment with endpoints (0, 0, 0) and a §, 42). To show that it is, we 
let γ᾽ be that perpendicular bisecting plane a we show that 7’ = γ. 
Now γ΄ is the set of all points (x, y, 2} each of which is the same dis- 
tance from (0, 0, ΟἹ as it is from (4, —#, 4?-), Therefore 


Y={yya: Ve υ5 se 


Y=(eyadittys se 
νυ" οὐ Te eee eee 
γ᾽ = {(x, y, 2) : ἐπ — Fy + $2 — 2 = 0). 
Therefore γ᾽ = y, and y is a plane. Since 
Υ = (@% y, 2): x — 2y + 32 — 4 = 0}, 
this proves that 


ἀπῆρε ++ - 12} 


χ -- ὃ -᾿  ὔξ -- 4 τ ἢ 
is an equation of a plane. 


Example 4 Let ὃ be the following set: 
ὃ = {(x, y, 2): x — 2y + ἂς = 0). 


Since (0, 0, 0) is an element of 4, it follows that 6 is a set of points that 
contains the origin. We shall show that ὃ is a plane, 

Taking a clue from Example 2, we suspect that 6 is the plane that is 
perpendicular at the origin to the line through the origin and (1, —2, 3). 
We suspect further that 6 is the perpendicular bisecting plane of the 
segment with endpoints (1, —2, 3) and (—1, 2, —3). Let δ΄ be that 
perpendicular bisecting plane. We shall show that δ΄ = 6. 
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We have 


δ' ={xy2: Ve—lP + yt oe + & — OP 
= Ver + YO + Et 8}, 
δ' = {(x,y,2):2?-2r +1 y?+4y+44+2-6249 
=x? + Qe+ 1+ y? — dy 44+ 2 + Gz + 9}, 
δ' = {(x, y, 2) : —4x + By — 122 = 0}, 
δ' = {{π| y, 2): x — 2y + ὃς = 0}. 
Therefore δ΄ = 6, and 6 is a plane. 


We are now ready for several theorems on linear equations in x, y, 
and z, 


THEOREM 12.3 Given an xyz-coordinate system, every plane 
has a linear equation. 


Proof: Let a plane a be given. We consider two cases. 


Case 1. Of0, 0, 0) does not lie on a. 
Case 2. Of0, 0, 0) lies on a. 


Proof of Case 1: Let Pia, b, εἰ be the foot of the perpendicular from 
Oto «. Then a, b, ¢ are not all zero. Let Ὁ = (2a, 2b, 2c). Then P is the 
midpoint of OO, and a is the perpendicular bisecting plane of OQ. 
Then 
a= {(x,y, 2): fx? + yF + 2 
= /(x — δα} + (y — 2b)? + fz — δε) 2), 
a= {(x,y, 2): ax + by + cz = a? + Bb + 63]. 
Therefore in Case 1, ἃ has a linear equation. 
Proof of Case 2: Let Pla, b, ΟἹ be a point distinct from O on the line 
perpendicular to a at Ὁ, Then a, b, δ are not all zero. Let 
Q = (—a, —b, —c). Then O is the midpoint of PO and a is the per- 
pendicular bisecting plane of PO. Then 
a= (4.2): Ve—aF + U- SEP 
= Vata? t yt bP sero), 
a = {(x, y, 2): χῇ — 3ῶαχ + a? + ἡ — Bhy ἘΠΡΕ 4 2 — Bee + cP 
= x® + 2ax + a? + y? + Qby + b? + x + ὅσο + οἷ), 
a= {(@ ψ, 2) : ax + by + cz = 0}. 


Therefore in Case 2, α has a linear equation. 


12.4 Equations of Planes 
THEOREM 12.4 Given an xyz-coordinate system, the graph of 
every linear equation 
ax + by πος τ αἰ τεῦ, 
in which a, b, ὁ, d are real numbers and a, b, ¢ are not all zero, is a 
plane. 
Proof: Let an xyz-coordinate system and an equation 
ax + by +ez+d= 0, 
with a, b, ¢ not all zero, be given. We consider two cases. 


Case]. d= 0. 
Case 2. d= 0). 


Proof of Case 1: Suppose εἰ Ξέ 0 and let 
a= {(x, y, 2) : ἂχ + by + ot + d= 0}. 
Let k be a number, not zero, to be specified later. Then 
a= {(x, y, 2): a's + by + c's + d’ = 0}, 
where a’ = ka, b' = kh, c’ = ke, and d’ = kd. Taking a clue from 
Example 3, we shall determine k, with k + 0, so that 
4’ = —(a’? — (b’? -- (cy. 
Substituting we get 
kd = —(ka)? — (kb)* — (κε), 
Solving for k we get 
kd = —ka? — k*b? — k2c2, 
εἰ = —ka®? — kb? — ke?, 
d = K—a? — μὲ — 02), 
k= SGP re 


and this is our specified value of k. Note that since a, b, c are not all 
zero, then at least one of the nonnegative numbers, a?, b?, c?, must be 
positive, and a? + b? + c? is positive, Hence the expression for k in 
terms of a, b, c, d is mathematically acceptable since the indicated di- 
vision is division by a number that is not zero. 

Checking we find that 


εἰ = kd = k2{ —a? — ΒῈ — ¢*) = ---ἰ καὶ — (ΚΡῚΞ — (ke), 
d= -(a'? -- bY -- (ep. 
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Let P = (α΄, b’, c’) and Ὁ = (2a’, 2b’, 2c’). Let a’ be the perpen- 
dicular bisecting plane of OQ. Then 
a = {(x,y, 2): Ve? + yy? + κἢ 
je — Βα Ἴ2 Ὁ (ῃ -- WP te -- UF}, 
= {x, y, 2) : x + y® + 2? = x? — da’x + 4(6} 
+ y? — 4b’'y + 4{b')? + 2 — 4e'z + 4{0}}}, 
= {{50 υ» 3) : αὐ + by + oz — (a’)? — (bP — (cP = 0), 
= {ix,y, 2): a's + By + e's + d' = 0}, 
= {{π|, y, 2): Καὶ + kby + kes + kd = 0}, 
= {(x,y,z): ax + by +ez+d=0}, 
and αὐ = α. Since a’ is a plane, it follows that α is a plane, as we wished 
to prove, 
Proof of Case 2: Suppose that εἰ = Ὁ and let 


a = {(x, y, 2): ax + by + cz = 0}. 


Then 

a= {(x,y,z): ax + by + cz +d =0}. 
Let P = (a, b,c), O = (—a, —b, —c), and let a’ be the perpendicular 
bisecting plane of PQ. We shall show that a’ = a, and this will prove 


that 
ax + by +e2+d=0 
is an equation of a plane. 
Now 
αἱ = {(x, y, 2): | ἡ + (2 — ce}? 


= Vita? ᾧ τ bP Ὁ @ + oF), 
a’ = {(x, y, 2): αἢ — Bax + a? + y? — 2by + b+ 2? — Bac + οἷ 
= x? + 2ax + a? + y* + 2by 
+ b? + 27 + Bac + c*}, 
a’ = {(x, y, 2) : —4ax — 4by — 4cz = 0}, 
αἱ = {(x, y, 2): ax + by + cz = 0}. 
Therefore a’ = a. 


THEOREM 12.3 If a, b, υ, d are real numbers with a, b, c not all 
zero, then the plane 

ἃ = {(x, y, 2): ἂχ + by + cz +d =0} 
is perpendicular to the line through O(0, 0, 0) and Pia, b, οὗ, 


12.4 Equations of Planes 
Proof: If d = 0, then as in the proof of Case 2 of Theorem 12.4 it 
follows that a is perpendicular to the line PO, where 
Q = {--α, —b, —c) and P = (a, 6, e). 
But O is the midpoint of PQ, Theretore OF = PO and a | OP. 
If d= ὃ, then as in the proof of Case 1 of Theorem 12.4, it follows 
that ἃ is perpendicular to the line OO, where 
O = (24’, 2b’, 2c’). 
Now 
δύ = {(x, y, 2) : x = 2a't, y = 2b't, z = 2c’t, tis real}. 
(We have used ¢ as the parameter since k was used for another purpose 


in the proof of Theorem 12.4.) Setting t = x we obtain a particular 


point on δύ, namely (ξ a 9) = Pia, Ὁ, ΟἹ. Since ἃ is perpendicular 
to 00, and since ae = OP, it follows that a is perpendicular to OP. 


Example 5 Find an equation of the plane perpendicular to OP at Pif 
O = (0, 0, 0) and P = (2, —7, 0). 


Solution: For every real number d, 2x — Ty + d = 0 is an equation 


of a plane perpendicular to OP. (Which theorem or theorems of this 
section are we using here?) To get a satisfactory equation we fix d so 
that the plane contains P, Substituting the coordinates of P, we get 


2°2-—%—7)4d=0 and d= --53. 
Therefore 
9x — Ty —53=0 


is an equation of the plane perpendicular to OP at P. 


Example 6 Find an equation of the plane perpendicular to OP at Ὁ 
if O = (0, 0, 0) and P = (2, —7, 0). 


Solution: Yor every real number εἰ, 2x — Ty + εἰ = Ὁ is an equation 
of a plane perpendicular to OP. The origin 0(0, 0, 0) is a point of this 
plane if 2:0 — 7-04 d= 0, that is, if d = 0. Therefore 


2x — Ty =0 
is an equation of the plane perpendicular to OP at O. 
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Example 7 Find an equation of the plane perpendicular to OP at Pif 
Ὁ = (0, 0, 0) and P = (7, 4, —5). 


Solution: 
Tx + 4y —-S52+d=0 
7:7 4+4:4-—5/-5)+d=0 
90+d=-0 
d= —90 
ix + 4y — 52 — 90 = 0 


Example & Given 
a = {(t, y,2) : Se — 2y + dz -- 8 = 0}, 
find a point P such that ἃ is perpendicular to the line through O/0, 0, ΟἹ 
and P. 
Solution: P = (5, —2, 4). 


Example 9 Given 
a = {(x, y, 2): 2x — Tz = 0}, 
find a point P such that a is perpendicular to the line through O(0, 0, 0) 
and P. 
Solution: P = (2,0, —7). 


Example 10 Find an equation of the plane a that contains the points 
O10, 0, 0), A(1, 1, 1), and B(1, 7, —3). 


Solution: We want real numbers a, b, c, d with a, b, c not all zero 
such that 

a= {(x, 4,2): ax + by τ σὲ + d= 0}. 
Since O, A, B are points of ἃ, it must be true that 


(1) aeO+b:0+¢°0+d=0, 

(2) a°l+b+l+e-'l+d=0, 

(3) a-l+b°7+4+c¢'(—3)+d=0. 
From (1) we deduce that εἰ = 0. From (2) and (3) we deduce by sub- 
traction that 


(4) —@b+4c=0. 
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Now neither b nor c can be zero. Why? Τὸ complete the solution we 
take any number except 0 for b and solve for the corresponding a and e. 
Thus, if b = —2, then αὶ = —3, a = 5, and 


a= {(x, y, 2): 5x — 2y — ὃς = 0}. 
To check, substitute coordinates as follows: 
Ὁ: 5-0—2-0—3-0=0-0-0=0. 
A: $-1—2-1—3-1=5-—-2-3=0. 
B: §-1—2-7~3-(-3) =5 -—-449=6. 


Example 11 Find an equation of the plane that contains the three 
points P(1, 5, 7), O(—1, 2, —4), ΚΙ, 1, —5). 


Solution: 
(1 ax+by+ez4+d=0 
(2) a+l+b-5+e°7+d=0,4+ 564+ %7+d-—0 
(3) a*(—1)+b+24+c¢-(—4)4+d=0, -a+ 2b-—4e+d=0 
(4) a-2+b-1+4+c-(—5)+d=0,2a+b-—5e+d=0 
From (2) and (3) we get (5), and from (3) and (4) we get (6). 
(5) 2a+3b+ lle =0 
(6) -3dJa+b+ce=0 
From (6) we get (7), and from (7) and (5) we get (8). 
(7) -9a+3b+3c—0 
(8) lla+8c=0 
Take a = 8; then ¢ = —11. From (6) we get b = 35 and from (2) we 
get d = — 106. A satisfactory answer is 
8x + 35y — ΤΣ — 106 = 0. 


Check: 


P: Β'1 95°5 —11°7 — 106 
ξΞ 8+ 175 — 77 — 106 — 0. 

QO: 8+(—1) + 35:3 — 11+(—4) — 106 
= —§ + 70 + 44 — 106 = 0. 

R: 8+*2 + 35-1 — 11+(—5) — 106 | 
— 164 35 + 55 — 106 = 0. 
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THEOREM 12.6 Consider the plane 
a ={(x, y, 2): ax + by + cz + d = 0}. 
If a = 0, ἃ is parallel to the x-axis. If b = 0, a is parallel to the 
y-axis. If ¢ = 0, ἃ is parallel to the z-axis. 
Proof: Suppose first that a = 0 and d = 0. Then 
a= {(x, ἢ, 2): by + cz = 0} 


and for every real number x, a contains the point (x, 0,0), Therefore a 
contains the x-axis and is parallel to it. 
Suppose next that ἃ = 0 and d τὲ Ὁ. Then 


a= {(x,y, 2): by +ez+d=0} 
and since 
b-O0+e°04+d$0, 


it follows that no point (x, 0, 0) isa point of a and hence that the x-axis 


is parallel to a. 
Similarly, it may be shown that if b = 0, then a is parallel to the 
y-axis, and that if e = 0, then a is parallel to the s-axi 


Example 13 Let a, 8, y, ὃ be given as follows: 
a = {(x, y, 2): Oa + 4y — 12 = 0}, 
B = {(x, y, 2): 3x — 2z = 0}, 
y= (y=): Sy = 8}, 
ὃ = {(x, y,z): 2x —5 = 0). 


(See Figure 12-7.) a is parallel to the z-axis. a contains the line / in 
the xy-plane with x- and y-intercepts 4 and 3, respectively, and every 
line parallel to the z-axis that passes through a point of 1 


᾿ 


a= }(x,y,z): dx +4y -12=0} 


Figure 12-7 
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(See Figure 12-8.) § is parallel to the y-axis; in fact, it contains the 
y-axis. The plane # contains the line | in the xz-plane that passes 
through the points (0, 0, 0) and (2, 0, 3), It contains every line parallel 
to the y-axis that passes through a point of I. 


B= }Mx,y,2): Ox — 22 = 0] 
Figure 12-8 

(See Figure 12-9.) y is a plane parallel to the x-axis and the z-axis; 

hence it is parallel to the xz-plane. y contains every point whose y-coor- 
dinate is 1.6 and every point of y has y-coordinate 1.6. 


« 


y= ix.y.z): by = 8] 
Figure 12-9 
(See Figure 12-10.) 6 is a plane parallel to the y-axis and to the 
z-axis; hence it is parallel to the yz-plane. The plane ὃ is the set of all 
points whose x-coordinate is —2.5, 


wr ἃ τὸ ἔα, ν, Ὁ}: ὃχ +5 = 0} 
Figure 12-10 
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EXERCISES 12.4 


Let a plane a = {(x, y, 2): dx — 3y + 180 = ΟἹ be given. In Exercises 
1-10, determine if the given point is a point of a, 


1. (0, 60, 0) 6. (0, 60, 137) 

2, (45, 0, 0) 7. (—45, 0, 237) 

3. (0, 0, 180) 8. (—30, 20, 10) 

4. (0, 0, 0) 9. (7, 69, 3) 

5. (0, 0, 37) 10. (-- τοῦ, —734, 662) 


In Exercises 11-20, an equation of a plane is given. Find three numbers 
a, ὃ, c, not all zero, such that the given plane is perpendicular to the line 
through the origin and Pia, ἢ, c), 


11. —3x — 7y + 14=0 16e.2+y—z+1=0 
12. 2x —yt+s—T3=0 I7.x—-y+lhk=0 

13. 2y = 32 18. x—y+l02+10=0 
14 y= 3x 45 19. y + 10x — 4z =0 
15. x= 3y -- 5 20,x—y=s-—1 


In Exercises 21-25, simplify the given equation to an equivalent equation in 
the form of the general linear equation ax + by + cz + αἰ = 0. If one of 
the coefficients is zero, that term may be omitted in the simplified form. 
Thus we accept 3x + dy = 0 in place of 3x + ἀμ + 0: + 0 = 0. 


a. VF EFF = VEIT 
2. ix — 2? τ ( —o ee -- ἡ 
23. γα Ξ- ΠΣ + yall + +4! = Veet gee 
324. να « 4)? + (9 + 4h 4+ G+ 4h = V+ PF + 2? 

35. Ve 1 ty + GIP = Ve IP + GIP Fe ἘΤ 


In Exercises 26-30, find a linear equation in simplified form for the plane 
that contains the three given points. 


26. (0, 0, 0), (8, 0, 0), (—3, 0, 1) 29. (8, 0, —4), (0, 4, 3), (4, 4, 1) 
27. (1, 3, 15, (0, 1, 1), (2,1, 1) 30. (3, 0, 1), (—9, 0, —3), 
28. (5, 2, 3), (—3, 6, 7), (0, 4, 6) (51, 10, 17) 


In Exercises 31-40, an equation of a plane is given. Find the coordinates 
of its intercepts on the coordinate axes. If it does not intersect an axis, write 
“none.” The answer to Exercise 31 is given as a sample. 


aL. 2x — 32+ W=0 x-intercept: (—15, 0, 0) 


y-intercept: None 
=intercept: (0, 0, 10) 


12.5 Symmetric Equations for a Line 


32. 3x + Sy — ὃς —20=0 37. y= —3 
3.x—-ys+e=0 38. z= —4 

34. Sx — 4y + 100 = 0 39, x+y +2= 100 
do, 2k —y +2 =0 4.x+y+2+ 100=0 
36, x= 6 


In Exercises 41-50, state whether the given set $ is a plane, the union of two 
distinct planes, a line, the union of two distinct lines, a set consisting of a 
single point, or the null set. 


41, $= {(x, y, 4): ἃ Ξε 3, y = 3,2= 4} 

ΑΞ. 5. τῷ {(x, ἢ, 2): 2+ y+ Ξ-Ξ- 5} 

43. 5. Ξε {(x, y, 2): 2+ y = 5} 

44,5= {{Ὸ ἢ ix + y= 5} 

45. 5 = {(x, y): x= 5} 

46, 5. = ((x, y, 2): x= 5orx = 10} 

47. $= {(x,y,2): 2 +y+2= l0 ands + y +2= 20} 

48, S= {(x,y, 2): 2+y+2= lWorxs+y+2= 20} 

49, S= {(x, y, =): x + y + 22 = lO and x — 2y + 22 = 10} 
ὅθ. S= {(x, y, =): x + y + 22 = 10, x — y + 22 = 10,2 = 0) 


12.5 SYMMETRIC EQUATIONS FOR A LINE 


Since a linear equation in x and y represents a line in an xy-plane 
and a linear equation in x, y, z represents a plane in xyz-space, it is nat- 
ural to ask how we might represent a line in terms of coordinates in 
xyz-space and to do it without using a parameter, A clue to the answer 
is provided by some of the exercises of Exercises 12.4. As usual, we 
assume an xyz-coordinate system is given. 


Example 1 If P = (2, 1, 7) and Q = (5, —1, —3), then 
af, pes 5. 1 τ τ 
PB = (wa: 55 = = SS} 


The notation 


is a short way of saying that 


x-2 y-t1 5. ἡ 
os a es = ) Sa 
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To see that the representation in terms of these equations is correct, 
note that 


x—2 y— 1 
tO SE Seat SS A: -- BSS EEE. 

je soto | ee ee 
are equations of distinct planes, one of them parallel to the z-axis and 
the other parallel to the x-axis. Note that both P and Q lie on each of 
these planes. (Check this by substituting coordinates.) Hence PO is 
precisely the intersection of these two planes and the representation 
we gave in terms of ‘symmetric’ equations is a satisfactory one. Actu- 
ally, there is more symmetry in this situation than we have indicated 
so far. It is natural to think of PO as the intersection of three planes 
related to the three expressions equated to each other in the set-builder 
notation. Thus every point of PO lies on each of the following three 
planes, a, 8, and γ, which are parallel, respectively, to the x-, y-, and 
Z-AXes: 


p= (e429: 53-7} 


x— 2 a+ | 
y= {ly 2): io stele 


Generalizing the situation in Example 1, we obtain the following 
theorem. 


THEOREM 12,7 Tf P(x, yi, 21) and Q(x, ye, 22) are two distinct 
points with Δ a x2, 4 36 We. ay = Za, then 


PO = [νι τξξξις Ho _ ἘΞ) 


tg — ΑΔ Yom Wi ag — 51 


Proof: Let 
α = [ἃ y,2) j= ἘΠΕῚ tomes: |. 
Y2— 1 ag — 2 
B= {ey ἡ Fem em ΕΝ 
ἄχ -- xX) 22 — 1 


γε (oie AE a PE), 
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Now P(x}, ψι, 21) is a point ofa since ὅ᾽. - 55. 53: Ξ: ἢ 
2 — Wi aa — 2 
and Ole, y2, 28) isa point of a since 313. 91. . BTA _ 7 


Ye — Y1 ag — ay 
Similarly, we can show that Ρ and (9 each lie on both καὶ ἀπά y. 

Also, a, 6, y are three distinct planes. For @ contains the point 
{χι — 1, yi, #1), Whereas βὶ and y do not; £8 contains (x1, yi — 1, 21), 
whereas a and y do ποῖ; y contains (x), y1, 2; — 1), whereas a and f do 
not. The —1 here may appear to border on the magic. Actually it does 
not. For example, if x9 is any nonzero number whatsoever, then a con- 
tains (x, — Xo, 1, 21), Whereas § and y do not. 

Therefore (x, y, 2) is a point of PO if and only if it is a point of all 
three of the planes a, 8, y, and hence the representation using sym- 
metric equations is a valid one, 


THEOREM 12.8 If Pl, yi, a1) and Ox, ys, #1) are distinct 
points with x; +4 x. and y; + yz, then 
As ee Ὁ ΕΙΣ 
PG = ία ψ, 2}: Lz = mj. 


ta — Fy μὰ — 
Proof: 


ἘΞ IT μὰ χ- 5) 

tg - ΧῚ Ye — Y1 
are equations of two distinct planes each containing both P and Q. 
Therefore POI Ὁ is the intersection of two planes, and the representation 
given in the statement of the theorem is a valid one. 


Similar proofs may be given for Theorems 12.9 and 12.10. 


THEOREM 12.9 If P(x, Ys =) and Olxe, Wis Zo) are distinct 
points with x, += χὰ and 2, + 25, then 
ἘΠΕ A a ἔἅ.- δὲ ΑΔ 
Pd = {tx SO a ge νι} 


THEOREM 12.10 TE P(x1, ἡ, 21) and Q(x, ty, 22) are two distinct 
points with y; 54 yz and z = 25, then 


PO = {a y9: 4-4 = 


Y2—-Y Ὦ - ὅι 


". Ἃ, 55: τ 
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Proofs of Theorems 12.11, 12.12, 12.13 are assigned as exercises. 


THEOREM [2.11 Tf Pix, yi, 21) and Q(x, 1, 22) are two distinct 
points, then 


PG = {(x, yz) x= ey and y = 4.1}. 


THEOREM 13.12 If P(x, y1, 21) and Q(x, ye, 21) are two distinct 
points, then 


PG = ((% Y 2) : αὶ = x and z= 2}. 


THEOREM 12.13 Lf P(x, ya, 21) and Q(x, 1, 21) are two distinct 
points, then 


PO = {(x, y. τὴ τὰν = yr and z =m). 


EXERCISES 12.5 


@ In Exercises 1-5, a line is given in terms of symmetric equations. In each 
case, find the missing coordinates of P, 0, R so that they will be points of the 
given line. 

| ».%-1_y-2 _ sz-4 
1. [α ἐν, =) : 1 = 5 = —5 } 
Pl, [5 1}, G2. [1], [1]}, 43. 2) 
,ἅπϑ μὶ1 z-10 
a as er ΞΞΕ ΕΞ a, 
(3, (7), [5]}, O(7, [Π|, [Π|}. RCL 2), 2) 
3, ἰω ya): 23 = ¥— 1 = 544), 
-ὃ 3 2 
A 1,2) OG) 4). A --3, 2) 
x+l1l_soy+2_ 2-} 
4, (tx, ν, 2 = = 45+}. 
PE) 2. -- ἢ, ΘΙΓῚ, ΠῚ, —3), Κ(ΓῚ, [Π, 1) 
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@ In Exercises 6-10, a line is given. To which of the coordinate axes, if any, is 
it parallel? 


2 5 

εν (sy 2): toe - ἘΞ: α] 
pe ΞΕ. ἄτι 

8. {(, ν. ἡ: Lt? =i ἐπε: 1) 


—] 2--} 
9. [ν,:.35:Ξ: = 254, y= -2] 


10, {x, y, 2): x= 3, y = 4) 


@ In Exercises 11-15, a line is given in terms of parametric equations. Repre- 
sent the line using symmetric equations. 


11, {(x, ἡ, 2): x= 1 + 3k, y = 2 — 2k, z = 3 — Ak, kis real} 
12. {(x,y,2):%= -l—k y=2+4k2=5—k, kis real} 
13. {(x, y, 2): x= k, y = 2k, 2 = 3k, kis real} 
14, {(x, y, 2): x= 3 — 4k, y = 2k, z = 1 — Κὶ kis real) 
15. {x, y, 2): τ =2+ WS -- 3). y=3 + MS — 3), c= 2+ M1 — 2), 
k is real) 
M In Exercises 16-20, a plane and a line are given. Find their point of 
intersection. 
18. {(x. y. 2) : 3t + 4y + δε = 60}, {2:2 =H. 4 


11. {(x%, y, 2): 2x + y — 10 = 0}, {ix y, 2): ἃ = Sands = 3} 
18, {(x, y, 2): x— y +2 = 0}, (ti, y2): 254 = Hot. 5- ἢ 
19, {(x, y,2):2x-—y+2+5=0}, 


(wna: ἐξ tha τς 


20, {((% yz) 2 x+y ++ 1= 0), {x,y 2) : x= αὶ = 2) 


21. Prove Theorem 13.9, 

22. Prove Theorem 12.10. 
23. Prove Theorem 12.11. 
24. Prove Theorem 12.12. 
25. Prove Theorem 12.15, 
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CHAPTER SUMMARY 


We began this chapter by defining an xyz-COORDINATE SYSTEM, 
Starting with a pair of perpendicular lines called the x- and the y-axes, we 
know that there is one and only one line through their intersection that is 
perpendicular to both of them. We call this line the AXIS. The one and 
only point that lies on all three of the coordinate axes is called the ORIGIN. 
There are three coordinate axes and three coordinate planes. Each axis lies 
in two of the coordinate planes and is perpendicular to the other one. All 
lines perpendicular to ἃ coordinate plane are parallel to one of the coor- 
dinate axes. All lines parallel to a coordinate axis are perpendicular to one 
and the same coordinate plane. If a plane is parallel to a coordinate plane, 
then it is perpendicular to a coordinate axis and to all lines parallel to that 
axis, 


In our work with coordinates in space we stated and proved the 
DISTANCE FORMULA TIWEOREM and stated a theorem regarding 
parametric equations for a line. These theorems are natural extensions of 
some theorems for the two-dimensional case in Chapter 11. The Distance 
Formula and parametric equations for a line are useful tools in solving prob- 
lems involving solid geometry. Linear equations may be used to represent 
planes, and combinations of them in what we call symmetric form may be 
used to represent lines. 


REVIEW EXERCISES 


In Exercises 1-8, eight points are given as follows: A(O, 0, 0), B(3, 0, 0}, 
C3, 4,0), D(O, 4, 0), E(O, 0, 2), F(3, 0, 2), GG, 4, 2), AiO, 4, 2). 
1, Draw a graph of the rectangular solid with vertices A, B, C, D, E, F, 
. Prove that 4ABF = “4 DBF = / CBF = / EFG. 
Find the measure of dihedral angle H-EA-F, 
Prove that AG = EC = BH = FD. 
Find the distance from point A to plane CDH. 
Find the distance from point A to plane FDH. 
Find the distance between plane ABC and plane EFC. 
Let I, J, K be the midpoints of EH, HG, DC, respectively. Find the dis- 
tance between the planes IJK and ECC. 


ork ὧν mh oo be 


M@ In Exercises 9-13, find the distance between the two given points, 


®. (x4, ya, 21) and (x2, Yo, 28}. 12. (7, 8, Οὐ and (10, 12, 0). 
10, (a, b, c) and (d, 6, []. 13, (3, 4, 5) and (8, 9, 10). 
11, (p, q, ἢ and ἰῷ, 4. ἢ. 


Review Exercises 


ΝῈ In Exercises 14-22, there are two given points: A{l, 2, 3) and B(4, 5, 6). 


14, 
15. 
16. 


Express AB using parametric equations and set-builder notation. 
Express AB using parametric equations and set-builder notation, 
Express BA using parametric equations and set-builder notation, 


. Express opp AB using parametric equations and set-builder notation. 
----- 


Express opp BA using parametric equations and set-builder notation. 


. Find C on AB if AC = 10- AB. 

. Find C on opp AB if AC = 10+ AB. 

. Find the trisection points of AB. 

. Find the two points which divide AB internally and externally in the 


ratio ἢ. 


. Given A(5, 1, 1), Β(3, 1, 0), Ci4, 3, —2), ΓΧ6, 3, —1), prove that quad- 


rilateral ABCD jis a parallelogram. 


24, Given Af2, 4, 1), Β(1, 2, —2), Ο(5, 0, —2), prove that AABC is a right 


27. 


30. 


triangle. 


. Find three noncollinear points on the plane given by the equation 


Sx + 4y —2+ 15 = 0. 
Find three distinct points on the line given by the symmetric equation 
oF eee). δ δὴ ἡ 
Write an equation of the plane that is perpendicular at (2,4, - δ] τὸ the 
line of Exercise 26. 


. Find the x, y-, and z-intercepts of the plane a where 


a = {(x, y, 2): 3x — Ty — ΕΣ - 5 = O}. 


. Express the line | where 


l={ix,y2)ix=1+ 2k y=1—34,2=k, kis real}, 


using symmetri¢ equations but no parameter. 
Consider the line / and the plane a perpendicular to / at O/0, 0, 0), given 
as follows: 


t= (a9: fo$=-5) 
a = {(x, yz}: x + 2y — 45 = 0}. 


Find two distinet points P and (9 on / such that ἃ is the perpendicular 
bisecting plane of PO, 


Frick Hartmann/Magnum Photos 


Circles 
and Spheres 


13.1 INTRODUCTION 


As the title suggests, this chapter is concerned with properties of 
circles and spheres, some of which you may already have studied in 
your earlier work in mathematics. 

The first part of the chapter deals with the intersection properties 
of a circle and a line in the plane of the circle and the intersection 
properties of a sphere and a plane, 

The second part of the chapter is about the degree measure of arcs 
of a circle and properties of certain angles in relation to ares, secants, 
tangents, and chords. We also consider properties of lengths of secant- 
segments, tangent-segments, and chords, 


13.2. CIRCLES AND SPHERES: BASIC DEFINITIONS 


Up to now, in our formal geometry, we have not discussed “curved 
figures,” that is, figures not made up of segments, rays, or lines. Perhaps 
the simplest of these figures are the circle, the sphere, and portions of 
a circle, called ares, We begin with some formal definitions. 


543 


Circles and Spheres Chapter 13 


Definition 13.1 (See Figure 13-1.) Let r be a positive num- 

_ berand let O be a point in a given plane. The set of all points 
P in the given plane such that OP = ris called a circle. The 
given point Ὁ is called the center of the circle, the given 
number r is called the radius of the circle, and the number 
2r is called the diameter of the circle. 


A circle is a curve and encloses a portion of a plane. As an illustra- 
tion, consider a circular disk. The edge of the disk is what we have in 
mind when we think of a circle. The edge of the disk together with its 
interior points is what we have in mind when we think of a cireular 
region, We will have more to say about a circular region (that is, a circle 
and its interior) in Chapter 14, 


Question: Is the center of a circle a point of the circle? Explain. 


P 


Circle with center (2) 
and radiuae OF = Fr 


Figure 1-1 


Definition 13.2 (See Figure 13-1,) Let r be a positive num- 
ber and let O be a point in space. The set of all points P in 
space such that OP = ris called a sphere. The given point O 
is called the center of the sphere, the given number r is 
called the radius of the sphere, and the number 2r is called 
the diameter of the sphere. 

A sphere is a surface and encloses a portion of space. As an illus- 
tration, consider a ball. The surface of the ball is what we have in mind 
when we think of a sphere. The surface of the ball together with its 
interior points is what we have in mind when we think of a spherical 
region. We will have more to say about a spherical region (that is, a 
sphere and its interior) in Chapter 15. 


13.2 Circles and Spheres: Basic Definitions 


Definition 13.3 Two or more coplanar circles, or two or 
more spheres, with the same center are said to be concentric. 


In Figure 13-2, Ὁ is the common center of three concentric circles 
with radii (plural of radius) Γῇ, rz, and ry, respectively. 


: Figure 13-2 
Let O be a point in a given plane a. Then we can choose an xy-coor- 
dinate system in a such that the origin is at O. Let C bea circle in a with 


center at O and radius r. Let Pix, y) be any point on C as shown in 
Figure 13-3. 


Figure 13-3 
Then, by the Distance Formula, OP = r = v(x — 0)* + (y — ΟἿ. 
Therefore r = ix? + yy? and τῷ 4+ y* = F, 

Conversely, if P(x, y) is any point such that αϑ + y* =, then 
vis — OF + iy — 0) =r, OF =r, and P’ is a point of the circle C. 
Thus, in a given xy-plane, the circle C with center at the origin and 
with radius r is given by C = {(x, y) : x* + y* = γῇ). 

We have proved the following theorem. 
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THEOREM 13.1 Let an xy-plane be given and let O be the origin 
and let r be a positive number. Let C be the circle in the xy-plane 
with center O and radius r. Then 


C= {(x, y) i? + y? = 1. 


Definition 13.4 A chord of a circle or a sphere is a segment 
whose endpoints are points of the circle or sphere. A secant 
of a circle or sphere is a line containing a chord of the circle 
or sphere. A diameter of a circle or sphere is a chord contain- 
ing the center of the circle or sphere. A radius of a circle or 
sphere is a segment with one endpoint at the center and the 
other endpoint on the circle or sphere. 


In Figure 13-4, C is a circle with center P, and 8 is a sphere with 
center P. For the circle and the sphere, AB is a chord, AB is a secant, 
ED is a diameter (and also a chord), and PQ is a radius, The endpoint of 
a radius that is on a circle or a sphere (such as point Q in Figure 13-4) 
is often referred to as the outer end of that radius. Is ED in Figure 13-4 
a secant? It follows from Definition 13.4 that a secant is a line that in- 
tersects a circle (or sphere) in two distinct points. 


Figure 13-4 


Note that, in connection with a circle or a sphere, the word “radius” 
is used in two different ways and the word “diameter” is used in two 
different ways: (1) each word is used to mean a certain segment and 
(2) each word is used to mean the positive number that is the length 
of a segment. This should not be confusing because the context in 
which the word is used should make it easy for you to decide which 
meaning is intended, For example, if we speak of a radius or ὦ diameter 
of a circle or of a sphere, we mean a segment. If we speak of the radius 


13.2 Circles and Spheres: Basic Definitions 


or the diameter, we mean the number that is the length of a segment. 
Thus a circle has infinitely many different radii if radius is interpreted 
to mean a segment; it has just one radius if radius means the length of a 
segment. 

Just as we speak of congruent angles, or congruent segments, or 
congruent triangles, we often speak about congruent circles or con- 
gruent spheres. How would you define congruent circles or congruent 
spheres? Does your definition agree with the following one? 


Definition 13.5 Two circles (distinct or not) are congruent 
if their radii are equal. Two spheres (distinct or not) are con- 
gruent if their radii are equal. 


Using Definition 13.5, it is not hard to prove that congruence for 
circles (or spheres) is an equivalence relation; thatis, it is reflexive, sym- 
metric, and transitive. Thus if A, B, C are any three circles (or spheres), 
it is true that 

1, A=A. Reflexive Property 

2. lf A = B, then B= A. Symmetric Property 

3. ΤΕᾺ ΞΞ Β ἀπῇ B= C, then A =C. Transitive Property 


EXERCISES 13.2 


In Exercises 1-- 10, refer to the circle with center P shown in Figure 13-5. 
Assume that all the points named in the figure are where they appear to be 
in the plane of the circle. Copy and replace the question marks with words 
or symbols that best name or describe the indicated parts. 
1. DE is called a [Π] of the circle. 
2. ΡΒ is called a [7] of the circle, 
3. AB is called a [7] of the circle. 
AB could also be called a ΓῚ 
of the circle. 
4. FG is called a [5] of the circle. 
5. FG is called a [7] of the circle. 
6. DE is called a [2] of the circle. 
7. Cis the outer end of the radius [7]. 
8. A is the [Π of the raciius [Π]. 
9. The points named in the figure that are points of the circle (that is, on 
the circle) are [7], 
10. The points named in the figure that are not points of the circle are [7]. 


1 
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In Exercises 11-15, refer to the sphere with center Ὁ shown in Figure 13-6. 
Copy and replace the question marks with words or symbols that best name 


Figure 15-6 


11. OR is a [Π] of the sphere. 

12, If 5, Q, Tare collinear, then ST is a [7] of the sphere. 
13. RS is a [Π] of the sphere. 

14. RT is a [1] of the sphere. 

15. Points [7] are outer ends of given radii. 


16. Prove that if two circles are congruent, then a diameter of one is con- 
gruent to a diameter of the other. 

17. Prove that congruence of circles is an equivalence relation. {You will 
need to use Definition 13.5 and the theorem that congruence of seg- 
ments (radii) is an equivalence relation.) 


In Exercises 18-25, refer to the circle with center at the origin of the xy- 
coordinate system shown in Figure 13-7, P{x, y) is a point on the cirele, 


18. 


13,2 Circles and Spheres: Basic Definitions 


Use the Distance Formula and express the distance between O and P 
in terms of x and y. 


. Write an equation like that in Theorem 13.1 of the circle with center 


at the origin and radius 5. 


. Write the coordinates of the points on the x- and y-axes that are on the 


circle of Exercise 19. Check your answers by substituting the coordi- 
nates in the equation of the circle. 


. Is A = (3, 4) « point of the circle of Exercise 19? 


Is B = {(—4, 3) a point of the circle of Exercise 19? 

Is Καὶ = (1, ἃν δ) a point of the circle of Exercise 19? 

Is R = (—2, 4.5) a point of the circle of Exercise 19? 

Write the coordinates of two more points (different from those in Ex- 
ercises 20-24) that lie on the circle of Exercise 19. 


26. Given the xy-coordinate system shown in the figure with A = (1, 2), 


27. 


P = {x, y), and AP = 5, use the Distance Formula and express the dis- 
tance between A and Pin terms of x and ἢ, 


P(z.y) 


In Exercise 26, write an equation like that in Theorem 13.1 of the circle 
with center at A and radius AP = 5. Is the point S = (4, 6) a point of 
this circle? Write the coordinates of at least three more points that are 
on this circle. 


28. Which of the following are points of C = {(x, ἡ : x* + y* = 100}? 


2g 
30. 


(a) (0,10) 0) (-8.8 (ὦ (4,9) (ὦ @V3,—2,/15) 


. What is the racius of the circle of Exercise 24? 


Find five more points of C in Exercise 28, 


Exercises 31-34 concer the set C, where C = {(x, y) : τῷ + y? = 16}. 


31. 
oe. 
9,9. 
34. 


Is Ca circle? Why? 

Find x if (x, 3) is a point of Οἱ, (There are two possible values for x.) 
Find y if (4, y) is a point of C. 

Can you find x so that (x, 5) is a point of CP Explain. 
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Exercises 35-37 concern the circle C, where C = {(x, y) : x? + y? = 36). 


35. What restrictions on x and y would give only the part of the circle in 
quadrant 1? 

36. What part of the circle would you be considering under the restriction 
x* + y? = 36 and x < 0? 

37. a a a 
rant IIT? 


38, CHALLENGE PRosLem, Let an xy-plane with A = (ἢ, k), P = (x, y), 
AP =r > Obe given. Write an equation in terms of x, y, h, k, r for the 
circle with center al A and radius AP = r. 


13.3. TANGENT LINES 


If you look at a drawing of a circle in a given plane, it is easy to see 
that the circle separates the points of the plane not on the circle into 
two sets. One of these sets consists of those points of the given plane 
that are “inside” the circle and the other set consists of those points 
of the given plane that are “outside” the circle. 


| Definition 13.6 (See Figure 13-8.) Let a circle with center 

| © and radius r in plane « be given. The interior of the circle 

| is the set of all points P in plane @ such that OP < r. The 
exterior of the circle is the set of all points P in plane a such 
that OP > r. 


Figure 13-8 


It is clear from Definitions 13,1 and 13.6 that if P is any point in 
the plane of a circle with center O and radius r, then P is on the circle 
(OP = 1), or Pis in the interior of the circle (OP < τὴ, or P is in the ex- 
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terior of the circle (OP > ἡ. We sometimes say ““Pis inside the circle” 
or “P is outside the circle” when we mean “'P is in the interior of the 
circle” or “P is in the exterior of the circle,” respectively. 

Figure 13-9 shows an xy-coordinate system whose origin is the 
center of a given circle C with radius r, The figure also includes expres- 
sions for C, its interior and its exterior, in terms of coordinates using 
set-builder notation. 


C = ((x,y) : a7 ἃ καὶ = 7} 
Interior of C = {(x,y) : x? + yg? < 7} 
Exterior of C = {{π| ἢ : χἢ + y? > 15} 


Figure 13-9 


Definition 13.7 Τῇ a line in the plane of a circle intersects 
the circle in exactly one point, the line is called a tangent to 
the circle and the point is called the point of tangency, or 
the point of contact. We say that the line and the circle are 
tangent at this point. ΠΕ a segment or a ray intersects a circle 
and if the line that contains that segment or ray is tangent to 
the circle, then the segment or ray is said to be tangent to 
the circle. 


In Figure 13-10, if 15 a line in the plane of circle C and if the in- 
tersection of 1 and C is just the one point P, then [is tangent to C at P. 


i 


Figure 13-10 
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Given a circle and a line in the plane of the circle, what are the possi- 
bilities with regard to the intersection of the line and the circle? Figure 
13-11 suggests that there are only these three possibilities: the inter- 
section of the line and the circle may be the empty set, or it may be a 
set consisting of exactly one point, or it may be a set consisting of 
exactly two points. 


Cnhi=¢ I 


(a) 


Ὁ ΠΙ πα. 6} ἃ 


{c) 
Figure 13-11 


That these are the only three possibilities can be verified in the fol- 
lowing way. Suppose that we are given a circle C with center O in plane 
a and that Pisa point in plane a, Then Pis outside the circle, as shown 
in Figure 13.118, or P is on the circle, as shown in (b), or P is inside 
the circle as shown in {c). 

If Pis outside the circle, we shall show that the unique line I in plane 
a such that OP | I at P does not intersect the circle. If P is on the cir- 
cle, we shall show that the unique line 1 in plane a such that OP Jat 
P intersects the circle in exactly one point (hence /is tangent to C at P), 
If P is inside the circle, then either F = O or Ρ ΞΕ Ὁ. If P+ O, we 
will show that the unique line 1 in plane αὶ such that OP 1 Tat P inter- 
sects the circle in exactly two points which are equidistant from P. 
Finally, if P = O, we will show that any line / which contains P inter- 
sects the circle in exactly two points, We are now ready for the follow- 
ing theorem. 
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THEOREM 13.2 Given a line | and a circle C in the same plane, 
let Ὁ be the center of the circle and let P be the foot of the per- 
pendicular from Ὁ to line |. 

1, Every point of | is outside C if and only if P is outside C. 

2, Lis tangent to C if and only if P is on C. 

3, lis a secant of C if and only if P is inside C. 


Proof: Let r be the radius of C and let OP = a. We select an xy-coor- 
dinate system in the plane of C and | with the origin at O, with the 
y-axis parallel to | and with P on the nonnegative x-axis. Then 

P = (a, 0), 

C={my) iF + y="), 
and 

t= {(e y): 2 =a). 
Proof of 1: Suppose we are given that P is outside C as shown in Fig- 
ure 13-12; then ἃ > τ 0. Why? It follows that a? > τῷ andhence 
a* + y* > r, Therefore all points (a, y) are outside C. Since 

[= {(% νὴ : x= α) = {(a,y) : y is real}, 

it follows that all points of I are outside C. 


Figure 13-12 


Now suppose that 1 is outside C; then every point of I, including P, 
is outside C and the proof of (1) is complete. 
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Proof of 2: Suppose we are given that P is on C as shown in Figure 
13-13; then a = τ. Why? The intersection of C and | is 


{( υ) : 2? + μὴ =P} {@, υ) : x= ἃ} = {(6, μὴ : y? = 0}. 


13-13 


Since zero is the only number whose square is zero, it follows that 
y = Ὁ. Therefore the only point of intersection of | and C is Pia, 0). 
Therefore / is tangent to C at P. Why? This proves that I is tangent to 
C if Pis on Ὁ. 

Now suppose it is given that | is tangent to C. Then 1 and C have 
exactly one point in common, This means that ! 1 Cis a set consisting 
of exactly one point. But 


C= {(x, y) i392 + y? =P), 
l= {(x, y) : x=}, 
and 
INC = {(x,y): χϑ + y? = ἢ andx = a} 
= (0 y) 1a? + y? = 7°}, 


If (a, y) with y τό Ὁ is a point of | ΓῚ C, then (a, —y) is also a point of 
1 C and there are two distinct points in / M C. Since there is only 
one point in 7% CG, it follows that y = 0 and a? = #, Since ἃ > 0, it 
follows that a = r and the one and only point in | 9 C is the point 
Pia, 0). This proves that / is tangent to C only if P is on C. 
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Proof of 3: Suppose we are given that P is inside C as shown in Figure 
13-14a or b. Recall that O is the center of the given circle C. Then 


ΡΞ (a, 0) where 0 < a <1, 
ag 
INC = {{ μ): αὶ = aand 2 + y? = 7} 
= (a, VF = a), (a, -- VP =a). 
Since 0 < a < r, it follows that 
P-a@>0 Vr-d@-~-Vr—- a’, 


and the points (a, \/r2 — a?) and (a, — νὙΞ — a®) are distinct points. 
This proves that / is a secant of C if P is inside C. 


Figure 13-14 


Suppose now that 5 a secant of C; then 1 intersects C in two dis- 
tinct points which we have just shown to be (a, τ — a?) and 
(a, — ν᾽ τῇ — αὖ), This means that r > αὐ, (Why is it that we cannot 
have r* = a? or r? < a??) Since r > Oanda > Ὁ, it follows that r > a 
and hence that OP < r. Therefore Pia, 0) is inside C and the proof is 
complete, 


Now that we have proved Theorem 13.2 we proceed to state our 
first basic theorems on tangents and chords. To prove some of these 
theorems we need refer only to Theorem 13.2 and see which of parts 
(1), (2), or (3) apply. 
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THEOREM 13. Given a circle and a line in the same plane, if 
the line is tangent to the circle, then it is perpendicular to the radius 
whose outer end is the point of tangency. 


Proof: Let C be the given circle with center O, let line I be tangent 
to C at R, and let P be the foot of the perpendicular from Ὁ to I. It fol- 
lows from part 2 of Theorem 13.2 that P is on C. (See Figure 13-15.) 
The figure shows R and P to be 

distinct points. We shall prove π᾿ 4 
that they are the same point. 


If PH, then OR is the 
hypotenuse of right triangle 
A.OPR and OR > OP. But R 
and P are both on C. Therefore 
OR = OP. Since this is a con- 
tradiction, it follows that P = R. 
Since 1.1 OP at P, it follows 
that 1 1 OR at R, and the proof 
is complete. 


Figure 13-15 
Our next theorem is the converse of Theorem 13.3. 


THEOREM 13.4 Given a circle and a line in the same plane, if 
the line is perpendicular to a radius at its outer end, then the line 
is a tangent to the circle, 


Proof: Assigned as an exercise, 


THEOREM 13.5 <A diameter of a circle bisects a chord of the 
circle other than a diameter if and only if it is perpendicular to the 
chord. 


Proof: Leta circle C with radius r, center O, diameter AB, and chord 
RQ be given. We must prove two things. 

1. If AB 1 RO, then AB bisects RO. 

2. If AB bisects RO, then AB _ RO. 


Proof of 1: Choose an xy-coordinate system in the plane of the given 
circle C such that the origin is at the center O, A = (—r,0), Β = (1,0), 
and RQ is perpendicular to AB at Pla, 0), where 0 < a < ras shown 
in Figure 13-16. Then AB is a diameter of the circle. Why? 
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a εἰ ΚΨ ἜΨΙΣ, Figure 13-16 
Suppose A and (9 are named so that R is in the first quadrant, Then 
(see the proof of part 3 of Theorem 13.2) R = (a, y/r® — a?) and 
QO = (a, -- — a). Therefore 
PR =|\/F —@-0j = νὴ -@ 


PQ = 0 — (-/F — δ = VF -- a@&. 
Therefore PR = PQ and AB bisects RO at P. This proves that if a di- 
ameter is perpendicular to a chord, then it bisects the chord. 


Proof of 2; Choose an xy-coordinate system in the plane of the given 
cirele C such that the origin Ὁ is the center of the circle, A = (—1, 0), 
B = (r, 0), and the chord RQ (not a diameter) intersects AB at P(a, 0) 
with 0 < a < 1, (See Figure 13-17.) 


and 


Figure 13-17 
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Suppose that P is the midpoint of RO, Then if R = (x, yi) and 
Q = (xs, yz). we have 


PR = ΡΟ, 
(x1 — a)? + yy? = (x2 -- a)? + yo®, = (Why?) 
x? — 2xya + a? + yy* = x2? — Qxoa + a? + 55. 
But xy? + yy? = Τῇ = χοῦ + Yyo?. (Why?) 


Then —2x,a = —2yxoa, x1 = x», RO is a vertical line, and RO aR 
AB. This proves that if a diameter bisects a chord that is not a diameter, 
then the diameter and the chord are perpendicular. This completes 
the proof of Theorem 13.5. 


THEOREM 13.6 In the plane of a circle, the perpendicular bi- 
sector of a chord contains the center of the circle. 


Proof: In the proof of part 1 of Theorem 13.5, AB is the perpendic- 
ular bisector of chord RQ in the plane of the given circle by the defi- 
nition of the perpendicular bisector of a segment in a plane. Since AB 
contains O, the center of the given circle, Theorem 13.6 is proved. 


THEOREM 13.7 Let a circle C and a line / in the plane of the 
circle be given. If | intersects the interior of C, then / intersects C 
in exactly two distinct points. 


Proof: Theorem 13.7 follows from part 3 of Theorem 13.2. The de- 
tails of the proof are assigned as an exercise. 


THEOREM 13.8 Chords of congruent circles are congruent if 
and only if they are equidistant from the centers of the circles. 


Proof: Let C and C’ be the given congruent circles with centers P 
and P’ and radii rand +’, respectively, Then r = γ΄, Why? Let AB and 
A'B’ be chords of the given circles C and C’, respectively. Suppose, 
first, that the distance from AB to the center of circle C is zero, that is, 
AB is a diameter of C, and suppose that AB = ἈΠΕ’. Then 


AB = A’B’ = 2r = 3 


and A’B’ is a diameter of circle C’. Therefore AB and ΑΓ Β΄ are equi- 
distant from P and Ρ' (the distances being 0 in this case). Conversely, if 
the distances of AB and A’B’ from F and Ρ' are 0, then AB and AF 
are diameters of C and (ὦ, It follows that AB = 2r = 2; = A‘B’; 
hence AB = A'P’. 


13.3 Tangent Lines 
Now suppose that AB is not a diameter of C. If AB = A’B’, it fol- 
lows that AB’ is not a diameter of C’, Why? Let F be the foot of the 
perpendicular from P to AB and let F’ be the foot of the perpendicular 
from Ρ' to A’B’ as shown in Figure 13-18, Then by Theorem 13.5, 
AF=}AB and A'F = iaA'B’. 


Figure 13-18 
By hypothesis, 
AB = A'B’. 
Therefore 
AF = A’F’. 
We have 


AP =A'P’, (Why?) 


Since AAPF and AA'P’F’ are right triangles, it follows that AAPF 
= AA'PT’ by the Hypotenuse-Leg Theorem. Therefore PF = P’F’ 
and hence AB and A’B’ are equidistant from P and P’. 
Conversely, if AB and A’B’ are equidistant from P and P’, that is, 
if 
PF = PF’ +0, 
it follows that AAPF = AA‘P'F’ by the Hypotenuse-Leg Theorem. 
(Show that AAPF = AA'P'F’ if PF = P’F’.) Therefore AF = A'F. 
But by Theorem 13.5, 
AF=4AB and  A’F = 14’ Β΄. 
Therefore 
AB=A'B’ and AB&AP’. 
This completes the proof of Theorem 13.8. 


It should be noted that the congruent circles of Theorem 13.8 could 
be the same circle, in which case the theorem still holds. 
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Figure 13-19 shows two different examples of two circles tangent 
to the same line at the same point. In Figure 13-19a the centers A and 
A’ of the two circles are on the same side of the tangent line 1 and the 
circles are said to be internally tangent. In Figure 13-19b the centers 
B and Β' of the two circles are on opposite sides of the tangent line n 
and the circles are said to be externally tangent. 


Figure 13-19 
Our formal definition follows. 


are coplanar and tangent to the same line at the same point. 
If the centers of the tangent circles are on the same side of the 
tangent line, the circles are said to be internally tangent. Lf 
their centers are on opposite sides of the tangent line, the 


Definition 13.8 Two circles are tangent if and only if they 
circles are said to be externally tangent. 


EXERCISES 13.3 


Exercises 1-10 refer to the circle C = {({x, y) : x? + y® = 64}. In each ex- 
ercise, the coordinates of a point are given. Tell whether the point is on the 
circle, in the interior of the circle, or in the exterior of the circle. 

1, (0, —8) 4. (--4,ἢ 1. (0,8) 10. (6, --ῷ. ἢ 
2, (3, 5) 5. (-- 4 , 4) 8, (8, --1) 

3, (--, 3) 6. (4/3, —4) 9, (—6, —6) 


11. Find the endpoints of two distinct diameters of the circle 
C= (x, ὦ : αὐ + y* = 64}. 


12. Use set-builder notation to express the set of points in the exterior E 
of the circle C = {{x, y) : x* + y* = 64}. 
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13. Use set-builder notation to express the set of points in the interior I of 
the circle C = {(x, y) : 27 + y? = 84}. 
14. Prove that the center of a circle is in the interior of the circle. 


Exercises 15-20 refer to the circle C with center at (0, 0} and passing through 

the point P| —5, 12). 

15, Find the radius of the circle. 

16, Use set-builder notation to express the set of points on the circle. 

17. Find eight distinct points that are on the circle. 

18. Find two distinct points that are in the exterior of the circle. 

19. Find two distinct points that are in the interior of the circle. 

20. If! is the tangent line to C at P{—5, 12), find an equation for I. (Hint: 
1 1 OP at P. Find the slope of | and use the Point-Slope Form of an 
equation, ) 


21, Let the circle C= {(xy):2%°+y?=36} and the line 
i= {{x, y) : x = 3) be given. 
(a) Does | intersect C? 
(b) If lintersects C, [51 a tangent line or a secant line? 
(c) If lintersects C, find the coordinates of the point(s) of intersection. 

22. Let the circle C= {(@y):2? 4+ y?=25} and the lines 
hi — {(x, y) ae “pr — —5}, &= {(x, y) τ y — 2x}, = {(x, y) : αὶ τῷὸΟ 7) 
be given. 
(a) Which of the lines intersect the circle? 
(b) Which line is tangent to the circle? What are the coordinates of the 

point of tangeney? 
(c) Which line is a secant? What are the coordinates of the points of 
intersection of the secant line and the circle? 

23. Prove Theorem 13.4, 

24. Prove Theorem 13.7. 

25. Copy and complete: A tangent to a circle is [Π to the radius drawn to 
the point of contact. 

26. Copy and complete: If a diameter is perpendicular to a chord, then it 
the chord. 

27. Copy and complete: If a diameter bisects a chord other than a diameter, 
then it is ΓΤ]. 

38, Copy and complete: In the plane of a circle, the perpendicular bisector 
of a chord contains the [7]. 

29. Ina circle with radius 13 in., how long is a chord 5 in. from the center 
of the circle? 

30. In a circle with diameter 12 cm., how long is a chord 4 cm. from the 
center of the circle? 

31. Find the radius of a circle if a chord 8 in. long is 3 in. from the center of 
the circle. 
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32. How far from the center of a circle with a radius equal to 25 is a chord 
whose length is 30? 

33, In the figure, PO is parallel to 1 which is tangent to the circle at F. The 
center of the circle is R and PO bisects RF at M. If PO = 18, find RF. 
(Hint: Let RF = 2x. Then RP = 2x and RM = x.) 


34. If AB is a diameter of a circle and if lines /; and Jp are tangent to the 
circle at A and B, respectively, prove 1; || b. 

35. Prove that the line containing the centers of two tangent circles con- 
tains the point of tangency. (See Figure 13-19.) 

36. The figure below at left shows two concentric circles. AB is a chord of 
the larger circle and is tangent to the smaller circle at M. Prove that M 
is the midpoint of AB, 


Β 


37. In the figure above at right, T is ἃ point in the exterior of the circle with 
center P. Two distinct tangents are drawn from T to the circle with 
points of contact A and B. Prove that TP bisects 4 ATB and that 
AT = BT. 


38. In Exercise 37, if the radius of the circle is 9 and PT = 15, find AT. 
39, CHALLENGE PROBLEM. In Exercise 37 if the radius of the circle is 9 and 
PT = 15, find AB. 
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40. CHALLENGE pnosLem. Show that the line | = {(x, y) : 3x + dy = 25) 
is tangent to the circle ( = {{π| y) : x? + y* = 25} and find the co- 
ordinates of the point of tangency. 

41. CHALLENGE PROBLEM. Prove that no circle contains three collinear 
points, (Hint; Use Theorem 13.6.) 
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In Section 13.3 we studied relations between lines and circles in a 
plane. In this section we study relations between planes and spheres in 
space. There is a close analogy between the definitions and between 
the theorems of the two sections. 

Our first theorem of this section is analogous to Theorem 13.1, In 
Chapter 12 you learned how to find the distance between two points in 
space by introducing a three-cdimensional coordinate system (called an 
xyz-coordinate system). We shall use this Distance Formula to develop 
an equation for a sphere in an xyz-coordinate system. 

Let O be a point and ra positive number. Let 5. be the sphere with 
center O and radius r. Suppose an xyz-coordinate system has been set 
up with O as the origin. (See Figure 13-20.) Then P(x, y, z) is a point of 
S if and only if 


OP = v(x -- + (z — 0) =7, 


» (xe = ye + 2 r, 


x4 ὦ - πῇ Ξ τῶ, 


Figure 13-20 


We have proved the following theorem, 
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THEOREM 13.9 Let O be a point, ra positive number, and 5 the 
sphere with center O and radius r. Given an xyz-coordinate system 
with origin ὦ, § = {(x, y, 2): x* + y® + 2? = 5}. 


| Definition 13.9 (See Figure 13-21.) Let a sphere with 

| center Ὁ and radius r be given. The interior of the sphere is 
the set of all points P in space such that OP < r. The exterior 
of the sphere is the set of all points P im space such that 
OP > r. 


Figure 13-21 


In view of Definition 13.9 and Theorem 13.9, if 5. is a sphere with 
radius Γ and center at the origin Ὁ of an xyz-coordinate system, then 
S={(x,y,2):24+ 7 +2 = PF} 

[τὰ ((α ὑ, 2: P+ 2 ςΞ ἢ 
and 
E = {(x, y, 4) i 2? + y? + # > 9) 
where I is the interior of the sphere and E is its exterior. 
Before reading Definition 15.10, try to form your own definition 
of a plane tangent to a sphere. See Figure 13-22. 


Figure 13-22 
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Definition 13.10 If a plane intersects a sphere in exactly 
one point, the plane is called a tangent plane to the sphere. 
The point is called the point of tangency, or the point of 
contact, and we say that the plane and the sphere are tangent 
at this point. 


You have seen that there are three possibilities with regard to the 
intersection of a line and a circle in the same plane. Figure 13-23 
suggests three possibilities with regard to the intersection of a plane 
and a sphere. For each part of Figure 13-23, S isa sphere with center O 
and P is the foot of the perpendicular from Ὁ to plane α. Figure 13-23a 
suggests that if P is in the exterior of the sphere, then all of plane a is in 
the exterior of the sphere and $ Γ a = @. Figure 13-23b suggests that 
if Pis on the sphere, then ἃ is tangent to the sphere at Pand 5 7 ἃ = 
{P}. Figure 13-23¢ suggests that if P is in the interior of the sphere, 
then the intersection of the sphere and plane a is a circle C with center 
P, that is, SM @ = C. 


Figure 13-23 


The following theorem concerning the intersection of a plane and 
a sphere is analogous to Theorem 13.2 conceming the intersection of a 
line and a circle in a plane. It can be proved using a three-dimensional 
coordinate system in much the same way that Theorem 13.2 was 
proved using a two-dimensional coordinate system. You will be asked 
to write a proof of Theorem 13,10 in the Exercises. 


THEOREM 13.10 Given a sphere 5. with center O and a plane ἃ 

which does not contain Ὁ, let P be the foot of the perpendicular 

from O to a. 

1. Every point of α is in the exterior of 5 if and only if P is in the 
exterior of 8. 

2. ais tangent to § if and only if P is on 5. 

3. a intersects § in a circle with center P if and only if P is in the 
interior of §, 
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THEOREM 13.11 Let a sphere $ with center O and radius r and 
a plane α be given, If the intersection of 5. with a contains the center 
© of the sphere, then the intersection is a circle whose center and 
radius are the same as those of the sphere. 


Proof: Leta sphere καὶ with center O and radius r be given as shown in 
Figure 13-24. Let a be a plane that contains O and intersects 5. Since S 
is the set of all points of space whose distance from O is r, the inter- 
section of 5 and a is the set of all points P of @ such that OP = r. By 
definition, this set is the circle in plane a with center O and radius r. 
Thus the circle has the same center and radius as the sphere, and the 
proof is complete. 


Figure 13-24 


Definition 13.11 A circle that is the intersection of a sphere 
with a plane through the center of the sphere is called a great 
circle of the sphere. 


The next two theorems can be easily proved using Theorem 13.11, 


THEOREM 13.12 The perpendicular from the center of a sphere 
to a chord of the sphere bisects the chord. 


Proof: The endpoints of the given chord and the center O of the given 
sphere determine a plane a. The intersection of plane a with the sphere 
is a great circle with center O and having the same chord as the given 
chord. It follows from Theorem 13.5 that the perpendicular from O to 
the given chord bisects the chord, 


THEOREM 13.13 The segment joining the center of a sphere to 
the midpoint of a chord of the sphere is perpendicular to the chord, 


Proof: Assigned as an exercise. 


13.4 Tangent Planes 


Our last theorem of this section is analogous to Theorems 13,3 
and 15.4. 


THEOREM 13.14 A plane is tangent to a sphere if and only if it 
is perpendicular to a radius of the sphere at its outer end. 


Proof: Let a sphere § with center O and radius OP be given. Let a 
be the given plane, There are two parts to the proof. 


1. If OP | ἃ at P, then a is tangent to 8 at P. 
2. If ἃ is tangent to 5 at P, then OP 1 a. 


Proof of 1: We are given that OP 1 a at P as shown in Figure 13-25. 
Let R be any point of α different from P; then OP 1 PR (Why?) and 
A.OPR is a right triangle with the right angle at P. Therefore 
OP < OR, Why? Therefore A is a point in the exterior of 5. Why? It 
follows that P is the only point of « that belongs to both e and 5; hence 
a is tangent to 5. at P, 


Figure 13-25 


Proof of 2: We are given that a is tangent to $ at P. We shall use an 
indirect proof to show that OP 1 a. Suppose, contrary to what we 
want to prove, that OP is not perpendicular to a. Let Ὁ be the foot of 
the unique perpendicular from O to a. Then OO < OP. Why? There- 
fore Ὁ is in the interior of 5. Why? It follows from part 3 of Theorem 
13.10 that α intersects § in a circle. But this contradicts the hypothesis 
that « is tangent to 5; that is, the intersection of a and &§ is exactly one 
point. Therefore our supposition that OP is not perpendicular to a is 
incorrect and we conclude that OP L a, This completes the proof of 
Theorem 13,14, 
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EXERCISES 13.4 


1. Let a sphere with radius 10 in. be given. A plane 6 in. from the center 
of the sphere intersects the sphere in a circle. Find the radius of the 

2. Given a sphere § with center O, let ἃ and καὶ be two planes equidistant 

from O and such that a intersects S in a circle C and £ intersects Sina 
circle C’, Prove that C is congruent to C’, (Hint: Let F be the foot of the 
perpendicular from © to a and let F’ be the foot of the perpendicular 
from Ὁ to β. Let G be a point on C and G’ be a point on C’. Prove that 
AOKG = AOPG") 

. In Exercise 2, is it necessary for a and £ to be parallel planes? 

4, Prove that if the circles of intersection of two planes with a sphere are 
congruent, then the planes are equidistant from the center of the 
sphere. 

5, Let a sphere with radius 12 be given. A segment from the center of the 
sphere to a chord and perpendicular to the chord has length 8, Find the 
length of the chord. 

6. A sphere with center (ὦ is tangent to plane a at P. AB and CD are lines 
in plane a which contain P. In what way is CP related to AB? To CD? 
Draw a figure which illustrates the given information. 

7. Prove Theorem 13.13. (Hint; Give a proof similar to that of Theorem 
13.12.) 

8. Givena sphere 5. with center P as shown in the figure, if AB and CD are 
chords of 5. which are equidistant from P, prove that 


AB=CD and 4ABP= /4CDP. 
(Hint; Use Theorem 13,8.) 


eo 


DB RB 


9. Given that AC and BD are perpendicular diameters of a sphere, prove 
that ABCD is a square. 


13.4 Tangent Planes 
10. Given that AC and BD are distinct diameters of a sphere, prove that 
ABCD is a rectangle. 
11. Leta sphere 5 with center P as shown in the figure be given. C is a great 
circle of 5, R is a point on C and T is a point on 5, but Tis not on C. If 
πε RPT = 60, prove that AAPT is equilateral. 


Tr 


12. Let a sphere § and a plane a tangent to § at point A be given. Let 
plane βὶ be any plane other than a which contains A. (See the figure.) 


(a) Prove that plane § intersects sphere § in a circle C. 
(b) Prove that plane # intersects plane a in a line 1. 
(c) Prove that / is tangent to C at A. 


(Hint: Suppose I intersects C in a second point (9. Then (9 is on 8 
(Why?), and hence a intersects § in a second point Q. Contradiction?) 
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Exercises 13-22 refer to the sphere 
S = {(x, y, 2) : x? + y? + 2 = 64}. 


In each exercise, given the coordinates of a point, tell whether the point is 
on the sphere, in the interior of the sphere, or in the exterior of the sphere. 


13. (0, 0, 8) 18, (—6, —4, 5 ν ἢ) 
14, (0, --8, 0) 19. (4, —4, —6) 
15. (4, 3, 5) 20. (δ, 0, —6) 

16. (7, 2, 3) 21, (—2, 2/15, 0) 
17. (—4, 5, 8) 22, (4, 35/5, —2) 


23. Find the endpoints of three distinct diameters of the sphere 
ὃ = {{ἀ, y, 2) : x? + y? + 2 = 100}. 


Exercises 24-28 refer to the sphere with center at (0, 0, 0) and containing 

the point (4, 4, 2). 

24. Find the radius of the sphere. 

25. Use set-builder notation to express the set of points on the sphere. 

26. Find the coordinates of two distinct points that are on the sphere. 

27. Find the coordinates of two distinct points that are in the exterior of 
the sphere. 

28. Find the coordinates of two distinct points that are in the interior of 


29. CHALLENGE PROBLEM. Theorem 13.14 could be called a restatement 
of part 2 of Theorem 13.10. Complete the proof of the following restate- 
ment of part 3 of Theorem 13,10. 

The intersection of a plane and a sphere is a circle whose center 
is the foot of the perpendicular from the center of the sphere to the 


plane if and only if the foot of the perpendicular is in the interior of the 
sphere, 


13.4 Tangent Planes 


Let a sphere § with center Ὁ and radius r and a plane ἃ be 
given, Let P be the foot of the perpendicular from © to ἃ as shown in 
the figure. There are two things to be proved. 


(a) If OP < r, then a M Sisa circle C with center P. 
(b) Ifa 9 Sis a circle with center P, then OP < r. 


Let X be any point of the intersection of a and 5. To complete the proof 
of (a) you need to show that PX is a constant for all points X in the in- 
tersection of α and 5, To complete the proof of (b) you need to show that 
if PX is a constant for all points X in the intersection of a and 5, then 
OP <r, 


30. CHALLENGE PROBLEM. Complete the proof of the following restate- 
ment of part 1 of Theorem 13.10. 


The intersection of a plane and a sphere is the empty set if and only 
if the foot of the perpendicular from the center of the sphere to the 
plane is in the exterior of the sphere. 


Proof: Let a sphere αὶ with center O and radius r and a plane αὶ be 
given, Let P be the foot of the perpendicular from O to ἃ as shown in 


the figure. 


There are two things to be proved. 
(a) If OP > +, then all points of ἃ are in the exterior of the sphere. 
(b) If all points of ἃ are in the exterior of the sphere, then OP > r, 


31. CHALLENGE PROBLEM. See the proof of Theorem 13.2. Prove Theorem 
13.10 in a similar way using an xyz-coordinate system. 
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13.5 CIRCULAR ARCS, ARC MEASURE 


Thus far in this chapter we have treated circles and spheres in a 
similar manner. In the remainder of this chapter, we limit ourselves to 
the consideration of topics relating to circles only, The reason for this 
is that the treatment of the corresponding topics for spheres is too com- 
plicated to consider in a first course in geometry. We begin with some 
definitions, 


Definition 13.12 An angle which is coplanar with a circle 
and has its vertex at the center of the circleis called a central 


angle. 


Figure 13-26 


In Figure 13-26, P is the center of the given circle and AD is a di- 
ameter, “APB is a central angle. Name three more central angles 
shown in the figure. 


Definition 13.13 (See Figure 13-27.) If A and B are distinct 
points on a circle with center P and if A and B are not the end- 
points of a diameter of the circle, then the union of A, B, and 
all points of the circle in the interior of 4 APB is called a 
minor are of the circle. The union of A, B, and all points of the 
circle in the exterior of 2 APB is called a major are of the 
circle, If A and B are the endpoints of a diameter of the circle, 
then the union of A, B, and all points of the circle in one of the 
two halfplanes, with edge AB, lying in the plane of the circle 
is called a semicircle. 


Semicirel® 


Figure 13-27 


From Definition 13.13, an arc of a circle is either a minor arc, a 
major arc, or a semicircle. The points A and B in Definition 13.13 are 
called the endpoints of the arc. 

Notation, We may denote an arc with endpoints A and B by the sym- 
bol AB, which is read “arc AB.” However, it should be noted that the 
symbol AB is ambiguous unless the word “minor” or the word “major” 
is used in connection with the symbol. For example, in Figure 13-27, 
we may speak of the minor AB or the major AB. Also, semicircle AB 
is ambiguous since there are two semicircles with endpoints A and Β, 
One way to avoid confusion as to which arc is meant is by choosing an 
interior point of the are in question (that is, a point of the are other 
than its endpoints) and using this third point in naming the arc, Thus, 
in Figure 13-28, we may speak of minor AXB or simply AXB. ὃ Similarly, 

we may speak of major AYB or simply AYB, semicircle CXB or semi- 
circle CYB. 


Cp) —------e—---—--+8 
P 


Figure 135-24 
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It is clear that for each pair of distinct points A, B on a circle there 
are two arcs which have these points as endpoints. If AB is a minor are, 
we sometimes say that major AB is the corresponding major arc, or 
that major AB corresponds to minor AB, or that minor AB corresponds 
to major AB, 
In Figure 13-28 name the major are that corresponds to minor BX. 


Name the minor are that corresponds to major ABY. 

When we speak of the measure of a segment, we mean the num- 
ber that is the length of the segment. However, this is not true of arcs. 
That is, when we speak of the measure of an arc, we do not mean the 
“length” of the are, since length has not been defined for anything 


except segments, If AXB is a minor are of a circle with center P, we 


say that 2 APB is the associated central angle with respect to AXB. 
The measure of a minor arc of a circle is related to the degree measure 
of its associated central angle. We make the following definitions. 


Definition 13,14 If AXB is any arc of a circle with center P, 


then its degree measure (denoted by mAXB) is given as 
follows: 


1. If AXB is a minor arc, then mAXB is the measure of the 
associated central angle; that is, 


mAXB = mZ APB. 
2. If AXB is a semicircle then 
mAXB = 180. 


3. IfAXBisa major arc and AYB is the corresponding minor 
arc, then 


mAXB = 360 — mAYB. 


Figure 13-29 shows a circle with center P. If 


mdAPB = 50, 
then oe 
mAXB = δῦ 
mAYB = 360 — 50 = 310. 


13.5 Circular Ares, Arc Measure 


, Figure 1-239 
If BC is a diameter of the circle, what is mCXB in the figure? What is 
———,, 
mCYBP 


Hereafter we shall call mAXB simply the measure of arc AXB with 
the understanding that we mean the degree measure of the arc. Is the 
measure of a minor arc always less than 180? Why? Is the measure of 
a major arc always greater than 180? Why? Can the measure of an arc 
be zero? Why? 

Note that the measure of an are does not depend on the size of the 
circle which contains the arc. Figure 13-30 shows concentric circles 
with center P, with 


mCYD = mAXB = m/ APB = m/ CPD = 35. 


Figure 13-30 
Given three points A, B, C such that B is between A and C, we 
know that 


AB + BC = AC, 
Suppose we are given an arc ABC (that is, B isa point, but not an end- 
point, of AC). It seems reasonable that 
mAB + mBC = mABC. 


We state this as our next theorem. 
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THEOREM 13.15 (Are Measure Addition Theorem) If A, B, C 
are distinct points on a circle, then 

mABC = mAB + mBC. 

Proof: Following is a plan for a proof considering seven possible cases 

as shown in Figure 13-31, In each case, V is the center of the circle and 


the assertion of the theorem follows from the listed equations. This 
plans a complete proof since there are no other cases. 


c B “Ἑ 
A CG) 
C 
Case 1 Case 2 


Case ἢ 
ἔν το 
a. C ν᾿ 
Case ἡ λων 8 Case 6 Case 7 
Pigure 13-31 
Case 1. ABC is a minor arc. Then AB and BC are minor ares, 
mABC = mzZAVC 
mAB = mZ AVB 
mBC =m¢BVC 
mZAVC = mZAVB + m/ BVC. 
Case 2, ABC is a semicircle. Then AB and BC are minor ares, 
mABC = 180 
mAB = méAVB 
mBC = m/ BVC 
180 = mZAVB + m/ BVC. 


Case 3. ABCisa major are, and AB and BC are minor arcs. Then 
mABC = 360 — mZAVC 
mAB = m/Z AVB 
mBC = mZ BVC 
360 = mZAVB + mZBVC + mZ CVA. 


13.5 Circular Arcs, Arc Measure 
Case 4. ABCisa major arc, AB isa minor arc, and BC is a major are. 
Then 
mABC = 360 — mZAVC 
mAB = mZAVB 
mBC = 360 — mZ BVC 
mZBVC =m BVA + mZ AVC. 
Case 5. ABCisa major are, AB is a minor are, and BC is a semicircle. 
Then 
mABC = 360 — mZAVC 
mAB = mZ AVB 
mBC = 180 
180 = m/ AVB + mZ AVC. 
Case 6. ABCisa major arc, AB isa semicircle, and BC is a minor arc. 
Then 
mABC = 360 — mZ AVC 
mAB = 180 
mBC = mZ BVC 
180 = mZAVC + mZBVC. 
Case7. ABCisa major are, ABisa major are, and BC is a minor are. 
Then 
mABC = 360 — mZ AVC 
mAB = 360 — mZAVB 
mBC = mZ BVC 
mZAVB = mZAVC + m2ZCVB. 


Note in the situation of Theorem 13.15 that if D is a point of the 
circle not on ABC, then 
mCDA = 360 — mABC 
and 
mAB + mBC + mCDA = mABC + mCDA = 360. 
In other words, if A, B, C are three distinct points on a circle that par- 


titions the circle into ares, AB, BC, CA, intersecting only at their end- 
points, then 


mAB + mBC + mCA = 360. 
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This idea may be extended to any number of points on a circle, as in 
the following corollary. 


COROLLARY 13.18.1 If Ad, Ag,..., A, are n distinct points on 

a circle that partition the circle into n ares 

a. ok Alas 

AiAz + 7 Oy we 1+ +9 ἂς τὴς, Ἀμάν 
that intersect only at their endpoints, then 
— — en ein “πος 
mA As + mAgAs + +++ Ὁ mAg_ 1A, + mA,A, = 360. 

Proof: Following is the proof for n = 5, The proofs for other values 


of n are similar. By repeated application of Theorem 13.15, we get the 
a i Ἐ 


mA Ag μὰς + πιά ας + mAsAy + mAWAS + mAsA, 
mA,A As + mA3A4 + mAsAs + mAsAy = 
mAyAvAy + mA4A; + mAsA; 

mA,AoA5 + πιὰ Αἱ = 360. 


————————————————————————— 000... 
EXERCISES 13.5 


Ι! 


ΙῈ Exercises 1-7 are on the proof of Theorem 13.15. In each exercise, show 
how to derive the assertion of the theorem from the listed equations for the 


1. Case 1 δ, Case ἢ 
2. Case 2 6. Case 6 
3. Case 3 7. Case 7 
4, Case 4 


—, ie — πος 
8, Inthe figure, mABC τὸ 240andmBXC = 100. Find mAZB and mAYC, 


13.5 Circular Arcs, Arc Measure 


@ Exercises 9-20 refer to Figure 13-32. In the figure, P is the center of the 
circle; A, B, C, D are points on the circle; A-P-B; mBC = 50; and mBD = 


110. 


110 
ἢ Figure 13-32 


. Name five minor ares determined by points labeled in the figure. 
. Find the measure of each of the minor ares named in Exercise 9, 
. Name the five major ares corresponding to the live minor ares named in 


Exercise 9. 


. Find the measure of each of the major arcs named in Exercise 11. 
. Name two semicircles. 


Which theorem justifies the conclusion that mCBD = 160? 


. Find m Z BPC. 
. Find mZ CPD. J 
. Copy Figure 13-32 and draw AC, BC, and PC. Find m 4 BAC, How 


does m4 BAC compare with mBC? 
Show that mZACB = 90. 


. Draw AD, BD, and PD on your copy of Figure 13-32. Show that 


πιὸ ΒΑ. = imBD. 


. Find πὶ ADB. 


Β Exercises 21-23 refer to Figure 13-33. In the figure, P is the center of the 
circle; A, B, C are points on the circle; and A-P-B. 


21. 


Ze 


23. 


Copy Figure 13-33 and draw: FC. 
Prove that m4 BAC = 4mBC. 
Prove that mZABC = 4mAC, 
Prove that AABC is a right 
triangle. 


Figure 1-3 


ict iene 
24. CHALLENGE PROBLEM. In the figure, 
Pis the center of the circle; A, B, 
C, D are points on the circle; 
and A-P-B, Prove that 


mZCAD = 4mCBD. 


13.6 INTERCEPTED ARCS, INSCRIBED ANGLES, ANGLE MEASURE 

In the discussions that follow we shall be concerned with angles in- 
scribed in an are of a circle and about arcs of a circle that are inter- 
cepted by οἱ certain angles. In Figure 13-34a, / ABCis inscribed in ABC 
and ZABC intercepts AXC. In _ In Figure 13-34b, 4 POR is inscribed in 
POR and Z POR intercepts PYR. 


Figure 13-34 


None of the angles shown in Figure 13-35 is an inscribed angle, but 
each angle intercepts ¢ one or more ares of a circle. In Figure 13:35a, 


é APB intercepts AXB. In Figure 13-35b, £AST intercepts RYS. In 
Figure 13-35c, Z AVB intercepts AKB and also CMD. In Figure 
13-35d, 2 GEF intercepts GHF. In Figure 13-35e, Ζ AVB VB intercepts 
ARB and also CSB. In Figure 13-35f, Z AVB intercepts AFB and also 
AGB. 
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Figure 13-35 


On the other hand, “ LKP 
shown in Figure 13-36 does not 
intercept an are of the circle. 


Figure 13-00 
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Our formal definitions of an inscribed angle and of an intercepted 
are follow. 


Definition 13.15 An angle is said to be inseribed in an arc 

of a circle and is called an inscribed angle if and only if both 

of the following conditions are satisfied: 

1. Each side of the angle contains an endpoint of the are. 

2. The vertex of the angle is a point, but not an endpoint, of 
the are. 


Explain why each of the angles shown in Figure 13-35 fails to be an 
inscribed angle. Explain why each of the angles shown in Figure 13-34 
is an inscribed angle. Draw a picture of an angle inscribed in a 
semicircle, 


Definition 13.16 An angle is said to intercept an arc of a 

circle and the arc is called an intercepted are of the angle if 

and only if all three of the following conditions are satisfied: 

1, The endpoints of the arc lie on the angle. 

2. Each side of the angle contains at least one endpoint of the 
arc. 

3. Each point of the arc, except its endpoints, lies in the in- 
terior of the angle. 


You should check to see that each of the figures shown in Figure 
13-35 satisfies all three of the conditions stated in Definition 13.16. 
Which of the three conditions stated in Definition 13.16 are not satis- 
fied by the figure shown in Figure 13-36? - 

Figure 13-37 shows two angles inscribed in the same arc. ( 
course, the angles intercept the same 
arc.) Name the are in which both 
angles, £ABD and / ACD, are in- 
scribed, Name the arc that both of 
these angles intercept, It appears 
that £ABDand 4 ACD in the figure 
are congruent. (Measure each of 
them with your protractor.) That 
they actually are congruent is a cor- 
ollary of our next theorem. 


Figure 13-37 


THEOREM 13.16 The measure of an inscribed angle is one-half 
the measure of its intercepted arc. 
Proof: Leta circle with center V be given and let / ABC be inscribed 
in ABC. Then the intercepted arc is AC. We must prove mZ ABC = 


Case 1. Vison / ABC. Figure L338 
Case 3. V is in the interior of 4 ABC. 
Case 3. V is in the exterior of 4 ABC. 


Proof of Case 1: Since Vis on 2 ABC, then either AB or BC is a di- 

ameter of the or hag Suppose BC is a diameter as in Figure 

13-38a. Draw VA. Then AAVB is isosceles (Why?) and m/A = 

mé ABC. # AVC is an exterior angle of AAVB, so by Theorem 7-30, 
mZAVC =mZA + méZABC, 

Since mZ A = m/ ABC, 


mAVC = m/ZABC + mZ ABC, 
or 
2m/ABC = ms AVC, 


But Pe 
mZ AVC = πλῷ (Why?) 
Therefore = 
2m 4 ABC = mAC 
and — 
m/ ABC = 4mAC, 
This completes the proof of Case 1. 


Proof of Case 2:  V is in the interior of 4 ABC as shown in Figure 

—>} πο => 
13-38b, so BV is between BA and BC, Let B’ be the point where opp VB 
intersects the circle; then BB’ is a diameter and Β΄ is an interior point 
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of the intercepted are AC. It follows from Case 1 that 
mZ ABB’ = 4m AB’ and = mZB/BC= lmB‘C. 


Adding, we get 

m 2 ABB' + mZ B'BC = 4mAB’ + μα Ὁ, 
or 

mZ ABB + mZ BBC = mAB' + mB’C). 
But 

mZABB’ +m2ZB'BC=mZABC — (Why?' 
ancl 

mAB’ + mB'C = mAC. (Why?) 

Therefore 


mZABC = dmAC 
and the proof of Case 2 is complete. The proof of Case 3 is assigned as 


an exercise, 


Recall how congruent segments and congruent angles are defined 
in terms of their measures. How would you define congruent arcs? 
Write what you think is a good definition of congruent ares. Turn back 
to Figure 13-30. Does your definition allow the conclusion that ares 
AXB and CYD of Figure 13-30 are congruent? If it does, you should 
reword your definition so that it excludes this conclusion. Compare 
your definition with the following, 


Definition 13.17 Two ares (not necessarily distinct) are 
congruent if and ony if they have the same measure and are 
ares of congruent circles. 


Notation: ΤῈ ares AB and CD are congruent, we write AB = CD, 


Note that we cannot say that two ares are congruent unless we 
know that they have the same measure and we know that they are in 
the same circle or that they are in congruent circles, 

The following three corollaries are important consequences of The- 
orem 13.16, Their proofs are easy and are assigned as exercises. 


COROLLARY 13.18.1 Angles inscribed in the same arc are 
congruent. 
COROLLARY 13.18.3 An angle inscribed in a semicircle is a 
right angle. 


13.6 Intercepted Arcs, Inscribed Angles, Angle Measure 


COROLLARY 13.18.3 Congruent angles inscribed in the same 
circle or in congruent circles intercept congruent arcs. 


Figure 13-39 shows two distinct parallel lines intersecting a circle. 


We call an arc whose endpoints are on the lines, one endpoint on each 
of the lines and all of whose interior points are between the lines, an 


intercepted arc. Thus, in Figure 13-39, lines AB and CD intercept arcs 


AXC and BYD. Are these two ares congruent? They are congruent by 
our next theorem. 


5 = Figure 13-39 
THEOREM 13.17 _ Ié two distinct parallel lines in the plane of a 
circle intersect that circle, they intercept congruent arcs. 


Proof: Let distinct parallel lines | and m intersect a given circle in 


ares AXC and BYD. There are three possible cases as suggested in 
Figure 13-40. 


Case I. Both ἰ and m are secant lines as shown in Figure 13-40a. 
Case 2. The line ἰ is a tangent line and the other line m is a secant 
line as shown in Figure 13-40b, 

Case 3. Both | and πὶ are tangent lines as shown in Figure 13-40c. 
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Proofof Case 1: Since land m are secant lines, | intersects the circle 
in distinct points A and B, and m intersects the circle in distinct points 
Cand D, (See Figure 13-40a,) We must prove that ANC = BYD. Draw 
BC. Then 


mZBCD = dmBYD 


and eee 
mZ ABC = 4mAXC. Why? 
But 
mé<ABC = mZ BCD. Why? 
Therefore oe ie 
lmAXC = bnBYD 
or -ιος a, 
mAXC = mBYD. 
Therefore 


AXC = BYD. Why? 


This completes the proof of Case 1 of Theorem 13.17. The proofs 
of Cases 2 and 3 are assigned as exercises. 


EXERCISES 13.6 


Exercises 1-17 refer to Figure 13-41. In the figure, P is the center of the 
circle; A, B, C, D are points on the circle; AC is a diameter; mAD = 100; 
and mBC = 40. 


Figure 13-41 
1, Name four inscribed angles and name the are each intercepts, 
2. Name the five minor ares determined by points labeled in the figure. 


3. Name the five major ares corresponding to the five minor arcs named 
in Exercise 2. 


4, Name two semicireles. 
5, Find the measure of each of the minor arcs named in Exercise 2, 
6, Find the measure of each of the major ares named in Exercise 3. 


13.6 Intercepted Arcs, ποτα Angles, Angle Measure 


7. Find the measure of each of the angles 2A, 2B, 2C, and 2D. 
8. Find the measure of “CPD, 
9, Find the measure of £ ABC, 
10. Name an angle that is congruent to 2B. 
11. Name an angle that is congruent to 4D. 
12. Prove that AD 1. CD. 
13. Find the measure of 4 DCR. 
14. If AC intersects BD at E, name a pair of similar triangles. 
15. If AC intersects BD at E, prove that m4 DEC = dimnGD af. mAB). 
16, Prove that AADE ~ A BCE. 
17, Prove that DE+ EB = AE+ EC. 


18. With each chord of a circle which is not a diameter there are two asso- 
ciated ares of the circle. One of the ares is a minor arc and the other arc 
is a major arc, The endpoints of the chord are the endpoints of the arcs. 
Complete the proof of the following theorem. 


THEOREM 13.18 In the same circle, or in congruent circles, two 
chords that are not diameters are congruent if and only if their asso- 
ciated minor arcs are congruent. 


Proof: Using the notation of the | we are given two congruent 
circles, C and C’, with centers P and P’, respectively. AB is a chord of 
C and A’B’ is a chord of C’. There are two things to prove. 


(a) If AB > A'B’ B, then AB & AB. 


(b) If AB nae then AB = ΑΗΒ’, 

(Hint: In proving (a), show that AAPB = AA‘P'B' by the 5.5.8. Pos- 
tulate, In proving (b), show that AAPB = AA'P'B' by the 5.4.5. 
Postulate.) 
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19. Does Theorem 13,18 of Exercise 18 still hold if we replace “minor ares” 
with “major ares’’ in the statement of the theorem? 

20. Prove Case 3 of Theorem 13.16, (Refer to Figure 13.386.) 

21. Prove Corollary 13.16.1. 

22. Prove Corollary 13.18.9, 

23. Prove Corollary 13.16.3. 

24. Figure 13-42 shows three cases of a chord AV of a circle with center P 
and a tangent VT to the same circle intersecting at the point of tangency 
V. Using the notation of the figure, the angle whose sides are rays VI 


and VA is sometimes called a tangent-chord angle, Complete the proof 
of the following theorem. 


THEOREM 13.19 The measure of a tangent-chord angle is one-half 
the measure of its intercepted arc. 
Proof: _Using the notation of Figure 13-42, Pis the center of the given 


circle, AXV is the intercepted arc, AV is the given chord, and VTis the 
given tangent. There are three cases to consider. 


Figure 13-42 
Case 1. P is on VA as shown in Figure 13-42a., 
Case 2. P is in the exterior of 4 AVT as shown in Figure 13-42b. 
Case ἃ. P is in the interior of 4 AVT as shown in Figure 13-42c. 


Proof of Case 1: (See Figure 13-42a,) AV is a diameter; hence 
mZAVT = 90 (Why?) and mAXV = 180. Thus mZ AVT = WnAXV. 
Proof of Case 2: (See Figure 13: 13-42b,) Draw diameter VB. 


mZBVI = JmBXV, Why? 
= honBA + mAXV), Why? 
= dmBA + 4mAXV. 


Since m2 BVT = m2 BVA + méAVT, we have 
mZ BVA + mZAVT = 4mBA + 4mAXV 
by the Substitution Property of Equality. But 


13.6 Intercepted Arcs, Inscribed Angles, Angle Measure 
mZBVA =4mBA. Why? 
Therefore, by the Addition Property of Equality, we get 
—*, 
m2ZAVT = 4mAXV, 
Complete the proof of Theorem 13.19 by proving Case 3. 

25. Prove Case 2 of Theorem 13.17, 

26, Prove Case 3 of Theorem 13,17. (Hint: In Figure 13-40c, prove that BD 
is a diameter. It will then follow that BXD and BYD are semicircles 
and that BXD = BYD.) 

27. A rilateral is said to be inseribed in a circle and is called an in- 

ibed quadrilateral if all of its vertices are on the circle, Prove that the 
opposite angles of an inscribed quadrilateral are supplementary. 

28. If the diagonals of an inscribed quadrilateral are diameters, prove that 
the quadrilateral is a rectangle. (See Exercise 27.) 

29. Prove that the midray of a central angle of a circle bisects the arc inter- 
cepted by the angle. 

30, The figure shows two secants intersecting in an exterior point V of a 
circle, The rays VA and VC are sometimes called secant-rays and the 
angle whose sides are these rays is called a secant-secant angle. Com- 
plete the proof of the following theorem. 


THEOREM 13.20 The measure of a secant-secant angle is one-half 
the difference of the measures of the intercepted arcs. 


Using the notation of the figure, we must prove 
mZV = }mBYD — mAXC). 


mV +m2ZABC = mdz BCD, Why? 


mZV + 4mAXC = \mBYD. — Why? 
Complete the proof. 
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31. An angle whose sides are a secant-ray and a tangent-ray from an exterior 
point of a cirele is called a secant-tangent angle. Prove that the measure 
of a secant-tangent angle is one-half the difference of the measures of 
the intercepted ares, 


(Hint: Using the notation of the figure you must prove that 
mZV = YmBYC — mAXC). 
Use Theorem 13.19 stated in Exercise 24. Also see Exercise 30.) 

32. An angle whose sides are two tangent-rays from an exterior point of a 
circle is called a tangent-tangent angle, Prove that the measure of a 
tangent-tangent angle is one-half the difference of the measures of the 
intercepted arcs, 


(Hint: Using the notation of the figure you must prove that 
mZV = \mAYB — mAXB) 
Use Theorem 13.19 stated in Exercise 24. Also see Exercise 30.) 
33. Copy and complete the following theorem which combines the state- 


ments of Theorem 13.20 (see Exercise 30) and Exercises 31 and 32 into 
a single statement. 


13.8 Intercepted Arcs, Inscribed Angles, Angle Measure 


THEOREM 13,21 ΤῈ an angle has its vertex in the exterior of a circle 
and if its sides consist of two secant-rays, or a secant-ray and a tungent- 
ray, or two tangent-rays to the circle, then the measure of the angle 
is [2 


34. Complete the proof of the following theorem. 


THEOREM 13.22 The measure of an angle whose vertex is in the 
interior of a circle and whose sides are contained in two secants is one- 
half the sum of the measures of the intercepted arcs. 


(An angle such as the one deseribed in Theorem 13.22 is called a 
chord-chord ungle. 


Using the notation of the figure, it is given that AB and CD are 
secanits intersecting at E, a point in the interior of the circle. Prove that 

mé DEB = 4imDYB + mAXC). 
ΜΒ Exercises 35-44 refer to Figure 13-43, In the figure, VA and VC are secant- 
rays of the circle with center P, VE is a tangent-ray, chords AD and BC 
intersect at F, and B-P-C. If the measures of ares AB, BD, DE, and AC are 


as shown, use the results of Exercises 30, 31, 32, and 34 and other theorems 
proved in this section to find the indicated measure in each exercise, 


35. m“ AVC 
36. mCE 

37. m2 CVE 
38. m/ AVE 
39. m/BFD 
40. m/ APB 
41. παι ΠΕ 
43. πὶ BEG 
43. m4CAB 
44. m/ BEA 
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45, CHALLENGE PROBLEM, In the figure. circles C and C’ with centers P 
and P’, respectively, are tangent internally at R and circle C’ contains P. 
If RS is any chord (with one endpoint at A) of C and if RS intersects C’ 
at M, prove that M is the midpoint of RS. 


13.7 SEGMENTS OF CHORDS, TANGENTS, AND SECANTS 


If two distinct chords of a circle intersect at an interior point of the 
circle, the point of intersection together with the endpoints of the 
chords determine four distinct segments (other than the chords) which 
are subsets of the chords. For example, in Figure 13-44, chords AB and 
CD intersect at P. The four segments to which we refer are segments 
AP, PB, CP, and PD. It is easy to prove that the product of the lengths 
of the two segments on AB is equal to the product of the lengths of the 
two segments on CD, 


Figure 13-44 


THEOREM 13.23 If two chords of a circle intersect, the product 
of the lengths of the segments of one chord is equal to the product 
of the lengths of the segments of the other. 


Proof: Using the notation of Figure 13-44, we are given a circle with 
chords AB and CD intersecting at P. We are to prove that 


AP+ FB = CP« ED. 


13.7 Segments of Chords, Tangents, and Secants 
We draw AD and BC. Then 


LA=LC (Why?) 
and LD = ZB. (Why?) 


Therefore 
AADP ~ ACEP 
by the A.A. Similarity Theorem. It follows that 


(AP, PD) = (CP, PB) 
and that 
AP: PB = CP: PD. 


This completes the proof of Theorem 13.23. 


ες rigure 13-45 shows a line VI tangent to a circle at T and a secant 


PA intersecting the circle in points A and B. In the statements of our 
next three theorems, we refer to segments such as VT, PB, and PA. 


Therefore it is convenient to have a name for each of them. We make 
the following definition. 


Definition 13.18 Tf V and T are distinct points and if the 
line VT is tangent to a circle at T, then the segment VT is 
called a tangent-segment from V to the circle. If secant PA 
intersects a circle in points A and B such that A is between P 
and B, then the segment PB is called a secant-segment from 
P to the circle and the segment PA is called an external 

secant-segment from P to the circle. 


The proof of our next theorem is Exercise 37 of Exercises 13.3. 
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THEOREM 13.24 The two distinct tangent-segments to a circle 
with center O from an external point P are congruent and the angle 
whose vertex is P and whose sides contain the two tangent- 


segments is bisected by the ray PO. 


Proof; Using the notation of Figure 13-46, given a circle with center 
O, tangent-segments PA and PRB, and ray PO, we are to prove that 


PA = PB and that PO bisects Z APB. Give reasons for the statements 
in the proof when asked. 

£OAP and 4 OBP are right ——i 
angles. Why? Therefore A OAP : 
and AOBP are right triangles. 


OA =OB (Why?) 
and 
PO = PO. 
Therefore a 
SOAP = AOBP. (Why?) 


It follows that PA = PB and that 4 APO = / BPO. To complete the 
proof we need to show that O is in the interior of 2 APB. 

The union of the given circle and its interior is a convex set. Call 
it 5. If Q is any point of 5, then OQ < OA. If R is any point of PA, ex- 


cept A, then OR > OA, Therefore 5. does not intersect PA except at 
A. Therefore all of § except A lies on one side of PA. In particular, Ὁ 
lies on the B-side of PA. Similarly, it may be shown that O lies on the 
A-side of PB. Therefore O is in the interior of 4 APB and since 
ZAPO = £ BPO, it follows that PO bisects 2 APB. 


Figure 1-46 


THEOREM [3.25 The product of the length of a secant-segment 
from a given exterior point of a circle and the length of its external 
secant-segment is the same for any secant to the given circle from 
the given exterior point. 


13.7 Segments of Chords, Tangents, and Secants 


Using the notation of Figure 13-47, given secant-segments PB and 
PPD and external secant-segments PA and PC, we are to prove that 
PB+ PA = PD PC. Plan: Prove APCB ~ APAD, 


Proof: Assigned as an exercise. 


Our next theorem gives us still another relation between the prod- 
ucts of the lengths of certain segments. Figure 13-48 shows an exterior 
point P of a given circle and a tangent to the circle at C which contains 
the exterior point P. If | is any secant to the given circle which contains 
P and intersects the circle in points A and B, we can prove that the 
product PA - PB is the same as the product PC « PC, or (PC). 


Figure 13-45 
THEOREM 13.26 Given a tangent-segment PC from P toa circle 
at C and a secant through P intersecting the given circle in points A 
and B, then 

PA + PB = (PC), 


Proof: Using the notation of Figure 13-48, we are given a tangent- 
segment PC from an exterior point P to the circle at C. PB is any secant- 
segment from P and intersecting the given circle in points A and B. We 
are to prove that PA + PB = (PC). 


1. mZ PCA = 4mAC 1, The measure of a tangent- 

chord angle is one-half the 

£ measure of the intercepted arc, 
2. mZB= 4mAC 2, Why? 
3. mZPCA =mZB 3. Why? 
4. 4PCA= ZB 4, Why? 
5. ΖΡ: ΖΡ 5. Why? 
6. APCA ~ APBC 6. Why? 
7. (PC, PA) = (PB, PC) 7. Why? 
8. PA+ PB = ΡΟΣ 8. Why? 
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It follows from Theorem 13.23 that if P is any point in the interior 
of a circle, the product PA " PB remains unchanged for any chord AB 
which contains P. Also, if P is a point in the exterior of a circle as in 
Theorems 13.25 and 13,26, the product PA - PB remains unchanged for 
any secant-segment from P and intersecting the circle in points A and 
B, or for any tangent-segment from P to the circle. Theorems 13.25 
and 26 suggest that the value of the “unchanged product” is the square 
of the length of the tangent-segment from P to the circle. This seems to 
have no significance for Theorem 13.23. Figure 13-49 suggests (with 
a bit of help from Pythagoras) that (OP)? — τῇ exists even when P is 
inside the cirele. As we shall see, the idea of (OP)? — γϑ as the value of 
the “unchanged product” is what relates Theorem 13.23 to Theorems 
13.25 and 13.26. 


Definition 13.19 Given a circle 5 with center O and radius 
r, and a point P in the same plane as S, the power of FP with 
respect to § is (OP)? — 7°, 


Given a circle 5 with center O and radius r, a point P coplanar with 
ἢ is in the interior of 8, on S, or in the exterior of 5, according to 
whether OP <r, OP =r, or OP > τὶ hence according to whether 
(OP)? < τῇ (OP)? = γῇ or (OP)? > τῇ, and hence according to whether 
the power of P with respect to S is negative, zero, or positive, If an 
xy-coordinate system is set up in the plane of 5 with its center Ὁ as 
origin, then the power of P with respect to 5 is 
(OP? —P=24 y-—7 
and 
interior of 85. = {(x, y) : x* + ὦ — ἢ < 0} 
5. = {(x, ἡ : x* + y? — τῷ = 0} 
exterior of 5 = {(x, y): x* + y? — 7° > 0). 
Compare this with the representations using set-builder notation in 
Figure 13-9. 


13.7 Segments of Chords, Tangents, and Secants 


We are now ready for the theorem that relates Theorem 13.23 to 
Theorems 13.25 and 13.26, 


THEOREM 13.27 Let a circle § with center O and radius r be 
given, Let P be a point in the plane of § and let p be the power of P 
with respect to 5. If a line through P intersects $ in points A and 
B, then 

1. PA: PB = —pif P is inside 8, and 

2. PA+ PB = pif P is on 8 or outsicle 5. 


Proof: Our proof is by cases. In Cases | and 3, EF is the diameter of 
S such that EF contains P. 


Case 1, 

PA+PB = PE+ PF (Why?) 
= (r — ΟΡ τ + OP) 
= ὦ — (OF? 
= —((OP}? — 1°) 
= —p. 

Case 2a. 

PA+ PB = ΡΒ 
Ξε ἢ 
= (OP)? — r 
ΞΞ Ρ. 

Case 3b. 

PA+PB=0:+0 
Ξε ἢ 
= (OPP -- τὸ 
ΞΞΡ. 

Case 2c. 
PA+PB = PA-0 
0 
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Cases 3a and 3b, 
PA+PB = PE« PF (Why?) 
= (OP + r(OP — ἡ 
= (OP)? — ὦ 


Cage da Case ah 


The theorems we have proved in this section enable us to do many 
numerical problems. 


Example 1 In Figure 13-50, CD = 38, CE = 20, and BE = 24. Find 
DE and AE. 


Solution: DE = CD — CE 
= 38 — 20 = 18. 
Let AE = x; then, by Theorem 13.23, 
x: BE = CE: DE. 


Thus 
x34 = 30-18 
or 
24x = 360 Figure 13-50 
and 
* = 18, 


What is the power of E in this example? Is the power of E a positive 
number or a negative number? 


Example 3 In Figure 13-51, PB = 70 and PC = 40. Find PA. 


Figure 13-51 


13.7 Segments of Chords, Tangents, and Secants 
Solution: By Theorem 13.26, (PA)* = ΡΒ" PC. Therefore 


(PA)? = 70-40, 
Thus 
(PA)? = 2800, 
(PA) = 400. 7, 
and PA = 1/400-7, 
PA = 20/7. 


What is the power of P in Example 2? Is the power of P a positive 
number or a negative number? 


Example 3 In Figure 13-52, PB = 78, AB = 26, and PD = 83, 
Find CD. 


D 
Figure 13-52 


Solution: First, we need to find PA and PC. Why? We have 
PA = PB — AB = 78 — 26 = 52. 
By Theorem 13.25, 
PD- PC = PB: PA. 


Therefore 
83. Ρ = 78:52 
and 
78 +52 19 
PC De — 4919 
a2 ri 
Thus 


CD = PD — PC = 82 — 494) = 3222. 
What is the power of P in Example 3? 
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EXERCISES 13.7 
1. Prove Theorem 13.25. (Refer to Figure 13-47.) 


@ Exercises 2-5 refer to Figure 13-53 which shows two intersecting chords of 
a circle. 


Figure 1353 D 


2. If CE = Τ and DE =9, find the power of EF. 

3. If AB = 24, BE = 8, and CE = 12, find DE and the power of E. 

4. If CE = x, DE = 8, AE = 12, and BE = x — 2, find CE, BE, and the 
power of E. 

5. EAE = x, BE =x — 4, CE = 4, and ED = 16 — x, find AE, BE, ED, 
and the power of E. How are AB and CD related? 


@ Exercises 6-14 refer to Figure 13-54 which shows two secant-rays and a 
tangent-ray from an exterior point of a circle. If an answer is an irrational 
number, put it in simplest radical form, (For example, 1/32 = 41/2 in sim- 
plest radical form. } 


Figure 13-54 


6. If PE = 16, PD = 10, and PB = 8, find PC. 
7. Find the power of P in Exercise 6. 

§. Find PA in Exercise 6. 

9. If ED = 9, DP = 12, and PC = 18, find BC. 


13.7 Segments of Chords, Tangents, and Secants 


10, Find the power of P in Exercise 9. 

11. Find PA in Exercise 9. 

12. If PA = 16, PB = 10, and PE = 24, find DE, PC, BC, and the power 
af F. 

13. If PA = x, PE = 50, PD = 32, and PC = x + 20, find PA, PC, PB, 
and BC, 


14. Find the power of P in Exercise 13. 

15. The figure shows two circles intersect- 
ing at Ὁ and R, a tangent-ray from V 
to the larger circle at P, a tangent-ray 
from V to the smaller circle at 5, and 
a secant-ray from V intersecting the 
two circles in points Ὁ απᾷ ἢ. Prove 
that VP = VS. (The line in the 
figure is called the radical axis of the 
two circles. It is the set of all points of 
like power with respect to both circles.) 


16. The figure shows two circles tangent 
externally at T and VT is a common 
tangent. A secant-ray from V inter- 
sects the larger circle in points A and 
B, and a secant-ray from V intersects 
the smaller circle in points R and S. 
Prove VA« VB = VR - V5. 


17, Given the figure in Exercise 16. Prove that AVAR ~ A VSB, 
18, Given that the sides of quadrilateral ABCD are tangent to a circle at 
points H, FE, L, P, as shown in the figure, prove that 


AB + CD = AD + BC. 
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19. Ifa common tangent of two circles does not intersect the segment join- 
ing their centers, it is called a common external tangent. If it does in- 
πε καί wea: their centers, it is called a common internal 

is a common external tangent of the two 
ce with centers Pad QR = 21, Q5 = 6,and PO = 25. Find RS. 
(Hint: Draw OT L PR at Τὴ 


20. Give reasons for steps 2 to 8 in the proof of Theorem 13.26. 

21. Complete the proof of the following theorem. 
THEOREM If A and B are distinct points on a circle and if R is any 
point between A and B, then A is in the interior of the circle. 
Proof: Set up an xy-coordinate system with the origin at the center of 
the given circle and with the x-axis the perpen licular bisector of AB 
as shown in the figure. Let r be the radius of the circle. Then there is a 
number ἃ such that —r <a < rand 

AB = {(x, υ): x =a). 


Then the endpoints of AB are (a, \/r — a®) and (a, — \/F — a®), and 
a point Ai a, y) is between A and B 

fendonlyif σι νς Foe 

if and only if "3 « τῇ —@. 


Complete the proof by showing that OR «( r and hence that R is in 
the interior of the circle. 


Chapter Summary 


22. Let line | be ἃ tangent toa circle at Τ᾿ Prove that all points of the circle, 
except Τὶ are on one side of [in the plane of the circle. (Hint: Let A 
and B be any two distinct points of the circle such that A + T and 
B = T, and suppose that A and B are on opposite sides of 1. Then there 
is a point of | between A and B. Why? Therefore ! intersects the in- 
terior of the circle. Why? See Exercise 21, Contradiction?) 

23. CHALLENGE PROBLEM. Given a right triangle, APQR, with the right 
angle at A, let C be the circle with center at P and radius PA as shown 
in the fivure, Then OR is a tangent-segment (Why?) and the circle in- 
tersects OP in two points 5 and T, Why? Use Theorem 13.26 and prove 
that 


(QPF = (OR)? + (RPP. 
Thus you will have given another proof of the Pythagorean Theorem. 


CHAPTER SUMMARY 


The following terms and phrases were defined in this chapter. Be sure 
that you know the meaning of each of them. 


CIRCLE EXTERIOR OF CIRCLE 

SPHERE (SPHERE) 

RADIUS OF CIRCLE (SPHERE) GREAT CIRCLE 

DIAMETER OF CIRCLE CENTRAL ANGLE OF CIRCLE 
(SPHERE) MINOR ARC OF CIRCLE 

CONCENTRIC CIRCLES MAJOR ARC OF CIRCLE 
(SPHERES) SEMICIRCLE 


CHORD OF CIRCLE (SPHERE) DEGREE MEASURE OF ARCS 
TANGENT LINE TO CIRCLE INSCRIBED ANGLE 


TANGENT CIRCLES INTERCEPTED ARCS 
TANGENT PLANE TO SPHERE CONGRUENT ARCS 
SECANT TANGENT—SEGMENT 
CONGRUENT CIRCLES SECANT—SEGMENT 
(SPHERES) EXTERNAL SECANT— 
INTERIOR OF CIRCLE SEGMENT 


(SPHERE) POWER OF A POINT 


607 


608 


Circles and Spheres Chapter 13 


There were 27 numbered theorems in this chapter. You should read 
them again and study them so that you understand what they say. The fol- 
lowing are a list of a few of the more important theorems concerning circles. 
You should know the corresponding theorems with regard to spheres where 
applicable. 


THEOREMS 13.3 and [3.4 Leta circle and a line in the same plane 
be given. The line is tangent to the circle if and only if it is perpen- 
dicular to a radius at the outer end of the radius. 


THEOREM 13.5 A diameter of a circle bisects a chord of the circle 
other than a diameter if and only if it is perpendicular to the chord. 


THEOREM 13.8 Chords of congruent circles are congruent if und 
only if they are equidistant from the centers of the circles. 


THEOREM 13.16 The measure of an inscribed angle is one-half the 
measure of its intercepted are. 


REVIEW EXERCISES 


In Exercises 1-22, refer to the circle C with center P shown in Figure 13-55. 
Assume that all points in the figure are where they appear to be in the plane 
of the circle. Copy the statements, replacing the question marks with words 
or symbols that best name or describe the indicated parts. 


Figure 13-55 
1. AB is called a [Π] of the circle. 
2, PE is called a [7] of the circle. 
3, AD is called a [7] of the circle, AD could also be called a [7] of the circle. 
4, AB is called a [7]. 
5. If TK M Ὁ = {T}, then TR is called a [Π] to the circle at Τ' 


Review Exercises 


6. KTR AC= {T}. then TK is [7] to PT at T. 

7. Those points named in the figure and which are on the circle are [7]. 

§. Those points named in the figure and which are points in the interior 
of the circle are [7}. 

9. [?] is a point im the exterior of the circle. 


10. 4 ADF is an [7] angle. 17. ZEPT is a [3] angle. 

11. 2 BAD is [7] in are BAD. 18. mET = [7]. 

12. <ADF intercepts are [ΤΠ 19. The power of Q is [7]. 
13. ὮΤΕ is a [Ξ] arc of the circle. 20. The power of K is [2]. 
14. DAF is a [7] are of the circle, 21. The power of A is [Ὁ]. 
15, ABD is a FI. 22, AAFO is similar to ΔΙΊ. 


16. mZ BAD is [7] mBD. 


In Exercises 23-29 refer to the sphere 8 with center Q shown in Figure 
13-56. Copy the statements, replacing the question marks with words or 
syinbols that best name or describe the indicated parts. 


Figure 13-56 


23. ΟΝ is a [Π of the sphere. 

24, If V, Q, T are collinear, then VT is a [Π of the sphere. 

25. If W, Q, R are collinear, then the circle with center (9 and containing 
points W, P, R is a [?] of the sphere, 

26. RV is a [Π of the sphere. 

27. RPisa ΓΗ. 

28, Ifa ΓῚ 5 = {1}. then ais [3] to Sat Τ' 

29. Ifa 1S = {T}, then OT is [7] to a at T. 


30. Find the radius of a circle if one of its chords 16 in. long is 6 in. from 
the center of the circle. 
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31, How far from the center of a circle with radius 16 is a chord whose 
length is 24? 
32. A circle C and a line / in an xy-plane are given by 
C= {(x, y): x? + y? = 36} 
and 
P= {(x,y)i y =x}. 
(a) Write the coordinates of six points that are on the circle. 
(b) Write the coordinates of three points that are on the line. 
(ὦ Write the coordinates of two points that are on the circle and on the 
line 


da. A sphere 5 in an xyz-coordinate system is given by 
S= {(x, ya): x? + y® + 2? = 81}. 


(a) Write the coordinates of eight points that are on the sphere. 

(0) Write the coordinates of two points that are in the interior of the 
sphere. 

(c) Write the coordinates of two points that are in the exterior of the 


sphere. 

(d) Write the coordinates of two points on the sphere that are endpoints 
of a diameter of the sphere and are not on any of the three coordi- 
nate axcs. 

34. Write an equation of a sphere with center at the origin of an xyz-coor- 
dinate system and which contains the point (4, —2, 5), What is the 
radius of this sphere? 

35. Let a sphere with radius 10 be given. A segment from the center of the 
sphere to a chord and perpendicular to the chord has length 4. Find the 
length of the chord. 


In Exercises 36-45 refer to the circle with center P shown in Figure 13-57. 
Given the notation of the figure and the degree measures labeled in the 
figure, find the measure asked for in each exercise. You may need to refer 
to the theorems stated in Exercises 24, 30, 31, 32, and 34 of Exercises 13.6. 


Figure 13-57 


Review Exercises 


36. mAB 41, mZ CVT 
37. mCT 42. mé BIG 
38. mZ BCD 43, mZ BFD 
39. mACPT 44, m/ ABD 
40. mZ AVC 45. mZ Pv 


In Exercises 46-50 refer to the circle with center P shown in Figure 13-58. 
—> -- 
In the figure, VA and VC are secant-rays intersecting the circle in points 


A, B and C, D, respectively. VTis a tangent to the circle at T. Chords AD 
and BT intersect at Ε. 


Figure 13-55 


46. If VA = 12, VB = 20, and VC = 14, find VD and the power of V. 

47. If VA = 16, and AB = 9, find VT and the power of V. 

48. If AD = 24, AE = 18, and ET = 8, find BT and the power of E. 

49, If BE = 12, ET = x, AE = 18, and ED = x — 2, find x, BT, AD, and 
the power of E. 


50. If BE = 9, EA = x, AE = x + 12, and ED = x — 3, find x, AE, ED, 
and the power of E, 
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Circumferences 
and Areas 
of Circles 


14.1 INTRODUCTION 


In the first part of this chapter, we consider some of the properties 
of regular polygons that are useful in developing the formula for the 
circumference of a circle and the formula for the area of a circular re- 
gion. We usually say “the area of a circle” as an abbreviation for the 
phrase “the area of a circular region,” or “the area enclosed by a 
circle.” 

Tn the last part of the chapter, we depart from our formal geometry 
and present an intuitive approach to the development of the formulas 
for the circumference of a circle, the area of a circle, the length of an 
arc, and the area of a sector. We appeal to your intuition in developing 
these formulas because a formal treatment involves the use of limits, 
a topic that you would study in a mathematics subject called “caleu- 
lus.”” We use the idea of a limit to make the formulas seem plausible. 
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14.2 POLYGONS 


In this section we investigate some of the angle measure properties 
of convex polygons. We also consider some of the properties of a cer- 
tain subset of convex polygons called regular polygons. 

Recall the definition of a convex polygon in Chapter 4. We say that 
a polygon is a convex polygon if and only if each of its sides lies on the 
edge of a halfplane which contains all of the polygon except that one 
side. In this chapter all the polygons with which we are concerned are 
convex polygons. Therefore, when we speak of a polygon, we mean a 
convex polygon. 

Recall that two vertices of a polygon that are endpoints of the same 
side are called consecutive vertices, or adjacent vertices, Two sides of 
a polygon that have a common endpoint are called consecutive sides, 
or adjacent sides. An angle determined by two adjacent sides of a poly- 
gon is called an angle of the polygon. Two angles of a polygon are 
called adjacent angles of the polygon if their vertices are adjacent ver- 
tices of the polygon. 

For the polygon ABCDE shown in Figure 14-1, A and B are ad- 
jacent vertices, AB and AE are adjacent sides, and 4A and 4B are 
adjacent angles of the polygon. 
Vertices such as A and C, or such as 
A and D, or such as B and D, and so 
on, are called nonadjacent vertices 
of the polygon. A segment whose 
endpoints are nonadjacent vertices 
of a polygon is called a diagonal of 
the polygon, In Figure 14-1, AC is 
a diagonal of the polygon. Name 
three more diagonals of the polygon 
ABCDE. How many distinct diag- 
onals does this polygon have alto- ="! ΤΕ 
gether? How many distinct diagonals are there that have a given vertex 
as an endpoint? In the work that follows we are going to be concerned 
with determining the number of diagonals from an arbitrary vertex of 
a given polygon. Note that a triangle has no diagonals since each pair 
of vertices in a triangle is a pair of adjacent vertices. 

In Chapter 7 we proved that the sum of the measures of the angles 
of a triangle is 180. We then used this theorem to prove that the sum 
of the measures of the angles of a convex quadrilateral is 360. (See ‘The- 
orem 7.33 and its proof.) Let us now review the ideas of this proof with 
the aid of the new terminology introduced in the study of areas in 
Chapter 9. 
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If the quadrilateral ABCD shown in Figure 14-2 is a convex quad- 
rilateral, then the diagonal AC partitions the polygonal region ABCD 
into two triangular regions, ABC and ADC. The union of these two 
triangular regions is the polygonal region ABCD. In the proof of The- 
orem 7.33, we showed that the sum of the measures of the four angles 
of the quadrilateral is the same as the sum of the measures of a certain 
set of six angles, three from each of the two triangles. In this way we 
obtained 2+ 180, or 360, as the sum of the measures of the angles of a 
convex quadrilateral. 


Cc 
Figure 14-2 


Now let us extend this idea to convex polygons of 5, 6, 7, 8, or n 
sides, where n is a positive integer greater than 4. Figure 14-3 shows 
pictures of polygons with 5, 6, 7, and 8 sides. The names of these poly- 
gons are pentagon, hexagon, heptagon, and octagon, respectively. 


Figure 14-3 
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On a sheet of paper draw four convex polygons, a pentagon, a hex- 
agon, a heptagon, and an octagon, In each polygon, label one vertex A 
and draw all distinct diagonals from A. The diagonals partition each 
polygonal region into a certain number of nonoverlapping triangular 
regions whose union is the given polygonal region. By a procedure sim- 
ilar to the one we used with the quadrilateral, find the sum of the meas- 
ures of the angles of each polygon and summarize the results in a table 
like the one shown in Figure 14-4. Complete the last two rows of the 
table on the basis of your computations for the first five rows. The en- 
tries in the last row should be formulas involving π. 


Number of Number of Sum of Measures 
Sides of Number of Triangular of the Angles 
Convex Polygon DiagonalsfromA — Regions of the Polygon 
4 I 2 2+ 180 = 360 
5 2 [Π] [Π 
6 3 a iB 
7 4 a ΠῚ 
8 (2) (2) 
9 la [:] 
n ‘a [1 
Figure 14-4 


On the basis of the results of the computations suggested, it seems 
reasonable to conclude that each convex polygonal region of n sides 
can be partitioned into n — 2 triangular regions by drawing the diag- 
onals from one vertex. Since the sum of the measures of the angles of 
each triangle that bounds a triangular region is 180, the formula 
(n — 2)180 appears to be a correct formula for determining the sum 
of the measures of the angles of a convex polygon of n sides. We state 
this result as a theorem. 


THEOREM 14.1 The sum of the measures of the angles of a con- 
vex polygon of n sides is (n — 2)180. 


Proof: Let A be any vertex of the given convex polygon with n sides 
and let the polygon be ABCD...MN as suggested in Figure 14-5, 
Since a diagonal exists from A to each of the n vertices of the polygon 
except the vertices A, B, N (Why?), there are n — 3 diagonals from 
the vertex A. Match AABC with AC, AACD with AD, .. .. This es- 


14.2 Polygons 


tablishes a one-to-one correspondence between the set of n — 3 diago- 
nals and the set of all triangular regions with the exception of AMN, 


Figure 145 


Therefore there are (πὶ — 3) + 1, or n — 2, triangular regions. The 
union of these n — 2 triangular regions, ABC, ACD, .... AMN, is the 
polygonal region 

ABCD... ΜΝ. 
The sum of the measures of all the angles of the triangles that bound 
these triangular regions is (n — 2)150. It follows from the Angle Meas- 
ure Addition Theorem that the sum of the measures of all the angles of 


the triangles 

AABC, AACD,..., AAMN 
is the same as the sum of the measures of all the angles of the polygon 
ABCD ... MN. This completes the proof. 


An important subset of the set of all convex polygons is the set of 
polygons whose sides are all congruent and whose angles are all con- 
gruent. We call such polygons regular polygons. Figure 14-6 shows a 
regular pentagon ABCDE and a regular hexagon ABCDEF. 


Cc c D 
Cy (2) 
B E 
Α —E A 


Figure 14-6 
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Definition 14.1 A regular polygon is a convex polygon all 
of whose sides are congruent and all of whose angles are 
congruent. 


What do we call a regular polygon of three sides? Of four sides? 
Note that a rhombus (Figure 14-7a) which is not a square has all of its 
sides congruent, but it is not a regular polygon. Why? Similarly, a 
rectangle (Figure 14-7b) which is not a square has all of its angles con- 
gruent, but it is not a regular polygon. Why? 


Figure 14-7 {a) Rhombus (b) Rectangle 


Since a polygon of n sides has n vertices and therefore n angles, 
we have an important corollary of Theorem 14.1 that applies to a regu- 
lar polygon of n sides. 


COROLLARY 14.1.1 The measure of each angle of a regular 
polygon of n sides is 


(n — 2)160 
τ i 


Proof: A regular polygon of n sides has n angles and each of these 
angles has the same measure as every other angle of the polygon, Since 
the sum of the measures of the angles is (mn — 2)180, it follows that each 


angle has a measure of a 


In Chapter 6 we defined an exterior angle of a triangle. We now 
extend the definition to convex polygons of more than three sides. 


interior angle of the polygon. An angle which forms a linear 
pair with an interior angle of a convex polygon is called an 
exterior angle of the polygon, Each exterior angle is said to be 
adjacent to the interior angle with which it forms a linear 


Definition 14.2 Each angle of a convex polygon is called an 
pair. 


14.2 Polygons 
Note that there are two exterior angles at each vertex of a polygon 


as suggested in Figure 14-8 and that, being vertical angles, they are 
congruent to each other. It follows that a polygon of n sides has 2n 


exterior angles. 


Figure 14-8 


Suppose that we are given a convex polygon of n sides and suppose 
that we choose one of the two exterior angles at each vertex. The 
chosen exterior angle and the adjacent interior angle of the polygon 
at that vertex are supplementary. Why? Therefore the sum of their 
measures is 180, Since there are n vertices, the sum of the measures of 
all the interior angles and the chosen exterior angles is n+ 180, But we 
have shown that the sum of the measures of all the interior angles of 
the polygon is (n — 2)180. Therefore the sum of the measures of all 
the chosen exterior angles (one at each vertex) is 


n(180) — (n — 2)180 = 180n — 180n + 360 


-- 
— a 


We have proved the following theorem. 


THEOREM 14,2 The sum of the measures of the exterior angles, 
one at each vertex, of a convex polygon of n sides is 360. 


This means that the sum of the measures of the exterior angles of 
a polygon is independent of the number of sides the polygon may have. 
Suppose we consider a particular regular polygon, such as a regular 
hexagon, We know that the sum of the measures of all the interior an- 
gles of the hexagon is (n — 2)180 and that the measure of each angle 


of a regular hexagon is (ὁ πρὶ For a hexagon, n = 6. 
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Therefore the measure of each angle of a regular hexagon is 


(6 — 2)160 aa = 120. 


It follows that the measure of each exterior angle of a regular hexagon 
is 60 and that the sum of the measures of the exterior angles, one at 
each vertex, is 6-60 = 360, 

Another way to calculate the measure of each exterior angle of a 
regular hexagon is to use Theorem 14.2. Since supplements of con- 
gruent angles are congruent, it follows that all the exterior angles of a 
regular polygon are congruent. If we choose just one exterior angle at 
each vertex, there are 6 chosen exterior angles of a regular hexagon 
and each of them has a measure of } - 360 = 60, This leads us to the 
following corollary of Theorem 14.2. 


COROLLARY 14.2.1 The measure of each exterior angle of a 


regular polygon of n sides is 0 


Proof: Assigned as an exercise, 


EXERCISES 14.2 


In Exercises 1-6, use the formula of Corollary 14.1.1 to find the measure of 
each interior angle of the indicated regular polygon. 
l. Pentagon 3. Octagon 5, 24-gon (24 sides) 
2. Heptagon (7 sides) 4. Decagon (10 sides) 6, 180-gon 
7. Find the measure of each exterior angle of the regular polygons of Exer- 
cises 1-6 in two different ways. 


Copy and complete the statements in Exercises § and 9 with the word in- 
creases or the word decreases, 


8. As the number of sides of a regular polygon increases, the measure of 
each interior angle of the polygon [7]. 

9. As the number of sides of a regular polygon increases, the measure of 
each exterior angle of the polygon [?}. 


10. The measure of each interior angle of a regular n-gon is 140. Find n. 
(Hint: Solve the equation \" a = 140 for n.) 


11. The measure of each interior angle of a regular n-gon is 150, Find ἢ. 
(See Exercise 10.) 


14.2 Polygons 


13, Can the measure of each interior angle of a regular polygon be 136? 
Explain. 

13. Find the measure of each exterior angle of a regular 12-gon, 

14, The measure of cach exterior angle of a regular n-gon is 12, Find τι. 

15. Can the measure of each exterior angle of a regular polygon be 50? 
Explain, 

16. Given a regular hexagon ABCDEF as shown in the figure below at left, 
prove that A BDF is equilateral. 


11. The figure above at right shows a regular pentagon ABCDE whose sides 
have been extended to form a five-pointed star. Find the measure of 
each vertex angle of the star (that is, 2P, 40, 2A, 25, £7). 

18. If the sides of a regular hexagon were extended to form a six-pointed 
star, What would be the measure of cach vertex angle of the star? 

19. The sum of the measures of 14 angles of a polygon of 15 sides is 2184. 
(a) What is the measure of the remaining ungle? 

(b) Could the polygon be a regular polygon? 
(ὦ Is there enough information to decide whether it is a regular 
polygon? 

20. The sum of the measures of 8 angles of a 9-gon is 1140. 

(a) What is the measure of the remaining angle? 
(Ὁ) Could the polygon bea regular polygon? Explain. 

21, Prove Corollary 142.1. 

22, Given a regular pentagon ABCDE, prove that diagonal AD is parallel 
to side BC, 

23. Given a regular hexagon ABCDEF, prove that diagonal AD is parallel 
to side BC. 

24. CHALLENGE PROBLEM. Given a regular polygon ABCD , , . N of n sides, 
prove that diagonal AD is parallel to side BC ifn > 5. 

25. CHALLENGE ProsLem. Determine the maximum number of acute an- 
gles a convex polygon can have. 
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14.3 REGULAR POLYGONS AND CIRCLES 


We know that three noncollinear points determine exactly one tri- 
angle. That is, given a set of three noncollinear points there is exactly 
one triangle which has these three given points as its vertices. We now 
proceed to show that, given a set of three noncollinear points, there is 
exactly one circle that contains the three given points. In this sense, 
we say that three noncollinear points determine a circle. 

Let three noncollinear points D, E, F be given as shown in Figure 
14-9, Let « be the unique plane that contains D, E, F. In plane a, let 1; 
be the unique perpendicular bisector of DE and let lz be the unique 
perpendicular bisector of FE. Let P be the unique point of intersection 
of ἢ) and 1.. (How do we know that /; intersects 152) Then P is equidis- 
tant from D and E because it lies on the perpendicular bisector of DE, 
and P is equidistant from FE and F because it lies on the perpendicular 
bisector of EF, Therefore P is equidistant from D, E, and F. It follows 
that P is the center of a circle C with radius 


r= PD = PE = PE. 


Figure 14-9 


Therefore C is a circle which contains D, E, F. Furthermore, C is the 
only circle which contains D, E, F. For if C’ were any other circle with 
center P and radius r’ and containing points D, E, F in plane a, then 


rf =PD= PE = PF 


and P’ would be equidistant from D, E, and F. Therefore P’ would lie 

on ἢ and ls, the perpendicular bisectors of DE and EF in plane a. Since 

there is only one point that lies on both of these lines, P’ = Pr’ = r, 

and hence C’ = C. Therefore there is exactly one circle which contains 

any given set of three noncollinear points. It follows that there is 

exactly one circle that contains the vertices of any given triangle. 
We have proved Theorem 14.3. 
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Definition 14.3 The circle which contains the three vertices 
of a given triangle is called the circumscribed circle, or cir- 
eumeirele, of the triangle and we say that it cireumseribes 
the triangle. The triangle is said to be inseribed in the circle 
and is called an inscribed triangle of the circle, 


THEOREM 14.3 A given triangle has exactly one circumcircle. 


We now extend the statement of Theorem 14.3 to include any reg- 
ular polygon. We want to prove that, given any regular polygon, there 
is exactly one circle that contains all the vertices of the polygon (that 
is, the given regular polygon has exactly one circumeircle). 


THEOREM 144 A given Ἔθος polygon has ey one 


circumcircle. 
Proof: Let a regular polygon of n 
sides be given. (In Figure 14-10, we 
have shown a polygon of 6 sides.) Let 
Q be the unique circle with center P 
and radius r which contains A, B, 
and C. (How do we know this circle 
exists and is unique?) We shall prove 
that PD = rand hence that D lies on 
circle Q. A similar argument could be 
given to show that each of the verti- 
ces of the given polygon lies on Q. 


.PA=PB=PfCer 
πες 23 
m/ABC = μι BCD 
mf2Z2=miZ3 


fle ἐκ 
AB=DC 
PB = PC 
APBA = APCD 
PA = PD 

ΡΠ =PA=r 


-- μὰ 
- ῷ ἢ 5 -ἀ ὦ 


Definition of circumcircle 
Why? 

Why? 

Why? 

Angle Measure Addition 
Theorem (3, 4) 

Why? 

Why? 

Why? 

5.4.5, Postulate (7, 6, 8) 
Why? 

Statements 10 and 1 


Thus D is on Q and this completes the proof for point D, 
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Definition 14.4 (See Figure 14-11.) The cireumcenter of a 
regular polygon is the center of its circumscribed circle, A 
circumradius of a regular polygon is a segment (or its length) 
joining the center of the polygon to one of the vertices of the 
polygon. An inradius of a regular polygon is a segment (or its 
length) whose endpoints are the center of the polygon and 
the foot of the perpendicular from the center of the polygon 
to a side of the polygon. A central angle of a regular polygon 
is an angle whose vertex is at the center of the polygon and 
whose sides contain adjacent vertices of the polygon. 


Figure 14-11 


Some authors use radius instead of circumradius, and apothem 
instead of inradius. We prefer the more descriptive terms, circumradius 
and inradius. They are the radius of the circumscribed circle and the 
radius of the inscribed circle of a regular polygon. We know that a 
regular polygon has a circumscribed circle (Theorem 14.4) and we shall 
see that a regular polygon has an inscribed circle (Theorem 14.7). 

Note that, in connection with a regular polygon, each of the words 
circumradius and inradius is used in two different ways: (1) as one of a 
set of segments and (2) as a positive number. For example, the inradius 
of a regular polygon means the number that is the length of a segment 
—any one of the segments defined as an inradius in Definition 14.4. 
We shall see in Theorem 14.6 that all these segments have the same 
length. On the other hand, an inradius of a regular polygon is a seg- 
ment, usually one of the segments defined as an inradius in Definition 
14.4, but it might also mean any radius of its inscribed circle. Similarly, 
the circumradius of a regular polygon means a number, whereas a 
circumradius of a regular polygon usually means any one of the seg- 
ments joining the center of the polygon to a vertex of the polygon, but 
it might also refer to any radius of the circumscribed circle, The con- 
text in which the word is used should make it easy to decide which 
meaning is intended. 

It follows from the definition of a central angle that a regular poly- 
gon of n sides has n central angles. 


14.3 Regular Polygons and Circles 


Suppose that we are given a regular polygon ABCD .., MN of n 
sides. (Figure 14-12 shows a regular polygon of 6 sides.) Let P be the 
circumcenter of the given polygon. It follows that all of the triangles, 
APAB, APBC, APCD,..., SAPNA, are congruent by the 8.5.8. 
Postulate. 


Figure 14-12 


(Prove that APAB = APBC.) Let us agree to call each of these tri- 
angles (that is, a triangle whose vertices are the center and the end- 
points of a side of the polygon) a central triangle of the regular poly- 
gon. It follows from the definition of congruent triangles that all of the 
central angles of a given regular polygon are congruent. We combine 
these results into the statement of our next theorem. 


THEOREM 14.5 Let a regular polygon of n sides be given. Then 
all the central triangles of the given polygon are congruent and all 
of the central angles of the given polygon are congruent. 


Again, suppose that we are given a regular polygon ABCD ... MN 
of n sides. (Figure 14-13 shows a regular polygon of 6 sides.) 


Figure 1415 


Let P be the circumcenter of the given polygon and let PR, PS, PT,..., 
PV be the n inradii of the polygon. By the definition of an inradius, the 
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segments PA, PS, PT,..., PV are the altitudes to the bases AB. BC, CD, 

., NA, respectively, of the central triangles, A PAB, APBC, APCD, 
..+, APNA, of the given polygon, By Theorem 14.5 these central tri- 
angles are all congruent. Since corresponding altitudes of congruent 
triangles are congruent, it follows that all the inradii of a given regular 
polygon are congruent. This means that, in the plane of the given poly- 
gon, the points R, 5, T,..., Wlie on a circle Ὁ whose center is P and 
whose radius, a, is the inradius (a number) of the polygon, Since 
PR | AB, PS . BC, PT . CD,..., PV + NA, it follows that each of 
the sides AB, BC, CD, ... , NA of the given regular polygon is tangent 
to the circle Ὁ and that the points R, 5, T,..., V are their respective 
points of tangency. 


Definition 14.5 A circle is said to be inscribed in a polygon 
and is called an inscribed circle, or incircle, of the polygon if 
each of the sides of the polygon is tangent to the circle. We 
also say that the polygon circumscribes the circle. The center 
of an incircle of a polygon is an incenter of the polygon. 


We now show that there is exactly one circle inscribed in a given 
regular polygon. Let a regular polygon such as the one in Figure 14-13 
be given. 

We have demonstrated that the circle Q with center P and radius a 
is an inscribed circle of the given polygon. It can be shown that a point 
which is equidistant from the sides of a regular polygon is also equi- 
distant from its vertices and hence must be the circumcenter. Since 
there is only one circumcenter, it follows that there is only one incen- 
ter. Therefore Q is the only inscribed circle of the polygon. We have 
proved the following two theorems, 


THEOREM 14.6 All the inradii of a given regular polygon are 
congruent, 


THEOREM 14.7 There is exactly one circle that is inscribed in 
a given regular polygon, 


We can now think of the center of a regular polygon as its incenter 
or its circumeenter. 

Recall from Chapter 10 that two polygons are similar if there is a 
correspondence between their vertices such that corresponding angles 
are congruent and lengths of corresponding sides are proportional. It 
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follows from the definition of similar polygons that if two regular 
polygons are similar, then they have the same nwnber of sides. Is the 
converse statement true? That is, is it true that if two regular polygons 
have the same number of sides, then they are similar? This brings us 
to our next theorem. 


THEOREM 14,8 Two regular polygons are similar if they have 
the same number of sides. 


Proof: Let two regular polygons ABCD...MN and 
A'B'C'D’ .... M'N", each having n sides, be given as suggested in Fig- 


Νὰ 


ure 14.14. We want to prove that the correspondence 
ABCD ...MN <=» A'‘B'C'D’ ...M'N’ 
is a similarity. By the definition of regular polygon and Corollary 14.1.1, 


we have 


i 
mfA=méZBaméCam4D=.-:- = mZN = {5 - 9950 
and 
méZA'aomZPamLOaomZbD =+++ =mZn 
_ (nm — 2)180 
= ; 
Therefore 


mZAx=mZA' mZB=mZB,...,miN=mdén, 
and the corresponding angles of the two polygons are congruent. 
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It follows from the definition of regular polygon that there are two 
positive numbers s and s’ such that 


ΑΒ = BC τ [Π τε ὄ..᾿ = Nias 
and 
ΑΒ ΞΒΟΞ ΟἿΣ Ξπ. Ἐπ ΝΑ’ Ξῷ κα. 
Then 


AB=s=a%eey = S.A'B, BC =s=tes'=+-BC, ete. 
a δ a s 


Tt follows that 
(AB, BC, CD,..., NA) = (A’B’, B'C’, CD',..., N'A’) 
with proportionality constant k = oa Therefore the lengths of the cor- 
responding sides of the two given polygons are proportional and 
ABCD ...MN ~ A'B'C'D’... M'N’. 
This completes the proof of Theorem 14.8. 
THEOREM 14.9 The perimeters of two regular polygons, with 


the same number of sides, are proportional to the lengths of their 
circumradii, or their inradii. 


Proof: Let two regular polygons ABCD...MN and A’B'C'D’... 
M’N’, each having n sides, be given as suggested in Figure 14-15. 


Figure 14-15 


Let p and p’, s and δ΄, r andr’, a and a’ be their respective perimeters, 
lengths of sides, cireumradii, and inradii. Let P and Γ΄ be the centers of 


11.3 Regular Polygons and Circles 
the two polygons and consider the two central triangles 
AAPB of ABCD ...MN 

and 

AA'P'B’ of A‘B'C'D' ... M'N'. 
Since 

mZAPB=m/A'PR' = a 
(you will be asked to show this in the ΜΝ it follows that 
AAPB ~ AA'P’B' by the 5.4.8, Similarity Theorem, Therefore 

(AB, r, 8) = (A’B’,r’, 5’). Why? 


Since corresponding nda of similar triangles are proportional to 
the lengths of any two corresponding sides, we have 


(s, r, a) oa (s’, Γ΄, a’). 
Finally, 
Ρ τὸ πὸ for ABCD...MN and p’ = ns’ for A’P'C'D’...M'N’ 

Since 

ps’ = (ns)s’ = (ns’)s = p’s, 
it follows that 

[μ, 3) = (p’, 5 

and hence 

(p, 8, τ, @) = (p', δ΄, 1, a’). 
This completes the proof of Τβοοῖθαι 14.9. 

Since all central triangles of a given regular polygon of n sides are 

congruent, and since they partition the given polygonal region into n 
nonoverlapping triangular regions, it is easy to prove that the area of 


a regular polygon is equal to one-half the product of its inradius and 
perimeter. We state this as our next theorem. 


THEOREM 14,10 The area of a regular polygon is equal to one- 
half the product of its inradius and perimeter, that is, § = 4ap. 


Proof: Assigned as an exercise, 
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The lust theorem of this section follows easily from Theorems 14.9 
and 14,10, 


THEOREM 14.11 The areas of two regular polygons with the 
same number of sides are proportional to the squares of their 
circumradii (or the squares of their inradii, or the squares of their 
side lengths, or the squares of their perimeters). 


Proof: Assigned as an exercise, 


As we said in the introduction to this chapter, the idea of a limit is 
important in developing formulas for the circumference and the area 
of a circle, We conclude this section with a brief discussion of se- 
quences and limits. 

An infinite sequence of numbers, denoted by {x,}, is a sequence 
441, Xo, %g,-.-, %m,.. + in which, for every positive integer n, x, isa 
number. In some applications it is convenient to start counting with 
some integer other than 1. Thus x3, x4, %5,---, %m -- - is an infinite 
sequence. 


Example 1 Let the nth term of a sequence be given by x, = 2n. 
Write the first five terms and the 40th term of the sequence {2n}. 


ΧΙ = 2<l=—. 
Xe = ἃ "ἢ = 4. 
%3 = ἃ "ἃ = 6. 
aoe 8 "ἡ Ξ 8. 
% = ἃ. 5 10, 
Yao = ἃ" 4ἢ = Βῦ. 


Therefore the first five terms of the sequence are 2, 4, 6, 8, 10 and the 
40th term is 80. 
Example α Let the nth term of a sequence be given by 

n+ 1 


ty = Β 
Tr 


Write the first five terms, the 100th term, and the 1000th term of the 


sequence [Ξ μ- - } 


Solution: 

--« tes 2 wie ie Ὁ 

τ ΠΙ͂ΝΕ: ὡς τὶ ἘΞ ἘΠ Ξ 
51} Ὁ _ προ _ 101 

ae τὰ 2 *100 τ 100° 
- Sp νος 1000 +1 _ 1001 

ὡς ήκααι πο τὶ τοῦ τ 0 1000᾽ 
ick Ἢ 

14 Ξξ + Ξ 


In Example 2, as n gets larger and larger, the terms of the sequence 
get closer and closer to some particular number. What number is it? 

In Example 1, as n gets larger and larger, do the terms of the 
sequence {2n} get closer and closer to some particular number? If 
so, what number is it? 

If the tenns of a sequence {x,} get arbitrarily close (as close as we 
desire) to a particular number L as n gets larger and larger, we then 
say that the nth term of the sequence is approaching L (denoted by 
X, —> L) and we call L the limit of the sequence. Thus, in Example 2, 


n+l 


— I, 
n 


and we call 1 the limit of the sequence ( + - }. In Example 1, the 


sequence {2n} has no limit. Find the limit (if any) of the sequence {+} 


EXERCISES 14.3 


1, It follows from Definition 14.4 that a regular polygon of n sides has n 
central angles, Prove that the measure of each central angle of a regular 


polygon is a 
2. Prove that each central triangle of a regular polygon is an isosceles 


3. Prove that each central triangle of a regular hexagon is an equilateral 
triangle. 

4. Prove that the length of a side of a regular hexagon is equal to the 
circumradius of the circumcircle. 


532 Circumferences and Areas of Circles Chapter 14 


5. 


10. 


11. 


18. 


18. 
20. 


Prove that an inradius of a regular polygon bisects a side of the polygon 
and hence lies on the perpendicular bisector (in the plane of the poly- 
gon) of the side of the polygon. 


. Prove that the bisector rays of the interior angles of a regular polygon 


are concurrent at the center of the polygon. 


. Prove that the measure of a central angle of a regular polygon is equal 


to the measure of an exterior angle of the polygon. 


. Two regular pentagons have sides of length 4 in. and 5 in., respectively, 


What is the ratio of the perimeter of the smaller pentagon to the 
perimeter of the larger one? What is the ratio of their cireumradii? Of 
their inradii? Of their areas? 


. The area of a regular 12-gon is 4° times the area of a second regular 


13-gon, What is the ratio of their perimeters? OF their circumradii? Of 
their inraclii? 

A regular hexagon has twice the area of another regular hexagon. What 
is the ratio of the perimeter of the smaller hexagon to the perimeter of 
the larger one? What is the ratio of the lengths of their sides? Of their 
circumradii? 

‘Two regular polygons of the same number of sides have perimeters of 
36 in. and 45 in., respectively. The inradius of the first polygon is 
34/3 in. What is the inradius of the second polygon? What is the area 
of each of the polygons? 

Find the circumradius, inradius, and area of an equilateral triangle 
each of whose sides is of length 2/3. 

Find the circumradius, inradius, and area of a regular hexagon each of 
whose sides is of length 12. 


Show that the inradius of a regular hexagon is vs . 8, Where ¢ is the 
length of a side of the hexagon, 


. Derive a formula for the area 5. of a regular hexagon in terms of the 


length s of its side, (int: See Exercise 14.) 


. Use the formula you derived in Exercise 15 to find the area of a regular 


hexagon each of whose sides is of length 12. Does your answer for the 
area agree with that of Exercise 13? 


7. If a regular hexagon and a regular triangle are inscribed in the same 


circle, prove that the length of the side of the hexagon is twice the in- 
radius of the triangle. 

A square is inscribed in a circle of radius 1. A second square is circum- 
scribed about the same circle. Find the area and the perimeter of each 
square. 

Repeat Exercise 18 using regular hexagons instead of squares. 

The length of each side of a regular hexagon is 84/3. Find the area of 
the hexagon in two different ways. 


14.3 Regular Polygons and Circles 

21, The circumradius of a regular pentagon is r and the length of each of 
its sides is s, Find the area of the pentagon in terms of r and ς, 

22. In Exercise 21, if the circumradius of a second regular pentagon is 2r, 
find the area of the second pentagon in terms of r and 5. 

23. Prove Theorem 14.10. 

24, Prove Theorem 14.11. 

25. Write reasons for statements (2), (3), (4), (6), (7), (8), and (10) in the 
proof of Theorem 14.4. 


26. What is the 1000th term of the sequence {+} What is the millionth 


term? Which of these two terms is closer to zero? Could we make + as 
close to zero as we desire by choosing n large enough? 

27. Find the first five terms, the 100th term, and the 1000th term of the 
si [, τὸς } 

28. What is the millionth term of the sequence | 5} of Exercise 27? 
Find the limit (if any) of the sequence. 


In Exercises 29-37, a formula for x, is given. Find χα, x2, x3, and xy. What 
is the limit (if any) of the sequence {x,}? 


wack —~H+100_1, 0 
SS ae ee Sgt ae a 
oe oe 35. x, = 22 + 100 

sa 1 _ 2n? +1 _ n+l 
hte SU Se 36. χη = -πτος 
3% =2 37. x, = tt 

sara 
3S. ἄῳ = τς 


38. Let a cirele be given. For each n,n > 3, leta regular polygon of n sides 
be inscribed in the circle. Let p, be the perimeter of the n-gon. Does 
Pa Pas Pte «++» Poo» . . define a sequence? Do you think {p,} has a limit? 
If so, how would you describe the limit? 

39. Leta circle be given. For each n,n > 3, let a regular polygon of n sides 
be inseribed in the circle, Let 5, be the area of the polygon. Does Sa, Sy, 
Ss.+++) Se +» define a sequence? Do you think (5,} has a limit? If so, 
how would you describe the limit? 


40. CHALLENGE PROBLEM. The sequence [ ππίπ + 4) has a limit. 
What is it? 
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14.4 THE CIRCUMFERENCE OF A CIRCLE 


Thus far, in our formal geometry, length has not been defined for 
anything except segments. If a path from one point to a second point is 
such that every point of the path lies on the same segment, then the 
length of that path is, of course, the length of the segment joining the 
two points. However, if the path is a circular arc, what is the distance 
from the first point to the second point along the circular arc, that is, 
what is the length of the arc? The degree measure of the arc would 
not be a satisfactory way of describing its length since it is possible 
for two arcs to have the same degree measure and to have different 
lengths as suggested in Figure 14-16. 


Figure 14-16 

Each of the ares AB and A’B’ shown in the figure has a degree 
measure of 90. But it certainly seems reasonable to think of the are AB 
as having a greater length than the are A’B’. We start by explaining 
what we mean by the length of circular arcs and then deriving ways 
of finding such lengths. We first proceed informally, referring to the 

You may have been asked, at one time or another in your study of 
informal geometry, to wrap a string around a circular object, then pull 
it out straight, and measure its length. By doing this you are able to 
arrive at an approximation to the distance around the object, However, 
we cannot describe the process of wrapping a string around a circular 
object in our formal geometry. 

We call the “distance around a circle” the circumference of the 
circle and denote it by C. A more sophisticated approach to finding an 
approximation to the circumference of a circle is in terms of the perim- 
eters of regular polygons inscribed in the circle. There was no difficulty 


14.4 The Circumference of a Circle 


in defining the perimeter of a polygon because the sides of a polygon 
are segments and each of these segments has a length. But a circle con- 
tains no segment of a line, and thus we cannot define its circumference 
(or perimeter) so simply. It seems reasonable to suppose that if we want 
to find the circumference of a circle approximately, we can do it by 
inscribing in the circle a regular polygon with a large number of sides 
and then measuring or computing the perimeter of the polygon. 

Given a circle, let p, be the perimeter of a regular polygon of n sides 
inscribed in the circle. Then as n gets larger and larger, the number p, 
increases, that is, each term in the sequence {p,} is greater than the 
preceding term. For example, we can inscribe a square in a circle. By 
bisecting the central angles of the square we obtain a regular octagon 
inscribed in the same circle as shown in Figure 14-17. Using the Tri- 
angle Inequality Theorem, it is easy to show that the perimeter pg of 
the regular octagon is greater than the perimeter ρα of the square. If we 
continue to bisect the central angles, we obtain a regular 16-gon, a reg- 
ular 32-gon, and so on. The perimeters of these regular polygons p4, pg, 
P16 Ps2,... form an infinite sequence of numbers, and each term in 
the sequence is greater than the preceding term. 


Figure 14-17 


It is shown in the calculus that if a sequence of numbers is increas- 
ing (that is, if each term in the sequence is greater than the preceding 
term), and if the sequence is bounded (that is, if there is a number that 
is equal to or greater than any term in the sequence), then the sequence 
has a limit. The squence p4, ps, Ps, Paz, -.. described above in con- 
nection with the circle shown in Figure 14-17 can be shown to be 
bounded. In fact, it can be shown that any square that circumscribes 
the given circle has a perimeter that is greater than any of the terms in 


the sequence. 
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Let a sequence of perimeters of regular polygons of n sides in- 
scribed in a given circle be denoted by {p,}. Let the limit of this se- 
quence be denoted by C, that is, lim p, = C. We are now ready for 
our formal definition of circumference as the limit of the p,. 


Definition 14.6 The circumference of a circle is the limit 
of the sequence of perimeters p, of the inscribed regular pol- 
ygons (that is, C = lim μη). 


Note that we are forced to use limits in defining the circumference 
of a circle. In order to derive the formulas for the circumference and 
for the area of a circle, we need a theorem about limits which we state 
here without proof. We can treat the theorem as a postulate, although 
it is not a postulate concerning our formal geometry. Rather, it is a 
postulate concerning the real number system. 


THEOREM 14.12 Let {x,} and {y,} be two sequences of real 
numbers with nth terms x, and y,, respectively. 
1. If the limit of x, is Ly and the limit of y,, is La, then the sequence 
whose nth term is xni/, has a limit, and 
lim Xn = Ly + Le. 
2. If the limit of x, is Ly and the limit of y, is Lz 0, then the 


sequence whose nth term is 2% has αὶ limit and lim 2" — 42, 
Yn Yn Le 
3. If x, = yy for every positive integer n > | and if {x,} and {y,)} 
each has a limit, then lim x, = lim y,. 
4. If k is a real number and if x, = k, for every n > 1, then 
lim x, Ξε Κ, 


Example 1 If lim 35. —3. = 2 and lim τὸ = 3, then 


tins (2H = ὃ... ὅπ sn) =2.3=6 
n n+2 ; 


(2a —3 85 ἢ - = 
lim ( = +) =2+3=3 


Example 2 Find lim x, if x, = 2 for every n > 1. 


14.4 The Circumference of a Circle 


Solution: Ifx, = 2 for every n > 1, then {x} is a sequence of num- 
bers whose every term is 2; that is, {x} = 2,2, 2,.... By part 4 of 
Theorem 14,13, lim x, = 3. 


Before we derive a formula for the circumference of a circle, we 
need to know that the number ς͵ where ( is the circumference οὗ a 
circle and d is its diameter, is the same for all circles. That the num- 
ber ς is the same for all circles is a corollary of our next theorem. 


THEOREM 14.13 Uf C and ( are the circumferences of any two 
circles with diameters d and α΄, respectively, then 
(C, d) = (C’, 41. 


Proof: Let K, Κ' be any two circles with circumferences C, C’ and 
radii r, τ΄, respectively, as shown in Figure 14-18. 


CMG: 


Figure 14-18 

Let {p,} be the sequence of perimeters of regular polygons of n 
sides inscribed in circle Καὶ with radius rand let {p;} be the sequence of 
perimeters of regular polygons of n sides inscribed in circle Κ΄ with 
radius γ΄, By Theorem 14.9, 


(Pas ἡ = (Pu 7}. 


It follows that 

(Pn, 2r) = (Pps 21°); 
hence that 
(1) (Puy d) = (Pad), 


where d and εἰ are the diameters of the circles Καὶ and K’, respectively. 
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By Definition 14,6, 


lim Pr = C 
and 
lim Ρὰ =C, 
It follows from Equation (1) that 
d 
8) πη δ, 
Pr dd 
By part 3 of Theorem 14.12, we get from Equation (2) 
wee εἰ 
8) lim Ἔξ. = lim <. 
Pr d 
By part 1 of Theorem 14.12, 
i 
eo 


and, since d and d’ are the same for all n, it follows from part 4 of The- 
orem 14.12 that 


m 4 - ὦ 
lim | = 


Substituting these last two results in Equation (3), we have that 


a 
dl’ 


ς 
σ' 
or that 
(Cc, d) > ισ', d’), 
and the proof is complete. 


COROLLARY 14.13.1 If C and d are the circumference and di- 
ameter, respectively, of a circle, then the number Ξ is the same for 
all circles. 


Proof: Let Καὶ, Κ' be any two circles with circumferences C, C’ and 
diameters d, d', respectively, By Theorem 14.13, we know that 


(Cd) = (Cd). 


14.4 The Circumference of a Circle 
By alternation, we get 
(C, C) = (ἃ @). 


Therefore < = τι This proves that the number eis the same for any 


two circles. 


Definition 14.7 If C is the circumference of a circle and dis 


its diameter, then the number ς, which is the same for all 


circles, is denoted by the Greek letter +. 


It follows from Corollary 14.13.1 and Definition 14.7 that 
C= πὰ 
for any circle with circumference C and diameter d. Since d = 2r, 
where r is the radius of the circle with diameter εἰ, we have 
C = 2ar 
as another formula for the circumference of a circle. 

It has been proved that π is not a rational number, that is, 7 cannot 
be represented by Η where a and b are integers with b = 0. However, 
we can approximate 7 as closely as we desire by means of rational num- 
bers. Some of the more common rational number approximations to 7 


are 3.14, 22, and 3.1416. It has been shown that 7, to ten decimal 
places, is 3.1415926535, 


EXERCISES 14.4 


1. Show that }+4 is a closer approximation to τ than is 4. 
2. Show that 4* = 3.14 to the nearest hundredth. (We read “=” as “is 
approximately equal to."’) 


ΒΒ In Exercises 3-10, C, r, and d represent the circumference, radius, ancl di- 


ameter, respectively, of a given circle, Express answers in exact form, in 
terms of a if necessary, 


3. lf r = 7, fined C. 
4. If C = 637", find τ, 
5. If d = 12.5, find C. 
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6. If r = 36.4 in., find C. 
7. If C = 36.4 in., find r. 
8. If C = 2n, find r. 
9. If r = ὅπ, find C. 
10. If C = 14.26-, find εἰ. 


11. In Exercise 6, use + = 4% and find C to the nearest inch. 

12. In Exercise 6, use + = 3.14 and find C to the nearest inch. Compare 
your answer with that of Exercise 11. 

13. In Exercise 7, use + = 32 and find r to the nearest hundredth of an 
inch. 


14. In Exercise 7, use 7 = 3.14 and find r to the nearest hundredth of an 
inch, Compare your answer with that of Exercise 13, 

15. Prove that the circumferences of two circles are proportional to their 
radii. 

16, The circumference of one circle is two-thirds the circumference of a 
second circle. What is the ratio of the radius of the first circle to the 
radius of the second circle? 

17. Two circles have radii of 15 and 25, What is the ratio of the circum- 
ference of the smaller circle to the circumference of the larger circle? 
What is the ratio of the diameters of the two circles? 

18, A tire on a wheel of a car has a diameter of 28 in. If the wheel makes 12 
revolutions per second, what is the approximate speed of the car in 
miles per hour? (Use + = 22.) 

19. Given the same car as in Exercise 18, how many revolutions per second 
ΤΣ ee ann ee Oe 
T= 4.) 

20. A square ABCD is inscribed in a circle with center E as shown in the 
figure. If the radius of the circle is 7, find the perimeter of the square. 
(Hint: Show that A EAB is an isosceles right triangle.) 


14.4 The Circumference of a Circle 


21. A square ABCD is inscribed in a circle with center E. Another square 
PORS is circumscribed about the same circle as shown in the figure. If 
the radius of the given circle is 14 in,, find the following: 


(a) The perimeter of each square to the nearest inch, 
(b) The area of each square to the nearest square inch, 
(c) The circumference of the circle to the nearest inch, (Use 7 = 42.) 


22. The perimeter of a square is equal to the circumference of a circle. If 
the radius of the cirele is 1, find the area of the square in terms of 7. 


23. Show that if the radius of a circle is increased by 1 unit, the circumfer- 
ence of the circle is increased by 27 units. 

24. Show that if the circumference of a circle is increased by 1 unit, the 
radius of the circle is increased by τι units. 

25. Assume that the surface of the earth is a sphere. Imagine that a steel 
band is fit snugly around the equator (a great circle of the earth). Sup- 
pose that one foot is added to the length of the band and that it is raised 
a uniform amount all the way around the earth. To the nearest inch, 
how many inches will the new band be above the earth? (See Exercise 
24.) 


26. Assume that the surface of an orange {s a sphere. Imagine that a steel 
band is placed around a great circle of the orange so that it just fits. Sup- 
pose that one foot is added to the length of the band and that it is raised 
a uniform amount all the way around the orange. ΤῸ the nearest inch, 
how many inches will the new band be above the orange? (See Exer- 
cises 24 and 25.) 
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Exercises 27-36 refer to Figure 14-19. ABCD is a square inscribed in the 
circle with center P. The bisector rays of the four central angles of square 
ABCD intersect the circle in points FE, F, G, H, respectively. The 
AEBFCCDH is a regular octagon inscribed in the circle, and TORS is a 
square circumscribed about the circle with points of tangency E, P, C, H. 
The radius of the circle is 8. If an answer to an exercise is an irrational num- 
ber, give a rational approximation to the nearest tenth. 


Figure 1419 


27. Find the length s of a side of square ABCD. 

28. Find the perimeter of square ABCD. 

29, Find the area of square ABCD. 

30. Find the length δ᾽ of a side of the regular octagon AEBFCGDH. 
31. Find the perimeter of the octagon. 

32. Find the area of the octagon. 

33. Find the length s” of a side of the square TORS. 

34. Find the perimeter of square TORS. 

35. Find the area of square TORS. 

36. Find the circumference of the circle. 


37. Imagine an infinite number of regular polygons inscribed in a circle 
with radius τ. The first polygon has 3 sides, the second polygon has 
4 sides, the third has 5 sides, and so on. For every n,n > 3, let pp, Ga, Sp, 
and S, be the perimeter, inradius, side length, and area, respectively, 
noc ΡΙῬΑΝΟΘΎΝ, n sides, What is lim p,? lim a,? 

$,? lim 5 
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14.5 AREAS OF CIRCLES; ARC LENGTH; SECTOR OF A CIRCLE 


In Chapter 9 we considered areas of polygonal regions. Recall that 
a polygonal region is the union of a polygon and its interior. In this sec- 
tion we are concerned with areas of cireular regions. We make the 
following definition. 


As we said at the beginning of the chapter, “the area of a circle” is 
an abbreviation for “the area of a circular region,” or for “the area 
enclosed by a circle.” 

We now proceed to get a formula for the area of a circle. We 
already have a formula for the area of a regular polygon of n sides 
which is 


Definition 14.8 A circular region is the union of a circle and 
its interior. 


S, = 4anpa, 
where a, is the inradius of the polygon, p, is the perimeter of the 
| and S, is the area of the polygon. 
ΠΡ, is a regular polygon of n sides inscribed in a circle with center 
Q and radius r, as shown in Figure 14-20 (in the figure, n = 8), we 
observe that the area of the inscribed polygon is less than the area of 
the circle. 


644 


Circumferences and Areas of Circles Chapter 14 

For the expression 

5, = dep 
where ἢ = 3, 4, 5,..., there are three sequences involved: 
{Sn}s (@n}, and {pn}. 

Let us consider each of these sequences separately. 

1. The sequence {S,}. As noted above, for each n, Sy is always less 

than S, the area of the circle, The difference between S, and 5 


can be made arbitrarily small by taking n large enough. It seems 
reasonable then to say that 


lim S, = S. 


quence of areas of the inscribed regular polygons. 


Definiton 14,9 The area of a circle is the limit of the se- | 


Thus lim 5, = 5, by definition. 


2. The sequence {aq}. Since the length of a leg of a right triangle 
is less than the length of the hypotenuse of the right triangle, we 
observe that the inradius a, is always less than the radius r of 
the circle for each particular value of n. However, the difference 
between a, and r can be made arbitrarily small by choosing n 
large enough. Thus it seems reasonable to say that 


lim @, = fr, 
and we accept this fact without proof. 


3. The sequence {p,}. By the definition of the circumference C 
of a circle, 


lim pa = C, 
Now we have 

Sa = 44npin. 
By parts 3 and 4 of Theorem 14.12, we get 
(1) lin Sp = να aga 


14.5 Areas of Circles; Arc Length; Sector of a Circle 
By definition 14.9, 


(2) lim §, = 8. 
By part 1 of Theorem 14,12, we get 
(3) lim aypy = lim a, " lim βῃ 
But 
(4) lim ἄρ =r 
and 
(5) lim pn = Ὁ, 
Substituting the results of (2), (3), (4), and (5) in Equation (1), 
we obtain 
(6) S= tC 
as a formula for the area of a circle, Since 
C = Zr, 
we get, by substitution into Equation (6), 
5 = 4r-Qer 
or 
5 ΞΞ or 


as a formula for the area of a circle—a formula that should be 
familiar to all of you, 


We now state this result formally as a theorem. 


THEOREM 14.14 The area S$ of a circle with radius r is wr*, that 


15, 


COROLLARY 14.14.1 The areas of two circles are proportional 
to the squares of their radii. 


Proof; Assigned as an exercise. 
We have defined the circumference of a circle to be the limit of the 


sequence of the perimeters of the inscribed regular polygons. We now 
proceed to define the length of an arc of a circle as a certain limit. 
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Consider an are AB of a circle with center V as shown in Figure 


14-21. For k > 2, let Py, Po, Ps,..., Py-1 be points on AB such that 
each of the k angles 


ZLAVP;, ZP,VPo, 2 P2VPs,..., 2 Py1VB 
has a measure of & mAB. (In Figure 14-21, k = 4) 


Figure 14-21 


Let 
Ay = AP, + PiPs + PoPs + +--+ + Py B. 
Thus, in Figure 14-21, 
Ay = AP; + Py Po + PoPs + PB. 
If we bisect each of the central angles 


ZAVP,, £P\VPo,..., 2 Pe-1VB, 
we obtain k more points Q,, Q2,..., Οἱ on AB such that 
Asx = AQ: + OiP; + PiQe + QOoP2 +--+ + OB. 


In Figure 14-21, 
Ag = (AQ: + Q1Pi) + (Pi102 + Q2P2) + (P2Qs + QOaPs) 

+ (ΡΟ, + OB). 
Now 


AQ: + QiP: > AP, 
P,Q. + ΟΡ. > P;Po, 
P203 + OsPs > PoPs, 
PsQa + QsB ΡΒ. = Why? 


14.5 Areas of Circles; Arc Length; Sector of a Circle 
It follows that As > Aq. If we continue to bisect the central angles 
with vertex V, we obtain a sequence of sums 
Ag, Ag, Ais, - + +> An 
(where n = k, 2k, 4k, 8k,...) in which each term in the sequence is 
greater than the preceding term. Also, this is a bounded sequence. 


Each number in it is less than the circumference of the circle. There- 
fore the sequence {A,} has a limit and we define that limit to be the 


length of are AB. 
Definition 14.10 The length of are AB (denoted by /AB) is 
the limit of {A,,} where 
A, = AP, + PyPo + --+ + ΡΒ 


and where P), P2,..., Ps-1 aren — 1 distinct points of AB 
subtending congruent angles at the center V of the circle 


containing AB, 


We now have two types of measure for arcs of a circle: their de- 
gree measures and their lengths. 
Definition 14.11 In the same circle or in congruent circles, 
a υρη σὰς congruent if and only if they have the same 


Thus, if ares AB and AB’ are arcs of congruent circles and if 
AB = A'B’, we have 


(1) IAB = IAP’. 
Also, from Definition 13.17, if AB = A’B’, we have 
(2) mAB = mA’B’. 


Hence, if AB and A‘B’ are congruent ares of congruent circles, then 
(IAB, 1A’B') = (mAB, mA’B’). 
In other words, lengths of congruent arcs of congruent circles are pro- 
portional to their degree measures. This is a trivial assertion, of course. 
Suppose, for example, that [AB = 100 and mAB = 20. What we are 
asserting is that 
(100, 100) = (20, 20). 
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It is also true (not trivial and we shall not prove it here) that the lengths 
of any two ares of congruent circles are proportional to their degree 
measures, We state this as our next theorem. 


THEOREM 14.15 The lengths of arcs of congruent circles are 
proportional to their degree measures, 


Thus, if K and K’ (as shown in Figure 14-22) are congruent circles 
and if AB is an are of K and A’B’ is an are of K’, we have 
(IAB, IA’B') = (mAB, mA’B’). 


Suppose that A’B’ in Figure 14-22 is a semicircle. Then 


mA’B’ = 180 and LA'B' = ar. Why? 


Let IAB be denoted by L and mAB be denoted by M. It follows from 
Theorem 14.15 that 


(L, wr) = (M, 180). 


Therefore 
1801, = «rM 
anc 
.. [- ΜῚ 
L= (=) ar 
We have proved the following theorem. 


THEOREM 14.16 ‘The length 1, of an are of degree measure M 


contained in a circle with radius r is (<M) ar that is, 


14.5 Areas of Circles; Are Length: Sector of a Circle 
Example 1 Find the length of an arc of a circle with radius 12 if the 
degree measure of the arc is 60. 


Solution: Use the formula of Theorem 14.16 with M = 60 and 
r = 12, Therefore 


ἐς (er (δ) 


Example ἃ Find the degree measure of an are of a circle with radius 
2 if the length of the are is 42. 
Solution: Solving the formula given in Theorem 14.16 for M, we 
obtain 


M= (180) L. (Show this) 


We are given that L = 4@ and that r = 2. Therefore 


180 47 
=. = 120. 
Ὡ τι ἃ Ἔ: 


Note that if M = 360 in the formula of Theorem 14.16, we get 


L = (22) ar = 20. 


Thus L equals the circumference of the circle as it should. 


Figure 14-23 shows a portion R of a circular region which is 


bounded by two radii, PA, PB, and an arc AB of the circle, We call R 
a sector of the circle. A more precise definition follows. 
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Definition 14.12 (See Figure 14-24,) Given a circle of ra- 
dius r with center P and an are AB of this circle, the union of 
all segments PO such that Q is a point on are AB is called a 
sector, We call AB the are of the sector and we call r the 
radius of the sector, 


Figure 14-24 | 


Suppose that we are given a sector of a circle with radius r and 
center V as shown in Figure 14-25. Let AB be the arc of the sector. 
For n > 2, let Pi, Po,..., Pay ben — 1 points on AB such that each 
of the n angles 

ZLAVP,, £P,VPs,..., 2 Py1VB 


has a measure of 2. mAB. (In Figure 14-25, n = 4.) 


14.5 Areas of Circles; Arc Length; Sector of a Circle 


Let 

(1) Ay = AP, + PyPo + +++ + PyiB. 

Let 5, be the area of the polygonal region VAP,P2... Pn1B; then 
(2) Sy = 4ay(AP1) + 4en(PrP2) + +++ + f¢n(Pu1B), 


where ἐς is the altitude to each of the bases AP), PiPs,..., Pr_1B of 
triangles AAVP,, AP|VPs,..., AP». VB, respectively. From Equa- 
tion (2) we get 


(3) Sy = Fan(APy + ΒΡ + +++ + Py-1B); 
hence 
(4) S, = 44nAn, 


by substitution from Equation (1) into Equation (3). 

We can make the difference between 5, and 5. (the area of the 
sector) arbitrarily small by choosing n large enough. Similarly, the dif- 
ference between a, and r can be made arbitrarily small by choosing n 
large enough. It seems reasonable, then, that 

lim 5S, = 5 and lim a, = f. 
By Definition 14.10, lim A, = L, the length of are AB. By applying 
parts 3 and 4 of Theorem 14.12 to Equation (4), we obtain 
(5) lim Sn = slim QyAg. 
From equation (5), it follows that 5. = ἀν, is a formula for the area of 


a sector with radius r and arc length L. We state this result as our next 
theorem. 


THEOREM 14.17 The area S of a sector is one-half the product 
of its radius r and the length I of its are, that is, 


8 = WL. 


If we combine the results of Theorems 14.16 and 14.17, we get the 
following theorem, 


THEOREM 14.18 If M is the degree measure of the arc of a sector 
with radius τὶ then the area $ of the sector is (“) mr®, that is, 


360 
[= [1 ar, 


Proof: Assigned as an exercise. 


852 
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Example 3 Find the area of a sector with radius 10 if the degree meas- 
ure of the arc of the sector is 72, 


Solution: If we use the formula of Theorem 14.18 with r = 10 and 
M = 72, we obtain 


+ (he 
$= (2). π΄ (10)? = 905. 


Note that, in the formula of Theorem 14.17, if L is the circumfer- 
ence C of the circle, then 


L = ἂπτ 
and 
5. = ἐγ "ϑπτ = πῇς, 


as it should for a cirele. Similarly, in the formula of Theorem 14.15, if 
the given arc is the circumference of the circle, then M = 360 and 


s= (ἐξ) = wr, 
as it should for a circle. 


EXERCISES 14.5 


In working the exercises of this set, do not use an approximation for 7 un- 
less instructed to do so. 


1, Prove Corollary 14.14.1. Let δ: and Sz be the areas of two cireles with 

radii τὶ and rg, respectively, Prove that 
(Sh, So) τ ἰγι, Fo"). 

2, The area of one circle is § times the area of a second circle, What is the 
ratio of the radius of the first circle to the radius of the second circle? 

4. The radii of two circles are r and 2r, How does the area of the larger 
circle compare with the area of the smaller cirele? How does the cir- 
cumference of the larger circle compare with the circumference of the 
smaller circle? 

4. Show that ifr < 2, the area of a circle is less than the circumference of 
the circle. (Of course, the area units and the length units are in different 
systems. If the length units are inches and the area units are square 
inches, and if r < 2, then the statement to be proved asserts that the 
number of square inches in the area is less than the number of inches in 
the circumference.) 


14.5 Areas of Circles; Arc Length; Sector of a Circle 
@ In Exercises 5-11, r is the radius of a circle and 5 is its area. 


5. Ifr = 8, find 8. 9, Ifr = \/41, find 5. 
6. If S = 108s, find τ. 10. If r = \/I7s, find 5. 
7. If S = 154, find τ. 11. If § = 75.36, find r, 


8. If r = ὅπ, find 5. 


12. In Exercise 7, use + = 47 and find r. 
13. In Exercise 9, use + = 3.14 and find S to the nearest tenth. 
14. In Exercise 11, use + = 3.14 and find r to the nearest tenth. 


@ In Exercises 15-15, the area of a circle is given. In each exercise, find the 
15. 81π 17. 81 
16, 49x 18. 49 


@ In Exercises 19-2, the circumference of a circle is given. In each exercise, 
find the area of the given circle. 
19. 407 21. 40 
20, 165 22. 16 


23, The figure shows two concentric circles with radii 7 cm. and 10 cm. The 
union of the two circles and the shaded portion between them is some- 
times called an annulus, Find the area of the annulus. 


24, A square andi a circle have the same area. 
(a) Find the perimeter of the square in terms of the radius r of the circle. 
(b) Find the circumference of the circle in terms of the length s of the 

side of the square. 

95. Find the areas of the inscribed and circumscribed circles of a square 
with side length 12, 

26, In Exercise 25, find the area of the annulus (see Exercise 23) between 
the two circles, 
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27. The radius of the circle with center ( is 24. The raclius of the circle 
with center C’ is 12. If mAB=—60 and mA’ B' =60, show [AB=21A’P’. 


CO 


28. F ord the circles of Exercise 27, if [AB = [Δ΄ ΒΓ and mAB = 60, find 
τῷ Ε΄. 
ΝΒ Given a circle with radius r and an arc AB of the circle, use the given infor- 
mation in Exercises 29-35 to find the indicated measure. 
29. If r= 12 and mAB = 45, find IAB. 


30. signi esi at 
31. If IAB = “Gand mAB = 60, find r. 


32. HU = © and nA = 270, find r, 
33. fr = 18 and mAB = 240, find (AB. 
34, If r= 9 and mAB = 1332, find LAB. 
35. If r = 4 and IAB = 6r, find mAB. 


36. Given a circle with radius ¢ = 1, find the degree measure of each of the 
following ares of the circle, 


(a) AB if IAB = 4 i AJ it Ay = τα 
(b) AC if IAC = = ἢ ἀν 
(ἡ) AD if IAD = Ξ (k) AL if AL = 5 
(ἃ) AE if AE = = (ἢ AM iflAM = Ξ 
() AF if IAF = 22 (μὴ AN if AN = 55 
(ἢ AG if AG = 85 (n) AP if AP = δ 
(g) AH if AH = 22 (0) AQif1AQ = Lt 


ἢ ΠΕ IAT = π 


14.5 Areas of Circles; Arc Length: Sector of a Circle 


31. Prove Theorem 14.18, (Hint: Combine the results of Theorems 14,16 


and 14,17.) 

38, ‘The radius of a circle is 12 in. Find the area of a sector with the follow- 
ing are length: 
(a) 4π (b) 2.79 (c) 82 (ἃ <5 

39. The radius of a circle is 15 in. Find the area of a sector with an arc whose 
degree measure is 
(a) 60 (b) 144 (c) 1 (ἃ) 330 


40, Let a circle with center P and radius r be given. Points A and B are 


41, 


points of the circle such that m 4 APB = 130 and the area of sector APB 
is 1207. Find r and JAB. 
In an ty-plane, let sets C and | be defined us follows: 
C= {(x, y): x? + y* = 64}, 
f= {yy}: y =x}. 
Let P be the point where / intersects C in the first quadrant, let O be the 


origin of the given xy-plane, and let B be the point on the positive x-axis 
where C intersects the x-axis. Find the area of the sector POR. 


Exercises 42-44 refer to Figure 14-26 which shows a circle with center V 
and chord AB. The shaded portion bounded by the chord AB and the are 


AB is called a segment of the circle. Let h be the altitude to AB of AAVB, 
let AB = s, let VA = r = VB, and let L = JAB, 


Figure 14-26 


42. CHALLENGE PROBLEM. Derive a formula for ἢ in terms of r and 5. 
43, CHALLENGE Prostem. Derive a formula for the area 5 of the segment 


44, 


of the circle in terms of r, s, and L. 
See Exercise 43. Find Sifr = 5, αὶ = 6, and L = An. (Use πὶ = 8.14 


4 


and round your answer to the nearest tenth.) 
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45, CHALLENGE PROBLEM, The figure shows three congruent circles with 
eenters P,Q, R. Each of the circles is tangent to the other two and the 


points of tangency are A, ἢ, C, 


(a) Show that A POR is equilateral. 


(b) Lf the radius of each of the circles is 12, find the area 5 of the shaded 


region bounded by ares AB, BC, and AC. (Use π᾿ = 3.14 and round 
your answer to the nearest tenth.) 


CHAPTER SUMMARY 


In this chapter we defined the following terms and phrases. Be sure that 


you know the meaning of each of them. 


INTERIOR ANGLE OF A 
POLYGON 

EXTERIOR ANGLE OF A 
POLYGON 

REGULAR POLYGON 

CIRCUMSCRIBED CIRCLE 
(CIRCUMCIRCLE} 

INSCRIBED POLYGON 

INSCRIBED CIRCLE 
(INCIRCLE) 

CIRCUMSCRIBED POLYGON 

CENTER OF REGULAR 
POLYGON 

CIRCUMRADIUS OF 
REGULAR POLYGON 


INRADIUS OF REGULAR 
POLYGON 

CENTRAL ANGLE OF 
REGULAR POLYGON 

CENTRAL TRIANGLE OF 
REGULAR POLYGON 

CIRCUMFERENCE OF 
CIRCLE 

THE NUMBER πα 

CIRCULAR REGION 

AREA OF CIRCLE 

LENGTHS OF ARC 

SECTOR 

ARC OF A SECTOR 

RADIUS OF A SECTOR 


Chapter Summary 
There were 18 theorems in this chapter, most of which consisted of 
formulas. In developing many of these formulas, we used the idea of a 
LIMIT of a sequence of numbers. A complete treatment of limits is too 
difficult for a first course in geometry. Our goal was to give an intuitive 
feeling for the concept of a limit and to make the formulas seem plausible. 
Be sure that you know the following list of formulas and that you know how 
to apply them. 


Sum 5. of the measures of the interior angles of a convex polygon of n 


S = (n — 2)180. 
Measure πὶ of each angle of a regular polygon of n sides: 
ee a= = 180 
Sum S$ of the measures of the exterior angles, one at each vertex, of a 
convex polygon of n sides: 
5. = 360. 
Measure m of each exterior angle of a regular polygon of n sides: 
360 


a 
Perimeter of a regular polygon of n sides: 


p= ns, 
where p is the perimeter and s is the length of a side of the polygon. 


Area of a regular polygon of n sides: 
S = jap, 
where S is the area, a is the inradius, and p is the perimeter of the polygon. 
Circumference of a circle: 
C = ad or C = 2a, 
shere C is the circumference, r is the radius, and d is the diameter of the 
Area of a circle: 
S= we, 
where § is the area and r is the radius of the circle. 
Length of an are of a circle: 


= (i 


where L is the length of the arc, M is the degree measure of the arc, and r 
is the radius of the circle. 


Area of a sector: 
S$ = HL, 
where $ is the area, ris the radius, and L is the length of the are of the sector. 
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REVIEW EXERCISES 


. Find the measure of each interior angle of a regular pentagon; of a 


regular 7-gon. 

Find the measure of each exterior angle of a regular 15-gon. 

If the measure of each interior angle of a regular n-gon is 150, find n. 
If the measure of each exterior angle of a regular n-gon is 40, find n. 


. If the measure of each of the n central angles of a regular n-gon is 20, 


find n. 


. Using only a pair of compasses for drawing circles and a straightedge 


for drawing lines, explain how you would construct a regular hexagon; 
an equilateral triangle; a square. 


. Find the perimeter and the area of a regular hexagon cach of whose 


sides is 20 cm, long, 


In Exercises 8-13, the radius of a circle is given. In each exercise, find the 
area and the circumference of the circle. Use + = 3.14 and express each 
answer to the nearest tenth. 


8 r= 13.5 cm. 
5. »--]} 

10, r = 6.04 in. 
ll, r= 3.14 ft. 
12. r= 12 

13.-r = 62.8 


In Exercises 14-19, the circumference C of a circle or the area ἢ of a circle 
is given. In each exercise, find the radius of the circle. Give an exact answer 


in each case. 

14. 8 = ἐπ 

15. C = 4+ 

16. § = 2167 sq. cm. 
17. ἃ = 235 sq. in. 
18, C = 1435 ft. 

19, C = 7 cm. 


In Exercises 20-24, r is the radius of a circle, L is the length of an are of the 
circle, and M is the degree measure of the are. 


20. 
21. 


Ifr = l6 and M = 80, find 1, 
If r= 4and L = ὅπ, find M. 


22. IfL = and M = 240, find τ. 
23, Ifr = 10 and L = 4%, find Μ. 
24, Ir = 4.5 and M = 220, find L. 
25. An annulus (the shaded region shown in the figure) has an inner radius 


of x and an outer radius of x 4+ 3. [fits area is 48, find its inner and 
outer radii. 


Y 


27. Find the area of a sector if the radius is 14 and if the length of the are 
of the sector is Ll. 
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28. In the figure, AABC is a right triangle with the right angle at C. AB, 


BC, and AC are semicircles with diameters AB. BC. and AC, respec- 
tively. If a, b, δ are the lengths of the sides BC, AC, AB, respectively, 
show thatthe area ofthe semicircle with diameter cfs equal to the sum 
of the areas of the two semicircles with diameters a and b. 


29. In the figure, AABC is a right triangle with the right angle at C. AB is 
a diameter of circle K, and AXC and BYC are semicircles with diam- 
eters AC and BC, respectively, Show that the sum of the areas of the 
two shaded regions is equal to the area of the triangle. 


Review Exercises 661 
30. CHALLENGE PhopLEm. In the figure, ABCD is a square each of whose 
sides is 10 cm. long. P, Q, R, 5 are the midpoints of sides AB, BC, CD, 


DA, respectively, Arcs EF, FG, GH, HE are arcs of circles with centers 


P, Ὁ, R, 5, respectively, and are tangent to the diagonals of square 
ABCD at points E, F, G, H. 


(a) Prove that PORS is a square. 
(b) Find the area of the shaded region bounded by the four ares EF, 


FG, GH, and HE. 


Chapter 


Van Bucher/Photo Researchers 


Areas 
and Volumes 
of Solids 


15.1 INTRODUCTION 


In your study of informal geometry you may have learned formulas 
for finding surface areas and volumes of some of the familiar solids. 
In this chapter we review and extend this phase of geometry. We con- 
tinue our somewhat informal development of geometry from Chapters 
13 and 14. A formal development of these formulas belongs properly in 
a calculus course. The development of this chapter is designed to make 
the formulas plausible. Emphasis is placed on understanding the for- 
mulas and on using them. 

In Chapter 13 we studied circles and spheres. A sphere may be 
thought of as a solid or as a surface. In this book a sphere is a surface, 
and the union of a sphere and its interior is a spherical region. In- 
formally speaking, the grea of a sphere is a number that expresses the 
measure of the sphere, and the volume of a sphere is a number that ex- 
presses the measure of the associated spherical region. 

Although prisms, pyramids, cylinders, and cones may be thought of 
as either solids or surfaces, in this book we consider them as solids, The 
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area of a cylinder {more properly, the surface area of a cylinder), for 
example, is a number that expresses the measure of the surface of the 
cylinder, and the volume of a cylinder is a number that expresses the 
measure of the cylinder itself, 


15.2. PRISMS 


Figure 15-1 shows some diagrams of prisms. We might think of a 
prism as the solid swept out by a polygonal region moving parallel to 
itself from one position to another. Each point P in the region moves 
along a segment PP’ as suggested in Figure 15-2, and all of these seg- 
ments are parallel to each other. The prism is the union of all such seg- 
ments. We make these ideas formal with the following definition. 
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Definition 15.1 (See Figure 15-2.) Let a and £ be distinct 
parallel planes. Let Ὁ and Q’ be points in a and β, respec- 
tively. Let R be a polygonal region in a. For each point P in 
R let P’ be the point in 8 such that PP’ || OO’. The union of 
all such segments PP’ is a prism. Lf OQ! is perpendicular to 
a and 8, the prism is a right prism. 


Figure 15-2 


In this chapter we shall limit our discussion of prisms to those 
prisms whose bases are convex polygonal regions, that is, regions whose 
boundaries are convex polygons. 


Definition 15.2 (See Figure 15-2.) Let R’ be the polygonal 
region consisting of all the points P’ in 8. The polygonal re- 
gions R and R’ are called the bases of the prism, Depending 
upon the orientation of the prism it is sometimes convenient 
to call one of the bases the lower base and the other base the 
upper base. Sometimes we call the lower base simply the 
base. A segment that is perpendicular to both a and and 
with its endpoints in these planes is an altitude of the 
prism. Sometimes the length of an altitude is called the alti- 
tude of the prism. 


Prisms are often classified according to their bases. Thus a triangu- 
lar prism is one whose base is a triangular region; a rectangular prism is 
one whose base is a rectangular region, and so on. 
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Figure 15-3 shows a triangular prism. The bases are the triangular 

regions ABC and A‘B'C’. The triangular region DEF in the figure, 

which lies in a plane parallel to the plane of the base, is called a cross 
section of the prism. 


Figure 15-3 


Definition 15.3 If a plane parallel to the plane of the base 
of a prism intersects the prism, the intersection is called a 
eross section of the prism. 


Is the triangular region ABC a cross section of the prism shown in 
Figure 15-3? Is the region A’B’C’ a cross section of the prism? 

We say that a point P of the lower base corresponds to a point R of 
a cross section (other than the lower base) if PR || OO’. We call A DEF 
in Figure 15-3 the boundary of the triangular region DEF, Similarly, 
ABC is the boundary of the lower base of the prism, 4.A'B'C" is the 
boundary of the upper base, and so on. 


THEOREM 15.1 The boundary of each cross section of a tri- 
angular prism is congruent to the boundary of the base of the prism. 


Proof: Let the triangular region ABC in plane ἃ be the lower base of 
the prism and the triangular region A’B’C’ in plane βὶ be the wpper base 
as shown in Figure 15-3. Let y be a plane parallel to a and intersecting 
AA’, BB’, CC’ in points D, E, F, respectively. Then, by definition, the 
region DEF is a cross section of the prism. That the region DEF is a 
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triangular region can be proved using separation properties. We omit 
the details here. We shall prove ADEF & AABC. 

If y =a, then D=A, E=B, F=C, and ADEF = AABC. 
Therefore ἃ ΠΕΡ = AABC. Why? Suppose, then, that y Ξέ ἃ as sug- 
gested in Figure 15-3. By the definition of a prism, there are points 
in ἃ and Q’ in βὶ such that AA’ || OO’ and BB’ || OQ". Then AA’ || BB’ 
and AD || BE. Also, by Theorem 8.12, AB || DE. Therefore ABED is 
a parallelogram and DE = AB. In the same way we can prove 
DF = AC and FE = CB. Therefore A DEF = AABC by the 5. 5. 5. 
Postulate. Since y is an arbitrary plane parallel to a and intersecting 
the prism, we have proved that the boundary of each cross section of a 
triangular prism is congruent to the boundary of its base, and the proof 
is complete. 


Since the upper base of a prism is a cross section of the prism, we 
have the following corollary. 


COROLLARY 18.1.1 The boundaries of the upper and lower 
bases of a triangular prism are congruent. 


THEOREM 15.2 (The Prism Cross Section Theorem) All cross 
sections of a prism have the same area, 


Proof: Let the prism as shown in Figure 15-4 be given. (We have 
shown a prism whose base is a polygonal region consisting of five sides. 
The following argument can be modified to apply to a prism whose 
base is a polygonal region consisting of n sides, where n > 3.) Let ἢ be 
the base and let R’ be a cross section of the 
prism. Then R can be divided into nonover- 
lapping triangular regions ἦι, fz, tz as shown 
in Figure 15-4. Let tj, t, ἃ be the corre- 
sponding triangular regions in R’. Then the 
boundary of #; is congruent to the boundary 
of tj, the boundary of fz is congruent to the 
boundary of tz, and the boundary of fy is con- 
gruent to the boundary of t3. Why? The areas 
of εἴ, ἐδ, ts are equal, respectively, to the areas 
of ty, to, ty. Why? The area of R’ is the sur 
of the areas of fj, #4, ¢&, and the area of A is Figure 18:4 
the surn of the areas of ¢, te, ty. Why? Since these two sums are equal, 
it follows that the area of R’ is the same as the area of R. Since AR’ is an 
arbitrary cross section of the prism, it follows that all cross sections 
have the same area and the proof is complete. 
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COROLLARY 15.3.1. The two bases of a prism have the same 
ΒΓΕ, 


Proof: Assigned as an exercise. 


Definition 15.4 (See Figure 15-5.) A lateral edge of a prism 
is a segment AA’, where A is a vertex of the base and A‘ is the 
corresponding vertex of the upper base, Given any side of 
one base of a prism, the lateral face of the prism correspond. 
ing to that side is the union of all segments PP’ parallel to a 
lateral edge and with P on the given side of the base. The 
lateral surface of a prism is the union of its lateral faces. The 
total surface of a prism is the union of its lateral surface and 
its bases. 


Figure 15-5 


For the prism shown in Figure 15-5, AA’ is a lateral edge and 
ABB’A' is a lateral face. Name four other lateral edges and four other 
lateral faces in the figure. 

Note that the lateral edges of a prism are parallel to the segment 
OQ’ in the definition of a prism. The segment AB in Figure 15-5 is not 
a lateral edge of the prism although AB is an edge of the prism. Indeed, 
it is an edge, or side, of a base of the prism. 


THEOREM 15.3 The lateral faces of a prism are parallelogram 
regions and the lateral faces of a right prism are rectangular regions. 


Proof: (See Figure 15-5.) A complete proof involves a discussion of 
separation properties which we omit here. Suppose that we are given a 
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prism with points labeled as in Figure 15-5. We shall content ourselves 
with proving that ABB'A’ is a parallelogram and that ABB'A’ is a rec- 
tangle if the prism is a right prism, Similar arguments could be given for 
each of the lateral faces of the prism. 

By the definition of a prism, there is a segment QQ such that 
AA’ || OO’ and BB’'|| OO’. Therefore AA’ || BB’. Why? By the defini- 
tion of a prism, the planes containing the bases are parallel. Therefore 
it follows from Theorem 8.12 that A’B’ || AB. This proves that ABB‘A’ 
is a parallelogram. | 

If the prism is a right prism, then QQ" is perpendicular to plane a. 
Why? Therefore AA’ | α (Why?) and AA’ | AB. Why? It follows 
that ABB'A’ is a rectangle. 


Definition 15.5 A parallelepiped is a prism whose base is 
a parallelogram region. A rectangular parallelepiped is a right 
prism whose base is a rectangular region. A cube is a rec- 
tangular parallelepiped all of whose edges are congruent. A 
diagonal of a parallelepiped is a segment joining any two of 
its vertices which are not contained in the same lateral face 
or base of the parallelepiped. 


Figure 15-6 shows pictures of a parallelepiped, a rectangular par- 
allelepiped, and a cube. In each picture, the segment RS is a diagonal 
of the parallelepiped. How many diagonals does a parallelepiped have? 


Definition 15.6 The lateral surface area of a prism is the | 
sum of the areas of its lateral faces, The total surface area of 

a prism is the sum of the lateral surface area and the areas of 
the two bases. 
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EXERCISES 15.2 


1. Copy and complete: 


All the faces of a parallelepiped (lateral, 
upper base, and lower base) are 

2. Copy and complete: 
All the faces of a [7] parallelepiped are 
rectangular regions. 

3. Copy and complete: 
All the faces of a [7] are square regions. 

ΜΝ Exercises 4-16 refer to the prism shown in Figure 15-7. In this figure, P is a 


point in ἃ and P’ is a point in 8 such that PP’ 1 a, In each exercise, com- 
plete the statement. 


Figure 15-7 


4. The region ABCDE is called a [Ὁ] of the prism. 
5. The region A’B'C’D’E’ is called a [7] of the prism. 
6. BB’ is called a (an) [7] of the prism. 
7. There are [7] lateral edges in all, 
8. Counting the lateral edges and the edges (sides) of the two bases, there 
are [?] edges in all, 
8. The parallelogram region BCC'B’ is called a (an) [7] of the prism. 
10. There are [7] lateral faces in all. 


11. 
13. 
13. 
14. 


15, 
18, 


= 
IT. 


18. 
1 9. 


21. 


a7 


rae 


15.2 Prisms 
Counting the lateral faces and the two bases, there are [7] faces in all, 
A is called a (an) [5] of the prism. 
There are [7] vertices in all. 


If V is the number of vertices, E is the number of edges, and F is the 
number of faces, then V — E + F = [7]. 

PF is called an [7] of the prism. 

If BB’ 1 ἃ, then the prism is called a [7]. 


Prove that the total surface area of a cube is 6e?, where ¢ is the length 
of one of its edges. 

Find the total surface area of a cube whose edge is 7 cm. in length. 
Prove that the total surface area of a rectangular parallelepiped is 


Bab + Bhe + 2ac, 


where ἃ and b are the dimensions of the base and c is the altitude of the 
prism, Draw an appropriate figure. 

Find the total surface area of a rectangular parallelepiped if the dimen- 
sions of the base are 4 cm, by 6 em, and if the altitude of the prism is 
8 cm. 

Given that the pentagonal prism of Figure 15-7 is a right prism, that the 
lengths of the edges of the base are 3, 7, 4, 93, and 6, and that the alti- 
tude is 8, find the lateral surface area of the prism. 


_ If Sis the lateral surface area, a is the altitude, and p is the perimeter of 


the base of a right prism, prove that 
5 = ap. 


_ Use the formula in Exercise 22 to find the lateral surface area of the 


prism in Exercise 21. Does your answer agree with the one obtained in 
Exercise 21? 


. Find the altitude of a right prism if the lateral surface area is 336 and 


the perimeter of the base is 28. 


. Find the perimeter of the base of a right prism if the lateral surface area 


is 35] and the altitude is 135. 


. ΤΕ the base of the right prism in Exercise 25 is a square region, find the 


length of each of its edges. 

Find the total surface area of a right triangular prism if the boundary 
of each base is an equilateral triangle whose sides have length 10 and if 
the altitude of the prism is 12. 


. The area of a cross section of a prism is 32. ‘The lateral surface area is 


128. Find the total surface area of the prism. 


. If AB and PO are two lateral edges of a prism, prove that AB and PO 


are coplanar. 
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30. Prove Corollary 15.2.1. 

31. Given the rectangular parallelepiped shown in the figure with AB = 12, 
BC = 6, and CD = 8, find the length of the diagonal AD. (Hint: Draw 
AC. What kind of triangle is AABC? What kind of triangle is AACD?) 


B 


32. In the figure RS is a diagonal of a cube and the length of each edge of 
the cube is 8, Prove that AS = 84/3. 


33. Prove that the length of every diagonal of a cube is 1/3, where e is the 
length of one of its edges. 

34, CHALLENGE PROBLEM. Use the Distance Formula for a three-dimen- 
sional coordinate system to prove that the diagonals of a rectangular 
parallelepiped have equal lengths, 

35. CHALLENGE PROBLEM, [ΕΝ js the altitude of a prism, prove that h < τ, 
where 7 is the length of any one of its lateral edges. 


15.3 PYRAMIDS 


Figure 15-8 on page 673 shows some pictures of pyramids. Com- 
pare Figure 15-8 with Figure 15-1, In what respect does a pyramid 
differ from a prism? How are they similar? 

Since a pyramid is similar in many respects to a prism, some terms 
for parts of a prism are also used for parts of a pyramid. We shall use 
these terms without giving formal definitions. 


15.3 Pyramids 673 


Figure 15-8 


Definition 15.7 (See Figure 15-9.) Let R be a polygonal re- 
gion in a plane α and Va point not in a. For each point P of 
R there is a segment PV. The union of all such segments is 
called a pyramid. The polygonal region R is called the base 
and V is called the vertex of the pyramid. The distance VT 
from V to a is the altitude of the pyramid. 


Figure 15-9 


For the pyramid in Figure 15-9, AV is a lateral edge and the tri- 
angular region ABV is a lateral face. Name four other lateral edges 
and four other lateral faces of the pyramid shown. How many edges 
(lateral and base) does this pyramid have in all? How many faces in all> 
How many vertices in all? 

A cross section of a pyramid is the intersection of the pyramid with 
a plane parallel to the base provided the intersection contains more 
than one point. 
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THEOREM 15.4 The boundary of each cross section of a triangu- 
lar pyramid is a triangle similar to the boundary of the base, and the 
areas of any two cross sections are proportional to the squares of 
the distances of their planes from the vertex of the pyramid, 


Proof: Let the triangular region ABC in plane « be the base of the 
pyramid as shown in Figure 15-10. Let B be a plane parallel to a and 
intersecting AV, BV, and CV in distinct points Α΄, Β΄, and C’, respec- 
tively. Then the triangular region A’B’C’ is a cross section of the pyra- 
mid. Let 5 be the area of AABC, let 8" be the area of AA‘B'C”, let k be 
the distance from the vertex to the cross section plane, and let h be the 
altitude of the prism. In Figure 15-10, k = VP’ and h = VP. 


Figure 15-10 


To complete the proof of the theorem we shall prove statements 
1 and 2. 


1, AA'B'C' ~ AABC 
2. (8, 5) = (Re, μὴ) 


If 8 = a, then A’ = A, Β' = B,C’ = ΟΡ = PF. andk = h. There- 
fore ΔΑΒ = AABC and hence 


AA'B'O = AABC. 
It follows that ΔΛ ΕΟ ~ AABC and that 
δι Ἐπὶ ἃς k=h, and [δ΄͵ δὲ Ξ (K*, hh), 


Suppose, then, that 8 3ξ α. We have V, A, P, A’, Ρ' coplanar (Why?) 
with A—A’-V and P-P’-V. AP | VP and A‘ | VP’. Why? Therefore 


15.3 Pyramids 


AA'P’'V~ AAPV by the A.A. Similarity Theorem. (2 A’VP'= 4 AVP 
and £A’P'V = 4 APV.) Hence 


(VA’, VA) = (k, h). 
In the same way, we can show that AB’P’'V ~ ABPV and hence 


(VB’, VB) = (k, h). 
Therefore 
(VA’, VA) = (VB’, VB) 
and 
AA'VB’ ~ AAVB 


by the S. A. S. Similarity Theorem, Therefore 
(A’B’, AB) = (VA’, VA) 


and 
(A’B’, AB) = (k, h) 
Νὰ A’ = κι AB. 
hi 
In the same way it can be shown that 
BC =+-BC 
CA’ = ᾿ξ. CA 
Then 


(A'B’, BC. C’A’) τ (AB, BC, CA) 

and it follows that AA’B'C’ ~ AABC by the 8. 8. 8. Similarity Theo- 
rem. Recall that in Chapter 10 it was proved (Theorem 10.15) that if 
two triangles are similar, then their areas are proportional to the square 
of the lengths of any two corresponding sides. Therefore 

(δ, 5) = ((A’B'?, (AB)?). 
Since 

(A’B’, AB) = (k, h), 
it follows that 
((A’BY, (AB)2) = (R?, h?). 

Therefore 

(S', 5) Ξ (k?, hh), 


and the proof is complete. 
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Compare our next theorem for pyramids with Theorem 15.2 for 
prisms. 


THEOREM 15.5 In any pyramid the areas of any two cross sec- 
tions are proportional to the squares of the distances of their planes 
from the vertex of the pyramid. 


Proof: Let a pyramid be given as shown in Figure 15-11, (We have 
shown a pyramid whose base is a polygonal region consisting of five 
sides, The following argument can be modified to apply to a pyramid 
whose base is a polygonal region consisting of n sides, where n > 3.) 


Figure 15-11 ΗΕ 


Let the polygonal region ABCDE be the base and let A‘B’C’D’E’ 
be any cross section of the pyramid. Let 5 be the area of the region 
ABCDE and let S’ be the area of the region A’B'C’D’E’. Let k be the 
distance from the vertex to the cross section plane and let h be the alti- 
tude of the pyramid. The region ABCDE can be divided into nonover- 
lapping triangular regions ty, tz, fg as shown in Figure 15-11, Let t4, ts, 
t be the corresponding triangular regions in A’B’C’D'E'. Let Τὶ, Ts, Ts 
be the areas of ty, tz, ty, respectively, and let Tj, Τὰ, Τὰ be the areas of 
ti, ἐλ, ἐδ, respectively. 


Then 

S=%h+h+ Τὰ 
and 

s= Τ᾽ τι - Ts + Ts. 


15.3 Pyramids 
By Theorem 15.4, 
(Ti, Tr) = (5, he). 
From the product property of a proportion it follows that 


Tih? = Tk. 
Similarly, 

Tah? = Tok? 
and 

Tah? = Tak. 


Then adding and using the Distributive Property, we get 
(Ty + Tz + ΤΩΝ = (Ty + Tz + Ts) 
5113 = Sk? 
(δ΄, 5) = (15, A?) 
and this completes the proof. 


We now use Theorem 15.5 to prove our next theorem. 


THEOREM 15.6 (The Pyramid Cross Section Theorem) If two 
pyramids have equal altitudes and if their bases have equal areas, 
then cross sections equidistant from the vertices have equal areas. 


Proof: Let two pyramids be given as shown in Figure 15-12. (We have 
shown pyramids whose bases are triangular regions. The theorem, how- 
ever, is not restricted to this case and our proof applies equally as well 
to pyramids whose bases are polygonal regions with more than 3 sides.) 


Figure 15-12 
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Let the base area of each pyramid be S, let ἢ be the altitude of each, and 
let k be the distance from the vertex to the plane of the cross section of 
each. Let the areas of the cross sections be $; and 5. We must prove 
that 5; = So. By Theorem 15.5, 


(Si, 8) = (K2, ἈΞ) = (Se, 5). 
Therefore 
$5 = SS, 


51 ΞΞ So, 
and the proof is complete. 


EXERCISES 15.3 


In Exercises 1-13, copy and complete each statement. Exercises 3-13 refer 
to the pyramid shown in Figure 15-13 in which Pis a point in a, the plane of 
the base, such that VP 1 a. 


Figure 15-13 


1, All the lateral faces of a pyramid are [9] regions. 

2. If the boundary of the base of a pyramid is an equilateral triangle, then 

the boundary of each cross section is [7]. 

The region ABCD is called the [7] of the pyramid. 

V is called the [7] of the pyramid. 

AV is called a PJ of the pyramid. 

. There are [5] lateral edges in all. 

» Counting the lateral edges and the edges of the bases, there are [5] edges 
in all. 


SPB ge 


8. The triangular region ABV is called a [7] of the pyramid. 
9, There are [Ὁ] lateral faces in all. 


18. 


11. 


18. 


19. 


20. 


21. 


15.3 Pyramids 


. Counting the base, the total number of faces is 
. There are [5] vertices in all. 
12. If Vis the number of vertices, F the number of edges, and F the number 


of faces, then V — E + F = Γ΄. 


. VP is the [7] of the pyramid. 


. Compare your answer to Exercise 12 with that of Exercise 14 in Exer- 


cises 15.2, Are they the same? 


5, Compute V — E + F (see Exercise 12) for the pyramid shown in Figure 


15-11 and for the prism shown in Figure 15-5, Are your answers the 
same for both solids? Do you think V — E + F = 2 for every prism or 
pyramid? Try some more examples using figures from this chapter. 
Recall that the center of a regular polygon is the center of the circum- 
scribed circle. The center of a regular polygonal region is the center of 
the polygon bounding the region. A pyramid is a regular pyramid if and 
only if its base is a regular polygonal region and the foot of the perpen- 
dicular from its vertex to its base is the center of the base. Figure 15-13 
shows a regular pyramid whose base is a square. Prove that the bound- 
ary of the lateral face AVB is an isosceles triangle. (Hint: Draw PA and 
PB and prove that AAPV = ABPV by the 5. A. 5. Postulate.) 

Given that the pyramid shown in Figure 15-13 is a regular pyramid 
whose base is a square region (see Exercise 16), prove that 
AAVB = ABVC. 

Draw a picture of a regular pentagonal pyramid, that is, a regular pyra- 
mid whose base is a regular pentagonal region (see Exercise 16). Label 
the vertex V and the vertices of the base A, B, C, D, E. Pick any two 
lateral faces and prove that they are congruent isosceles triangles. (Hint: 
Draw the perpendicular from V to the center of the base as in Figure 
15-13.) 

Recall that corresponding altitudes of congruent triangles are con- 
gruent, Prove that the lateral surface area of the regular pyramid shown 
in Figure 15-13 is given by § = 4ap, where p is the perimeter of the 
base and a is the length of the segment whose endpoints are the vertex 
of the pyramid and the foot of the perpendicular from the vertex to an 
edge of the base. (See Exercises 16, 17, and 18.) 

Let two pyramids, one triangular and one hexagonal, with equal base 
areas be given, The altitude of cach pyramid is 9 in. The cross section of 
the triangular pyramid that is 3 in, from the base has an area of 40 sq. in. 
What is the area of the cross section of the hexagonal pyramid that is 
3 in. from its base? 

The area of the base of a pentagonal pyramid is 1024, The distance from 
the vertex to the plane of a cross section is 3 and the altitude of the pyra- 
mid is 8. Find the area of the cross section. (Hint: Use Theorem 15.5.) 
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22. The boundary of the base of a pyramid is an equilateral triangle, and the 
boundary of each lateral face is an equilateral triangle with sides of 
length 8. Find the total surface area of the pyramid. 

23. The boundary of the base of a pyramid is a square whose sides are 
10 cm. in length, and the boundary of each lateral face is an equilateral 
triangle, Find the total surface area of the pyramid. 

24, Find the altitude of the pyramid of Exercise 23. 

25. Find the altitude of the pyramid of Exercise 22. 

26. The area of a cross section of a pyramid is 125. The area of the base is 
405. The altitude of the pyramid is 9. Find the distance k from the vertex 
to the plane of the cross section. 

27. Given (a, b) = (c, d), prove that (a?, b?) = (οὔ, d*). If 


(a, δὴ = (ὁ, d) 


with constant of proportionality ¢, then what is the constant of pro- 
portionality for 


(a, bt) = (c®, d?)? 


Refer to the proof of Theorem 15.4 In which sentence of this proof is 
this property of a proportionality used? 


15.4 AREAS AND VOLUMES OF PRISMS AND CYLINDERS 


As stated in the introduction to this chapter, we shall not treat areas 
and volumes of solids as rigorously as we did areas of polygonal regions. 
The concepts of surface area and volume are natural extensions of the 
area concept developed in Chapter 9, We accept without proof the 
fact that each solid discussed in this chapter has a surface area and a 
volume, 

For volumes, we accept two postulates and use them to prove the 
volume formulas for prisms, cylinders, pyramids, and cones. Later in 
the chapter we develop a formula for the volume of a sphere. 

For surface areas of cylinders, cones, and spheres, we develop the 
formulas informally and then state them formally as theorerns whose 
proofs are beyond the scope of this book, 

Our first postulate is similar to Postulate 28, the Rectangle Area 
Postulate of Chapter 9. 


POSTULATE 31 (Rectangular Parallelepiped Volume Postu- 
late) ‘The volume of a rectangular parallelepiped is the product of the 
altitude and the area of the base. 
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Figure 15-14 is a picture of a rectangular parallelepiped. By defini- 
tion, its base is a rectangular region and each of its faces is a rectangular 
region. Thee coy GL ONT faci coeds So calle ἦτ Daly go hs 
length of any one of its edges that is perpendicular to that face could be 
called the altitude. 


Figure 15-14 
By Postulate 31, the volume V of the rectangular parallelepiped shown 
in Figure 15-14 is given by the formula 

V=Sh, 


where 5 is the area of the base and A is the altitude. By Postulate 25, 
S = ab. Therefore we have 


V = abh 


as a formula for the volume of a rectangular parallelepiped. 
Suppose that an ordinary deck of playing cards is arranged so that 
its lateral faces are vertical as suggested in Figure 15-15a. It seems rea- 
cade bik i hic taurre of he deck chan gecies to Pagan lb 18h, he 
volume of the deck remains the same. It also seems reasonable that the 
fifteenth card from the bottom in Figure 15-15a has the same volume 


as the corresponding card in Figure 15-15b. 


Figure 1515 
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As a second example, suppose that we make an approximate model 
of a rectangular pyramid by forming a stack of thin cards as suggested 
in Figure 15-16. Of course, the thinner we make the cards, the more 
cards there will be and the closer the approximation will be. Suppose 
that the cards in the model are kept at the same level but are allowed 
to change position by sliding along each other. 


Figure 18. 18 


Then the shape of the model changes, but its volume does not change. 
For different positions of the cards, the base area and the thickness 
of any two cards at the same level are the same, hence their volume 
is the same. The total volume of the model is the total volume of the 
cards, and the total volume does not change when the cards slide along 
each other. 

More generally, imagine two solids with equal altitudes and with 
bases in the same horizontal plane. Suppose that every two cross sec- 
tions of these solids at equal distances from the bases have equal areas. 
Then it seems reasonable that the two solids should have equal vol- 
umes, The reason is that if we imagine the solids being cut into thin 
slices by planes parallel to the bases, the volumes of slices at the same 
distance from the bases will be approximately equal. Therefore the 
volumes of the two solids should be equal. 

The principle that we have tried to make plausible here is called 
Cavalieri’s Principle after Professor Bonaventura Cavalieri (1598- 
1647) of the University of Bologna. He used this principle in obtaining 
some results that we now find in the calculus, We state this principle 
formally as the second postulate of this section. 


POSTULATE 32 (Cavalieri’s Principle) ΤῈ two solids have equal 
altitudes, and if cross sections of these solids at equal distances from 
the bases have equal areas, then the solids have equal volumes. 


15.4 Areas and Volumes of Prisms and Cylinders 


Cavalicri’s Principle is the key to calculating volumes other than 
rectangular parallelepipeds. We use the principle in the proof of our 
next theorem. 


THEOREM 15.7 The volume V of any prism is the product of its 
altitude h and the area 5 of its base, that is, V = Sh. 


Proof: Let a prism with altitude h and base area 8 be given as shown 
in Figure 15-17a. Let the rectangular parallelepiped shown in Figure 
15-17b have the same altitude ἢ and the same base area 5, and let its 
base and the base of the given prism be in the same plane. 


Figure 15-17 
By the Prism Cross Section Theorem, all cross sections for both prisms 
have the same area 5. By Cavalieri’s Principle, the two prisms have the 
same volume. It follows from the Rectangular Parallelepiped Volume 
Postulate that V = Sh for the given prism. 


Example 1 The base boundary of a prism is an equilateral triangle 
8 in. on a side. Its altitude is 12 in. Find the volume of the prism. 


Solution: The volume of the prism is given by V = Sh, where 5 is the 
area of the triangular base and h is the altitude. We have 5. = 16/3 
(show this) and h = 12, Therefore 


V = 16+ 1/312 = 1921/3, 
and the volume is 1924/3 cu. in, 
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Figure 15-18 shows a diagram of a circular cylinder. Many of the 
terms used in defining a prism apply equally as well to a circular cylin- 
der, The base of a prism is a polygonal region. 


Figure 15-18 


The base of a circular cylinder is a circular region, that is, the union 
of a circle and its interior. Make appropriate changes in the wording 
of the definition of a prism (Definition 15.1), refer to Figure 15-18, and 
define a circular cylinder. 

There are other cylinders in addition to cireular cylinders, that is, 
cylinders whose bases are not circular regions; but we shall consider 
only circular cylinders in this text. Therefore, when we speak of a 
cylinder, we mean a circular cylinder. 

If OO’ in Figure 15-18 is perpendicular to a, then the cylinder is 
called a right circular cylinder, The altitude, bases, and cross sections 
of a cylinder are defined in the same way as are the corresponding 
parts of prisms. 

The following two theorems are analogous to Theorems 15,1 and 
15.2 for prisms and can be proved in a similar way. We omit the details 
of the proofs. 


THEOREM 15.8 The boundary of each cross section of a cylinder 
is a circle that is congruent to the boundary of the base. 


Outline of Proof: (See Figure 15-19 on page 645.) Let R be the base 
of the given cylinder and let H’ be any cross section of the cylinder. 
Let C be the center of the circle that bounds the base, let P be a point 
on that circle, and let C’ and P’ be the corresponding points in R’. Let 


15.4 Areas and Volumes of Prisms and Cylinders 
CP = rand let ΟΡ' = γ΄, Then PCC'P’ is a parallelogram (Why?), and 
PC =r ==. 


Since PC has a constant value regardless of the position of P on the 
base circle, then P’C’ has a constant value. Thus all points P’ lie on a 
circle with radius τ΄ and center C’. 


Figure 15-19 


Therefore the cross section is a circular region and its boundary is a 
circle of radius r, Then its boundary is congruent to the boundary 
of the base. 


THEOREM 15.9 (The Cylinder Cross Section Theorem) The 
area of a cross section of a cylinder is equal to the area of the base. 


Proof: Assigned as an exercise. 


Cavalieri’s Principle is used in the proof of the following theorem on 
the volume of a cylinder. 


THEOREM 15.10 The volume of a cylinder is the product of the 
altitude and the area of the base. 


Proof: The proof is similar to that of Theorem 15,7 and is assigned as 
an exercise. 


Imagine slitting a right circular cylinder and unrolling its lateral 
surface onto a plane. Which figure is obtained? Figure 15-20 on page 
686 suggests that the boundary of the region thus obtained is a rec- 
tangle whose altitude is the altitude of the cylinder and whose base 
is the circumference of the base of the cylinder, Thus, if r is the radius 
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of the boundary of the base of a right cylinder and h is the altitude, 
then the lateral surface area of the cylinder is equal to the area of the 
rectangular region obtained by “unrolling” the cylinder, that is, the 
lateral surface area is Inrh. Since the area of each of the circular bases 
is n°, the total surface area of a right cylinder is 2arrh + Qer?, 


Figure 15-20 | 
We state these results formally as our next theorem, 
THEOREM 15.11 The lateral surface area of a circular cylinder 


of base radius r and altitude ἢ is 20rh and its total surface area is 
Qerh + Qar®. 


Example 3 Find the total surface area of a cylinder if the radius of 
the circle that bounds the base is 7 and the altitude of the cylinder is 10. 
Solution: The lateral surface area is 
ΠΗ = ἅπ' 7910 = 1405. 
The area of each base is 
or? = πίΤ)} = 49m. 
Therefore the total surface area is 
140¢7 + 2+497 = M0n + 98a = 238s. 


EXERCISES 15.4 


1, Arectangular tank 6 ft. by 4 ft. is used for watering horses, ΠῚ the tank is 
filled with water to a depth of 3 τι, how many cubic feet of water are 
in the tank? 

2, One gallon of water occupies 231 cu. in. of space. To the nearest hun- 
dredth, how many gallons of water are contained in a space of 1 cu. ft.? 

3. To the nearest gallon, how many gallons of water are in the tank of 
Exercise 1? (See Exercise 2.) 

4. Show that the volume V of a cube of side δ is given by V = οϑ, 


3. 
6. 


7. 


8. 


9. 


10. 


11. 


12. 


13. 
14. 
15. 


16. 


11. 


18. 
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Find the volume of a cube whose edge is 6 in, Find its total surface area. 
Write a formula for the volume V of a cylinder if its altitude is h and the 
raclius of its base circle is r. 

A water tank in the shape of a cylinder is 40 ft. high. The diameter of its 
base is 28 ft. Find the volume of the tank. 

‘To the nearest thousand gallons, how many gallons of water will the 
tank of Exercise 7 hold? (Use + = 44 and see Exercise 2.) 

The altitude of a cylinder is 8 in. and the diameter of its base circle is 
3 in. Find the volume and total surface area of the cylinder. 

On a shelf in Roy's supermarket there are two cylindrical cans of coffee. 
The first is 14 times as tall as the second, but the second has a diameter 
L times that of the first. How should Roy price the second can in rela- 
tion to the first if he wants the price per unit of volume to be the same 
for both cans? 

How do the volumes of two cylinders compare if their altitudes are the 
same but the radius of the base circle of the second cylinder is three 
times that of the first? 

How do the volumes of two cylinders compare if the radii of their base 
circles are the same but the altitude of the second cylinder is three 
times that of the first? 

Draw a suitable figure and prove Theorem 15.9. 

Draw a suitable figure and prove Theorem 15.10. 

A brick chimney in the form of a cylindrical shell and 25 ft. tall is to be 
built. The inside and outside diameters are 24 in. and 16 in., respec- 
tively. If it takes 31 bricks per cubic foot of chimney, find the approx- 
imate number of bricks needed. (Use # = 3.14.) 

An air conditioning unit is to be installed in a rectangular building. In 
order to install the correct size unit, it is necessary to know the number 
of cubic feet of air inside the building. If the dimensions of the building 
are as shown in Figure 15-21, find the volume of air inside the building. 


Figure 15-21 


A block of wood in the shape of a cube has edges 16 in. in length. A 
circular hole 7 in. in diameter is bored through the block from top to 
bottom. Find the volume of the part of the block that remains. 

In Exercise 17, if ¢ is the length of the edge of the cube and r is the 
radius of the circular hole, write a formula for the volume V of the block 
that remains after the hole has been bored. 
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15.5 WOLUMES OF PYRAMIDS AND CONES 


Here we develop formulas for calculating volumes of pyramids and 
cones and for the surface area of a cone. As in Section 15.4, Cavalieri’s 
Principle plays a key role in the proofs of theorems on volume. 


THEOREM 15.12 Two pyramids with the same altitude and the 
same base area have the same volume. 


Proof: Let two pyramids be given as suggested in Figure 15-22. By 
the Pyramid Cross Section Theorem, corresponding cross sections of 
the two pyramids have the same area. Therefore, by Cavalieri’s Prin- 
ciple, their volumes are the same. 


Figure 15-22 .--- 

Our next theorem provides a formula for calculating the volume of 
a triangular pyramid. Suppose that we are given a triangular pyramid 
with base ABC and vertex W. (See Figure 15-23a,) Next, we take a 
triangular prism with the same base area and altitude as shown in 
Figure 15-23b, Imagine two planes cutting the prism and dividing it 
into three triangular pyramids as shown in Figure 15-24, (Name the 
two cutting planes that divide the prism as shown in Figure 15-24.) 


15.5 Volumes of Pyramids and Cones 


D 
| n% £ 
Ww Ww 
A A ᾿ 
Cc Cc 
(a) (b) (c) 


Figure 15-24 


Pyramid (c) in Figure 15-24 has the same base area and the same alti- 
tude as the given pyramid in Figure 15-23. Therefore, by Theorem 
15.12, they have the same volume. In oe 15-23b, DE || AC, 
AD || CE, and ADEC is a parallelogram with AE one of its diagonals. 
Therefore A, D, E, C are coplanar and AADE = SECA. Why? Think 
of pyramids (a) and (b) in Figure 15-24 as having bases ADE and ECA, 
respectively, and common vertex W. Then pyramids (a) and (b) have 
the same base area (Why?) and the same altitude (the distance from 
W to plane ADEC). By Theorem 15.12, these two pyramids have the 
same volume. 

Next, consider WECB in Figure 15-23, We have WE | BC, 
WRB || CE, so WECB is a parallelogram with WC one of its diagonals. 
Therefore W, E, C, B are coplanar and ἃ WEC = ACBW. Think of 
pyramids (b) and (c) in Figure 15-24 as having bases WEC and CBW, 
respectively, and common vertex A. Then pyramids (b) and (c) have 
the same base area and the same altitude and, by Theorem 15.12, these 
two pyramids have the same volume. Therefore all three pyramids, 
(a), (b), (c) in Figure 15-24, have the same volume, say V, and the vol- 
ume of the prism in Figure 15-23 is 3V. 

Now consider ABC as the base of the prism in Figure 15-23. Let 
the area of AABC be § and let h be the altitude of the prism. Then 


3V = Sh and V = 4Sh. 


But the given pyramid in Figure 15-23 has the same base area S and 
the same altitude h. Therefore the volume V of a triangular pyramid is 
given by the formula 

V = 45h, 


where 9 is the area of its base and ἢ is its altitude. This result is our next 
theorem. 
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THEOREM 15.138 The volume of a triangular pyramid is one- 
third the product of its base area and its altitude. 


The formula V = 4Sh holds for any pyramid as our next theorem 
states. 


THEOREM 15.14 The volume of a pyramid is one-third the 
product of its base area and its altitude. 


Proof: Let a pyramid with base area 5 and altitude fh be given as 
shown on the left in Figure 15-25. Consider a triangular pyramid 
having the same base area, the same altitude, and with its base and the 
base of the given pyramid in the same plane. It follows from the Pyra- 
mid Cross Section Theorem that cross sections of these two pyramids 
formed by the same plane have the same area. By Cavalieri’s Principle, 
the two pyramids have the same volume. Since the volume of the tri- 
angular pyramid is 4Sh, the volume of the given pyramid is also 45h 
and the proof is complete. 


Figure 15-25 
Example 1 The dimensions of the base of a rectangular pyramid are 
7 om, by 11 em. and its altitude is 16 cm. Find its volume, 

Solution: The volume V of the pyramid is given by the formula 
V = 4SA, where S is the area of the base and h is the altitude. We have 
ἢ τὸ Τὶ and V=4°77-16 = 4103. 

Therefore the volume is 410% cu. cm. 
Figure 15-26 shows a picture of a circular cone. Just as the defini- 


tion of a circular cylinder is analogous to the definition of a prism, the 
definition of a circular cone is analogous to the definition of a pyramid, 


15.5 Volumes of Pyramids and Cones 


Pern 


Many of the terms used in defining a pyramid apply equally as well toa 
circular cone. The base of a pyramid is a polygonal region. The hase of 
a circular cone is a circular region. Make appropriate changes in the 
wording of the definition of a pyramid (Definition 15.7), refer to Figure 
15-26, and define a circular cone. 

There are other cones in addition to circular cones, that is, cones 
whose bases are not circular regions; but we consider only circular 
cones here. Therefore, when we speak of a cone, we mean a circular 
cone. Also, when we speak of the base circle of a cone, we mean the 
circle which is the boundary of the base. 


Definition 15.8 (See Figure 15-27.) If the center of the base 
circle of a cone is the foot of the perpendicular from the ver- 
tex V to plane a, the cone is called a right circular cone. 


ν' 


Figure 15-27 


The following theorem is analogous to Theorems 15.4 and 15.5 on 
pyramids and can be proved in a similar way, We give only an outline 
of the proof and omit the details. 
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THEOREM 13.15 (The Cone Cross Section Theorem) <A cross 
section of a cone of altitude h, made by a plane at a distance k from 
the vertex, is a circular region whose area and the area of the base 
are proportional to ΚΞ and h?, 


Outline of Proof: (See Figure 15-28.) Let A be the base of the given 
cone and let R’ be any cross section of the cone. Let C be the center of 
the base circle, let P be any point on that circle, and let C’ and P’ be the 
corresponding points in AR’. Let VA=h, VB=k, CP =r, and 


Corer. 
I 
Figure 15.28 ee τα 
1. AVOB ~ AVCA Why? 
(ν΄, k) = (VC,h) Why? 
2. AVCP ~ AVCP Why? 
(VC’, 7) = (VC, ἡ Why? 


(VC’, k, 7) = (VC, h, 1) Why? 


ksh) skh, ad aX. 

3. Since PC has a constant value regardless of the position of the 
point P on the base circle, then P’C’ has a constant value, Thus 
all points P’ lie on a circle with radius γ΄ and center C’, The cor- 
responding circular region is the cross section, 

4. Let 3° be the area of the circular cross section and let 5 be the 
area of the base. Then 


(S', 5) = [#(r)*, πῇ] = [{Ὑ73, γ5] = (5,2 and (δ᾽, 5) = (K?, he). 
This completes the outline of the proof. 


15.5 Volumes of Pyramids and Cones 


Cavalieri’s Principle is used in the proof of the following theorem 
which tells us how to find the volume of a cone. 


THEOREM 15.16 The volume of a circular cone is one-third the 
product of the area of the base and the altitude. 


Proof: The proof is similar to that of Theorem 15.14 and is left as an 
exercise. 


Figure 15-29 shows a picture of a right circular cone. C is the center 
of the base circle and P is a point of that circle. We call the distance 
VP, which is the same for any point P on the base circle, the slant height 
of the cone and denote it by s. 


i 4 


Figure 15-29 

If you imagine slitting the right cone of Figure 15-29 along VP and 
unrolling its lateral surface onto a plane, you get the sector of a circle 
shown on the right in Figure 15-29, You learned in Chapter 14 that the 
area of a sector of a circle is one-half the product of the radius of the 
sector and the length of the intercepted arc. In the case of a sector ab- 
tained by “unrolling” a cone, the radius of the sector is the slant height 
of the cone, and the length of the intercepted arc is the circumference 
of the base circle of the cone. Therefore a formula for the lateral sur- 
face area of a right circular cone is 4sC, where s is the slant height of 
the cone and C is the circumference of the base circle. If r is the base 
radius, then 


ΝΟ = 4s(2ar) = mrs. 


If S is the total surface area of a right circular cone, s its slant height, 
and r the radius of its base circle, then a formula for the total surface 
area is 


S=h-s-Qor+m2 or S= ms +7). 
This brings us to our next theorem. 
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THEOREM 15.17 The lateral surface area of a right circular cone 
of slant height s, base radius r, and base circumference C is 4sC, or 
ors, and its total surface area is πὴ 5 + 1), 


Example 8 The slant height of a right circular cone is 12 and the 
radius of its base circle is 5. Find the lateral surface area and the total 
surface area of the cone. 
Solution: The lateral surface area is ἐφ, where 

s=12 ad Ca 2er= 2-75 = Τῦπ. 
Therefore the lateral surface area is 

4-12-1007 = θῦπ. 

The total surface area § is given by the formula 


S= mis +r). 
Therefore 
5 = 7°5(12 + 5) = 855. 


EXERCISES 15.5 


1. The length of one edge of the base of a regular triangular pyramid is 
12 in. and the altitude of the pyramid is 18 in, Find the lateral surface 
area of the pyramid. Find the total surface area. Find the volume. (Re- 
call that a regular pyramid is one whose base boundary is a regular poly- 
gon and that the center of the polygon is the foot of the perpendicular 
from the vertex of the pyramid.) 

Exercises 2-9 refer to the regular hexagonal pyramid in Figure 15-30, with 
— 
VC = 18 in,, AB = 12 in., and P the projection of V on AB. 


2, Find CP, 

3. Find VP. 

4, Finel the area of the lateral face AVA. 
5. Find the lateral surface area 


of the pyramid. 
Find the area of AABC. 
7. Find the area of the base 
of the pyramid. 
Find the total surface area 
of the pyramid. 
8, Find the volume of the pyramid. 
Figure 15-30 


ad 


8 
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10. A plane bisects the altitude of a pyramid and is parallel to the base of 
the pyramid. Find the ratio of the volume of the pyramid above the 
bisecting plane to the volume of the given pyramid. (Hint: To what 
numbers are the area of the cross section in the bisecting plane and the 
area of the base proportional?) 

11, Find the total surface area and the volume of the right circular cone 
shown in the figure. 


12. Find the capacity in gallons of a right conical tank if it is 60 in. deep and 
if the radius of its circular top is 28 in. (To “see” the tank, invert the 
cone of Exercise 1]. Use s = 522. 

13. In the figure a right circular cone stands inside a right circular cylinder 
of same base and altitude. Write a formula for the volume of that por- 
tion of the cylinder not occupied by the cone. 


14. Figure 15-31 shows two right cylinders having the same base area and 
the same altitude. Figure 15-31b shows two cones with a common ver- 
tex V inside the cylinder, If V is midway between the bases of the 
cylinder, show that the sum of the volumes of the two cones shown in 
Figure 15-31b is equal to the volume of the cone shown in (a). 
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15. The volume of the cone shown in the figure is 250 cu. in, and its alti- 


tude is 15 in. A second cone is cut from the first by a plane parallel to 
the base and 6 in. from the vertex. Find the volume of the smaller cone. 
(Hint: If S and S" are the areas of the bases of the larger and smaller 
cones, respectively, to what numbers are 5’ and 5 proportional?) 


16, CHALLENGE PROBLEM. If a plane parallel to the base of a cone {or 


17. 


pyramid) cuts off another cone (or pyramid), then the solid between 
the cutting plane and the base is called a frustum. Figure 15-32b shows 
a frustum of a right cone. If the radius of the base circle is 9 in., the 
radins of the top circle 6 in., and the height of the frustum 12 in., find 
the volume of the frustum. (Hint: First find x, where x is the altitude of 
the smaller cone in Figure 15-322.) 


a 


Figure 15-32 (in) 


ib) 


CHALLENGE PROBLEM. The figure (on page 697) shows a picture of a 
regular square pyramid. (See Exercise 1.) A plane parallel to the base 
intersects the altitude of the pyramid at a point whose distance from the 
vertex is one-third the distance from the vertex to the base. If the alti- 
tude of the pyramid is 24 in. and the length of an edge of the base is 
18 in., find the lateral surface area and the volume of the frustum. (See 
Exercise 16.) 
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15.6 SURFACE AREAS OF SPHERES AND VOLUMES OF 
SPHERICAL REGIONS 


The surface area of a sphere may be found very roughly by winding 
a string around a hemisphere and by covering with string a circular 
disk having the same radius as the sphere as suggested in Figure 15-33. 


Figure 15-33 


A comparison of the lengths of the two strings suggests that the surface 
area of the hemisphere is twice the area of the circle. Since the area of a 
circle is vr, this suggests that the surface area of a hemisphere is 27r° 
and that the surface area of a sphere is πιῆ. 

We now proceed to a more sophisticated approach for finding the 
surface area of a sphere, but first we need a definition. 


| Definition 15.9 Aspherical region is the union of a sphere 
and its interior, 
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Think of slicing a spherical region into n thin slices of thickness t 

where nt is the diameter 2r of the sphere. (See Figure 15-34.) This par- 
titions the surface into n zones. 


Figure 15-34 


Figure 15-35 suggests a vertical cross section C of the sphere made 
by a plane through the center E of the sphere. The sphere has been 
sliced by equally spaced horizontal planes into n zones. 


Figure 15-35 


One of these zones, Ts, for example, is the surface generated when 
the arc AB rotates about the line FE. Let B’ be the point in which the 
tangent line to C at A intersects GB. Then AB’ is approximately equal 
to AB and the area of the surface generated when AB’ rotates about 
FE is approximately equal to the area of the surface generated when 
AB rotates about FE. 


15.6 Spheres and Spherical Regions 
We have AB’ | AE. Why? Let D be the point on GB’ such that 
DA 1 FA. Then AD 1 BD, Why? Therefore ΔΑΒ. ~ AAEF. 
(Show this by finding two pairs of congruent corresponding angles in 
the two triangles.) Let s’ = AB’, t = AD, r = AE, and x = AF. Then 
(s’, ἢ = (1, x) 
and 
a's = rt. 

Think of the zone Τῷ as a narrow ribbon of width s; s is the length of the 


are AB and is approximately equal to s’, Then the area of the zone is 
approximately equal to the length of the ribbon, about 2x, times the 
width of the ribbon 5, Therefore the area of the zone is approximately 
2nxs, Now, 27xs is approximately equal to 27xs’, and 


ἄχεα = 2ort 
since s’x = rt. If we combine the areas of the n zones, we find the area 
S of the sphere is given approximately by 
5 = n(Qert) 
= (2er)(nt) 
= (29r)(2r) 
= ἅπτ.3 
The total error introduced by using areas of ribbons to approximate 
areas of zones can be made as small as desired if the thickness of the 
slices is made small enough. The formula 
S = 4πιϑ 


for the surface area of a sphere is an exact formula, Our approach has 
involved approximations, but our result is the correct one. In higher 
mathematics, the area of a sphere is carefully defined and the assertion 
that § = 4ar* is proved. We state it as a theorem. 


THEOREM 15.18 The surface area of a sphere is 47 times the 
square of the radius of the sphere; that is, 5 = πῆ. 


In our discussion concerning Figure 15-35, we showed that the area 
Z of a zone T of a sphere is approximately equal to 2ert, where r is the 
radius of the sphere and f is the thickness of the zone. Actually. 


Z = Qert 


is also an exact formula. 
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The formula for the volume of a sphere can now be obtained with- 
out difficulty. Note that when we say “volume of a sphere,” we mean 
“volume of a spherical region.” 

Suppose that the surface of the sphere is divided into n pieces of 
equal areas by “latitude” circles and “longitude” circles, regular spaced 
as suggested in Figure 15-36. Suppose that the pieces are denoted by 


Figure 15-36 


81. 99,...,4n-Fori = 1,2,...,n, let P; be a point of s;. That is, F; isa 
point of s;, P. is a point of 85, etc. Join each of the boundary points of 
δι to the center C of the sphere with a segment. The union of these 
segments and the piece s, encloses a portion of the spherical region 
which is approximately a pyramid whose altitude is the radius of the 
sphere and whose base is the piece s;. (Note that we could “flatten” 
the base by using a portion of the plane that is tangent to the sphere at 
P;. The error introduced by this flattening of the base when accumu- 
lated for all n pieces s;, can be made as small as desired by making n 
sufficiently large.) 

Recall that the volume of a pyramid is 48h, where S is the area of 
the base and A is the altitude. Therefore the volume of one of the pyra- 
midal portions of the spherical region is approximately 4rS where r is 
the radius of the sphere and § is the area of each s;, By summing the 
volumes of the portions of the sphere corresponding to all of the pieces 
s;, we find that the volume V of the sphere is given approximately by 


15.6 Spheres and Spherical Regions 
Although we used approximations to obtain the formula for the 
volume of a sphere, the formula 
Y= sar 
is an exact formula. We write it formally as our last theorem. 


THEOREM 15.19 If ris the radius of a sphere, the volume of the 
sphere is $crr°. 


EXERCISES 15.6 


In working the exercises in this set, do not use a replacement for 7 un- 
less instructed to do so. 


1, Find the surface area and the volume of a sphere whose diameter is 12. 
2. A sphere having a diameter of 14 in. is placed in a cubical box. If the 
length of each edge of the box is 14 in., how many cubic inches of the 
volume of the box are not occupied by the sphere? (Use 7 = +.) 

4. The radii of two spheres are 3 in. and 6 in., respectively. Find the ratio 
of their surface areas. Find the ratio of their volumes. 

4, One sphere has a diameter that is three times that of a second sphere. 
Find the ratio of their surface areas. Find the ratio of their volumes. 

5. In Exercise 4, if the larger sphere has a volume of 38,808, what is the 
volume of the smaller sphere? Use » = 47 and find the radius of each 
of the two spheres. 

6. Given a hemisphere, a cylinder, and a cone such that the radii of the 
base circles of the cylinder and the cone are equal to the radius of the 
hemisphere, If the cylinder and the cone have altitudes equal to the 
radius of the hemisphere, prove that the volume of the cylinder is equal 
to the sum of the volumes of the hemisphere and the cone. 

7. If the altitude of a circular cylinder is equal to the diameter of a sphere, 
and if the radius of the base circle of the cylinder is equal to the radius of 
the sphere, prove that the volume of the sphere is two-thirds the volume 
of the cylinder. 

8. A sphere with radius 3} in. is divided into 14 equal sections by planes 
containing the same diameter of the sphere. Find the volume of each 
section. (Use πὶ = 22.) 

9, What is the largest radius a sphere can have if the numerical value of 
the surface area of the sphere is to be greater than or equal to the nu- 
merical value of the volume of the sphere? 

10. The volumes of a sphere and a circular cone are equal, and the radius of 
the sphere equals the radius of the base circle of the cone. Find the alti- 
tude of the cone in terms of the radius of the sphere. 
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11. The radius of a sphere is 54. The volume of the sphere is equal to the 
volume of a circular cone. The radius of the base circle of the cone is 54. 
Find the altitude of the cone. 

12, The surfaces of Earth and its moon are approximately spheres with the 
diameter of the moon about one-fourth that of Earth. Find the surface 
area (to the nearest 10,000 square miles) of the moon. (Use 7 = 22 
and 4000 miles as the radius of Earth.) 

13. A water reservoir in the shape of a hemisphere has a diameter of 42 ft. If 
1 cu. ft, of water weighs approximately 62.5 lb., how many tons (to the 
nearest ton) of water does the reservoir hold? 

14. CHALLENGE PROBLEM A sphere anda right circular cylinder have equal 
volumes. The radius of the sphere is equal to the radius of the base circle 
of the cylinder. Which has the larger surface area, the sphere or the 
cylinder? Find the ratio of the larger to the smaller surface area. 


CHAPTER SUMMARY 


In this chapter we defined the following geometric solids. Review these 
definitions, 


PRISM RIGHT CIRCULAR CONE 
RIGHT PRISM SPHERICAL REGION 
PYRAMID PARALLELEPIPED 
CIRCULAR CYLINDER RECTANGULAR 

RIGHT CIRCULAR CYLINDER PARALLELEPIPED 
CIRCULAR CONE CUBE 


A pyramid is a REGULAR PYRAMID if its base boundary is a regular 
polygon and if the foot of the perpendicular from its vertex to its base is the 
center of the polygon. If a plane parallel to the plane of the base of a solid 
intersects the solid, we defined the intersection to be a CROSS SECTION 
of the solid provided the intersection consists of more than a single point. 

We proved that all cross sections of a prism (cylinder) have the same 
area and that the area of a cross section of a pyramid (cone) and the area 
of the base are proportional to k® and ᾿Ξ, where k is the distance from the 
vertex to the cross section plane and h is the altitude of the pyramid (cone), 
We proved that if two pyramids (cones) have equal altitudes and equal base 
areas, then cross sections equidistant from the vertices have equal areas. 

A large part of this chapter is devoted to the development of surface 
area and volume formulas, The surface area formulas for solids with polyg- 
onal faces are based on the idea that the total surface area is the sum of the 
areas of the faces. The RECTANGULAR PARALLELEPIPED VOLUME 


Chapter Summary 


POSTULATE is a natural extension of the Rectangle Area Postulate. 
CAVALIERI'S PRINCIPLE, which we accepted as a postulate, plays a key 
role in the development of the volume formulas of this chapter. Several of 
the volume and area formulas were made plausible using ideas of limits and 
then were written formally as theorems, Following are the main formulas 
of this chapter. 


AREA FORMULAS 


Prism: The lateral surface area of a cube is 4632 and the total surface 
area is Ge2, where e is the length of an edge of the cube. The lateral surface 
area of a rectangular parallelepiped is 2ah + 2bh and the total surface area 
is 2ah + 2bh + αν, where ἃ and b are the dimensions of the base and ἢ is 
the altitude. The lateral surface area of a right prism is hp, where h is the 
altitude and p is the perimeter of the base of the prism. 


Pyramid: The lateral surface area of a regular pyramid is Sap, where 
Ρ is the perimeter of the base and a is the altitude (to an edge of the base) of 
the triangle that bounds a lateral face. 

Cylinder: The lateral surface area of a circular cylinder is 27rh and 
the total surface area is 2erh + 2er*, where h is the altitude and ris the 
radius of the base circle of the cylinder. 

Cone: The lateral surface area of a right circular cone is ars and the 


total surface area is πτίσ + r), where s is the slant height of the cone and ris 
the radius of the base circle. 


Sphere: The total surface area of a sphere is ἀπὸ, where r is the 
radius of the sphere. 


VOLUME FORMULAS 


Prism: The volume of a prism is Sh, where S is the area of the base 
and fi is the altitude of the prism. 


Pyramid: The volume of a pyramid is 4Sh, where S is the area of the 
base and fis the altitude of the pyramid. 

Cylinder; The volume of a circular cylinder is mr*h, where r is the 
radius of the base circle and h is the altitude of the cylinder, 

Cone: The volume of a circular cone is 4a*h, where ris the radius of 
the base circle and h is the altitude of the cone. 

Sphere: The volume of a sphere is }rr°, where r is the radius of the 
sphere. 
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REVIEW EXERCISES 


@ In Exercises 1-15, complete each statement, given the prism in Figure 
15-37 with P and Ρ' in planes α and 8 such that PP 1 a. 


Figure 15:37 
The region ABCDEF is called the [7] of the prism. 

The region A’B’C'D’E’F’ is called the [7] of the prism. 

DD is called a [7] of the prism. 

There are [7] lateral edges in all. 

Counting the lateral edges and the edges of the two bases, there are 
edges in all. 


. The parallelogram region BCC’B’ is called a [Π] of the prism. 

. There are [9] lateral faces in all. 

. Counting the lateral faces and the two bases, there are [7] faces in all. 
. Εἰ is called a [1] of the prism. 

. There are [7] vertices in all. 

. lf Vis the number of vertices, Ε is the number of edges, and F is the 


number of faces, then V— Ε + F = [i]. 


. PP’ is called an [Π] of the prism. 
. If CC’ 1 a, then the prism is called a [Π prism. 
. If BB’ 1 a, BB’ = 16, and the perimeter of the base is 434, then the 


lateral surface area of the prism is [ΤΠ]. 


. If PP’ = 242 in. and the area of the base is 326 sq. in., then the volume 


of the prism is [Ὁ]. 


M@ In Exercises 16-30, complete the statement, given the pyramid of Figure 
15-38 with point P in «, the plane of the base, such that VP | a. 


16. 
li. 
18. 
19. 


The region ABCDE is called the [Π] of the pyramid. 
Vis called the [5] of the pyramid, 

BV is called a [7] of the pyramid. 

There are [3] lateral edges in all. 


20. 


B SS ΡΘΕ 


2 


3 


31. 


Je. 


Review Exercises 


| EE ES EES ED 
ae lle the lateral edges and the edges of the bases there are [Ὁ] edges 
in all. 
The triangular region CVD is called a [Π of the pyramid. 
There are [7] lateral faces in all. 
Counting the base, there are [7] faces in all. 
There are [?] vertices in all. 
If V is the number of vertices, E is the number of edges, and F is the 
number of faces, then V — E + F = [7]. 
VP is the [7] of the pyramid. 
If the boundary of the base is a regular pentagon and if Pis the center of 
the pentagon, then the pyramid is called a [7] pyramid. 


. Given the hypothesis of Exercise 27, the boundary of each of the lateral 


faces of the pyramid is a(n) [7] triangle, and all these triangles are [?] to 
each other. 


. Given the hypothesis of Exercise 97, if CD = 12, vO 1 CD, and 


VO = 18, then the lateral surface area of the pyramid is [3]. 


. If the area of the base is 262 and VP = 16}, then the volume of the 


pyramid is [Ὁ]. 


Suppose that two pyramids, one triangular and one rectangular, with 
equal base areas are given. The altitude of each pyramid is 12 in, A 
cross section of the triangular pyramid is 4 in. from the hase and has an 
area of 60 sq. in. What is the area of a cross section 4 in, from the base 
of the rectangular pyramid? 

The area of the base of a hexagonal pyramid is 729. The distance from 
the vertex to the plane of a cross section Is 4 and the altitude of the 
pyramid is 9. Find the area of the cross section. Find the volume of the 


pyramid. 


. The boundary of the base of a pyramid is a square whose sides are 


12 cm, in length. If the boundary of each of the lateral faces is an equi- 
lateral triangle, find the total surface area and the volume of the 
pyramid. 
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In Exercises 34-37, complete the statement, given the solid shown in Figure 
15-39 with α |, 8, circular regions R and R’ contained in a and β, and points 
Pand Ρ' in α and β such that PP’ 1 a. 


Q 


Figure 15-39 


34. The solid shown in the figure is called a [7], 

35. PP is called an [7] of the cylinder. 

36. If P and Ρ΄ are the centers of the two base circles, then the cylinder is 
called a [7) cylinder. 

37. If Pand P are the centers of the base circles, if Q and ΟἹ are points on 
the two base circles of the cylinder, and if PQ = 9 and QQ’ = 16, the 
total surface area of the cylinder is [7] and the volume is [7]. 


38. Find the volume of a cylinder if the altitude is 24.6 in. and the radius of 
the base circle is 8 in. (Use π = 3.14.) 

39. Find the lateral surface area of the cylinder of Exercise 38. (Use 
π = 3.14. 


In Exercises 40-45, complete each statement, given the solid shown in 
Figure 15-40 with circular region R, the base of the solid, contained in 
plane ἃ and with points P and Q in a such that VP 1 a and Ὁ is on the 
base circle of the solid. 


¥ 


Figure 15-40 --- 


Review Exercises 707 


40, The solid shown in the figure is called a [7], 

41. If P is the center of the base circle, then the cone is called a [Ὁ]. 

42. Vis called the [7] of the cone, 

43, VP is the [7] of the cone. 

44. If VQ = s, then s is called the [1] of the cone, 

45. If the radius r of the base circle is 10 and s = 27, then the total surface 
area of the cone is [5] and the volume of the cone is 


48. Find the volume of the frustum of the right circular cone shown in the 
figure if the radius of the boundary of the cross section is 6, the radius 
of the base circle is 9, the altitude VC of the given cone is 21, and the 
distance between the plane of the base and the plane of the cross section 
is 7. 


47. Find the surface area and the volume of a sphere whose radius is 8. 

48. Find the volume of a sphere whose diameter is 31. (Use 7 = 47.) 

49. The swimming pool with dimensions as shown in the figure is a right 
prism, the bases of which are regions whose boundaries are trapezoids. 
The altitude of the trapezoidal base is 40 ft, and the altitude of the prism 
is 25 ft. Find the volume of the pool. 


50, To the nearest hundred gallons, how many gallons of water are needed 
to fill the swimming pool of Exercise 49 to within 1 ft, of the top? (Re- 
call that one gallon of water occupies 231 cu. in. of space.) 
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SYMBOL 
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oo 


W REQPRING BRT P* SINC 9 
i 
a 


set braces 
is an element of or is a member of 
intersection 
null set or empty set 
union 
is a subset of 
line 
alpha 
beta 
gamma 
point B is between points A and C 
segment 
ray 
ἘΞ 
the ray opposite AB 
angle 
halfline 
triangle 
the distance between points P ond Ὁ 
absolute value 
is congruent to 
equals or is equal to 


A-2 


Postulates 
SYMBOL PAGE 
AB directed segment from A to B 130 
m/ ABC the measure of 2 ABC 14] 
_—+ st 
ed VX ray-coordinate of VX 152 
AL perpendicular or is perpendicular to 172 
Π. right angle 173 
éA-BC-D dihedral angle A-BC-D 181 
ἐστον one to-one correspondence 100 
1 bis is the perpendicular bisector of 236 
< is less than 248 
> is greater than 348 
- is less than or equal to 248 
> is greater than or equal to 250 
Ι! parallel or is parallel to 282 
A ABC) the area of triangle ABC 369 
= are proportional to 393 
is similar to 402 
ὃ delta 5.29 
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POSTULATES 
1. The Three-Point Postulate. Space contains at least three noncol- 


2. 


linear points. 
The Line-Point Postulate. Every line is a set of points and con- 
tains at least two distinct points. 


. The Point-Line Postulate, For every two distinct points, there is 


one and only one line that contains both points. 


. The Four-Point Postulate, Space contains at least four non- 


coplanar points, 


- Lhe Plane-Point Postulate. Every plane is a set of points and 


contains at least three noncollinear points. 


. The Point-Plane Postulate. For every set of three noncollinear 


points, there is one and only one plane that contains them. 


. The Flat-Plane Postulate. If two distinct points of a line belong 


to a plane, then every point of the line belongs to that plane. 


- The Plane-Intersection Postulate. Lf two distinct planes intersect, 


then their intersection is a line. 


10. 


11, 


15. 


13, 


14. 


15. 


16. 


11. 


Postulates 


. The A-B-C Betweenness Postulate, If point B is between points 


A and C, then point B is also between C and A, and all three 
points are distinct and collinear. 


The Three-Point Betweenness Postulate, If three distinct points 
are collinear, then one and only one is between the other two. 


The Line-Building Postulate. If A and B are any two distinct 
points, then there is a point X, such that X, is between points A 
and B, a point Y; such that B is between A and 71, and a point 
#, such that A is between 7, and B, 


The Line Separation Postulate. Each point A on a line separates 
the line. The points of the line other than the point A form two 
distinct sets such that 

1. each of the two sets is convex; 

2. if two points are in the same set, then A is not between them; 
3. if two points are in different sets, then A is between them. 


The Plane Separation Postulate. Each line | in a plane separates 

the plane. The points of the plane other than the points on line 

form two distinct sets such that 

1. each of the two sets is convex; 

2. if two points are in the same set, then no point of line / is be- 
tween them; 

3. if two points are in different sets, then there is a point of line! 
between them. 


The Space Separation Postulate. Each plane a in space separates 

space. The points in space other than the points in plane a form 

two distinct sets such that 

1. each of the two sets is convex; 

2. if two points are in the same set, then no point of plane a is 
between them; 

3. if two points are in different sets, then there is a point of 
plane a between them. 


Distance Existence Postulate. If AB is any segment, there is a 
correspondence which matches with every segment CD in space 
a unique positive number, the number matched with AB being 1, 
Distance Betweenness Postulate. U A, B, C are collinear points 
such that A-B-C, then for any distance function we have 
AB + BC = AC, 

Triangle Inequality Postulate. If A, B, C are noncollinear points, 
then for distances in any system we have AB + BC > AC, 
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18. 


19. 


20. 


21. 


Distance Ratio Postulate. If PO and RS are unit segments and 
A, B, G, D are points such that A = B, C = D, then 


AB (in PQ units) ΑΒ (in RS units) 

CD (in PQ units) (ΟἿ {in RS units) 
or, equivalently, 

AB (in PQ units) ΟἹ {in PO units) 

AB (in RS units) ΟἿ {in RS units) 


Ruler Postulate, If AB is a unit segment and if P and Q are 
distinct points on a line /, then there is a unique coordinate sys- 
tem on / relative to AB such that the origin is P and the coordi- 
nate q of (9 is a positive number. 

Angle Measure Existence Postulate. There exists a correspondence 
which associates with every angle in space a unique real number 
between ἢ and 180, δι, si2, 

Angle Measure Addition Postulate. ΤῈ VA, VB, VC are distinct 
coplanar rays, then VB is between VA and VC if and only if 
m/AVC = mZAVB + mZ BVC. 


. Protractor Postulate. If a is any plane and VA and VB are non- 


collinear rays in a, then 

1, there is a unique ray-coordinate system § in α relative to V in 
which ed VA = 0 and cd VB = m2 AVB, and 

2. if X is any point on the B-side of VA, then ed VX (in 8) = 
mZAVA, 


. The S.A.S. Postulate. Let a one-to-one correspondence between 


the vertices of two triangles (not necessarily distinct) be given. 
If two sides and the included angle of the first triangle are con- 
gruent, respectively, to the corresponding parts of the second 
triangle, then the correspondence is a congruence. 


. The A.S.A. Postulate. Let a one-to-one correspondence between 


the vertices of two triangles (not necessarily distinct) be given. If 
two angles and the included side of the first triangle are con- 
gtuent, respectively, to the corresponding parts of the second 
triangle, then the correspondence is a congruence. 


. The 8.8.8. Postulate. Let a one-to-one correspondence between 


the vertices of two triangles (not necessarily distinct) be given, If 


20, 


3]. 


Definitions 


the three sides of the first triangle are congruent, respectively, to 
the corresponding sides of the second triangle, then the corre- 
spondence is ἃ congruence, 


. Parallel Postulate. There is at most one line parallel to a given 


line and containing a given point not on the given line. 


. Area Existence Postulate. Every polygon has an area, and that 


area is a (unique) positive number. 


. Rectangle Area Postulate. If two adjacent sides of a rectangle 


are of length a and b, then the area 5. of the rectangle is given 
by the formula 5. = ab, 
Area Congruence Postulate. Congruent polygons have equal areas. 


. Area Addition Postulate. If a polygonal region is partitioned into 


a finite number of polygonal subregions by a finite number of 
segments (called boundary segments) such that no two sub- 
regions have points in common except for points on the boundary 
segments, then the area of the region is the sum of the areas of 
the subregions. 

Rectangular Parallelepiped Volume Postulate. The volume of a 
rectangular parallelepiped is the product of the altitude and the 
area of the base. 


. Cavalieri’s Principle Postulate. If two solids have equal altitudes, 


and if cross sections of these solids at equal distances from the 
bases have equal areas, then the solids have equal volumes. 


Dene Ee 


DEFINITIONS 

1.1, Space is the set of all points. 

1.2. The points of a set are collinear if and only if there is a line 
which contains all of them. The points of a set are noncol- 
linear if and only if there is no line which contains all of them. 

1.3. The points of a set are coplanar if and only if there is a plane 
which contains all of them. The points of a set are noncoplanar 
if and only if there is no plane which contains all of them. 

5.1, If A and B are any two distinct points, segment AB is the set 
consisting of points A, B, and all points between A and B. The 
points A and B are called endpoints of AB. 

2.2, If A and B are any two distinct points, ray AB is the union of 


segment AB and all points X such that A~B-X. The point A 
is called the endpoint of AB. 
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Definitions 


2.3. 


2.4, 


2.6. 


2.1. 


2.6. 


2.9. 


If A is between B and C, then rays AB and AC are called 

opposite rays. 

The interior of a segment is the set of all points of the segment 

except its endpoints. The interior of a ray, also called a half- 

line, is the set of all points of the ray except its endpoint. 

An angle is the union of two noncollinear rays with the same 

endpoint. Each of the two rays is called a side of the angle. 

The common endpoint of the two rays is called the vertex of 

the angle. 

A set of points is called convex if for every two points P and 

Q in the set, the entire segment PO is in the set. The null set 

and every set that contains only one point are also called con- 

vex sets. 

Let a line / and a point A on I be given. 

1. The two convex sets described in Postulate 12 are called 
halflines or sides of point A on line I; A is the endpoint of 
each of them. 

2. If C and D are two points in one of these sets, we say that 
C and D are on the same side of A, or that C is on the 
D-side of A, or that D is on the C-side of A. 

3. If B is a point in one of these sets and C is a point in the 
other set, we say that B and C are on opposite sides of A 
on line |, or that B and C are in the opposite halflines of | 
determined by the point A 

τ a plane ἃ and a line ἰ in α ‘be given. 

1. The two convex sets described in Postulate 13 are called 
halfplanes or sides of | in plane a; | is the edge of each of 
them, 

2. If C and D are two points in one of these sets, then we say 
that C and PD are on the same side of lin plane a, or that 
Cis on the D-side of I, or that Dis on the C-side of I, or 
that C and D are in the same halfplane. 

3. If B is a point in one of these sets and C is a point in the 
other set, we say that B and C are on opposite sides of | 
in plane a, or that B and C are in the opposite halfplanes 
of a determined by the line [ 

Let a plane ἃ be given. 

1. The two convex sets described in Postulate 14 are called 
halfspaces or sides of plane a, and plane a is called the 
face of each of them. 

2. If C and D are any two points in one of these sets, then we 


2.10. 


2.11. 


2.12. 


2.13. 


2.14, 


2.15. 


2.16. 


a1, 
3. 


Definitions 
say that C and D are on the same side of a, or that C is on 
the D-side of a, or that D is on the C-side of a, or that C 
and D are in the same halfspace. 

3, If B is a point in one of these sets and C is a point in the 
other set, then we say that B and C are on opposite sides 
of ἃ, or that B and C are in opposite halfspaces. 

The interior of an angle, say 4 ABC, is the intersection of two 


halfplanes, the C-side of AB and the A-side of BC. 

The exterior of an angle is the set of all points in the plane of 

the angle except those points on the sides of the angle and in 

its interior. 

If A, B, C are three noncollinear points, then the union of the 

segments AB, BC, CA is a triangle. 

Let AABC be given. 

1, Each of the points A, B, C is a vertex of AABC, 

2. Each of the segments AB, BC, CA is a side of AABC. 

3. Each of the angles 4 ABC, 2 BCA, 2 CAB is an angle of 
AABC, 

4, A side and a vertex not on that side are opposite to each 
other. 

5. A side and an angle are opposite to each other if that side 
and the vertex of that angle are opposite to each other. 
The intersection of the interiors of the three angles of a tri- 

angle is the interior of the triangle. 

The exterior of a triangle is the set of all points in the plane 
of the triangle that are neither points of the triangle nor 
points of the interior of the triangle. 

Let A, B, C, D be four coplanar points such that no three of 
them are collinear and such that none of the segments AB, 
BC, CD, DA intersects any other at a point which is not one 
of its endpoints. Then the union of the four segments AB, 
BC, CD, DA is a quadrilateral. Each of the four segments is 
a side of the quadrilateral and each of the points A, B, Gc, D 
is a vertex of the quadrilateral. 


The distance between any point and itself is 0. 

1, The correspondence that matches a unique positive mum- 
ber with each pair of distinct points C and D, as in Postu- 
late 15, and the number 0 with the points C and D if 
C = D, as in Definition 3.1, is called the distance function 
determined by AB or the distance function based on AB. 
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3.0. 


3.6. 


3.7. 


3.8. 


3.9. 


2. The segment AB that determines a distance function is the 
unit segment for that distance function. 

3. The number matched with C and D, in Postulate 15, is the 
distance fram C_to D, or the distance between C and D, 
or the length of CD. 

Let PO be a unit segment and 1 ἃ line. A coordinate system 

on | relative to PO is a one-to-one correspondence between 

the set of all points of / and the set of all real numbers such 
that if points A, B, © are matched with the real numbers 

a, b, δ, respectively, then 

1, Bis between A and C if and only if b is between a and ¢ 
ὅπἃ .... 

2. ΑΒ (ἴῃ PO units) = [ὰ — bj. 

1. The origin of a coordinate system on a line is the point 
matched with 0. 

2. The unit point is the point matched with 1. 
3. The number matched with a point is its coordinate. 
Two segments (distinct or not) are congruent if and only if 
they have the same length. If two segments are congruent, 
we say that each of them is congruent to the other one and 
we refer to them as congruent segments. 
The midpoint of a segment AB is the point P on AB such that 
AP = PB = 4AB. The midpoint of a segment is said to bisect 
the segment or to divide it into two congruent parts. 
The trisection points of a segment AB are the two points P 
and Qon AB such that AP = PO = OB = 4AB. The trisection 
points of a segment are said to divide the segment into three 
congruent parts. Similarly, points C, D, and E on AB such 
that AC = CD = DE = EB = SAB are said to divide AB 
into four congruent parts. This idea may be extended to any 
number of congruent parts 

The directed segment from A to B, denoted by AB, is the set 

{AB, A}. 

Let a directed segment AB and ae points P and Q on AB be 

AQ 

given. If P € AB, O ¢ AB, an aa OB’ , then P and Q are 

said to divide AB in the same ratio, P dividing it internally 

and called an internal point of division, Q dividing it exter- 


nally and called an external point of division. The ratio = 
is the ratio of division. 
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4.4. 


4.6. 


4.7. 


4.8, 


4.8. 


Definitions 


The number which corresponds to an angle as in the Angle 
Measure Existence Postulate is called the measure of the 
angle. 
Two angles (whether distinct or not) are congruent angles, and 
each is said to be congruent to the other, if they have the 
same measure, 

— -ατὸ πον ---- — 
If VA, VB, VC are rays, then VB is between VA and VC if 
and only if } 
1. A and B are in the same halfplane with edge VC. 
2. B and C are in the same halfplane with edge VA. 
3. A and C are in opposite halfplanes with edge VB. 
Let V be a point in a plane a. A ray-coordinate system in a 
relative to V is a one-to-one correspondence between the set 
of all rays in a with endpoint V and the set of all real num- 
bers x such that Ὁ < x < 360 with the following property: 

—_ 


If numbers r and s correspond to rays VA and VS in a, 
respectively, and if r > s, then 


mZRVS=r—s ifr -- 5 < 180, 
m/RVS = 360 —({r—s) ifr—s> 180, 
-«- ..ὄ ἧς 

VR and VS are opposite rays if r -- s = 180. 


The number that corresponds to a ray in a given ray-coordi- 
nate system is called the ray-coordinate of that ray. The ray 
whose ray-coordinate is zero is called the zero-ray of that 
system. 

Two angles are called vertical angles if and only if their sides 
form two pairs of opposite rays. 

Two angles are called a linear pair of angles if and only if 
they have one side in common and the other sides are oppo- 
site rays. 

Two angles (distinct or not) are complementary, and each is 
called a complement of the other if the sum of their measures 
is 90, Two angles {distinct or not) are supplementary, and 
each is called a supplement of the other if the sum of their 
measures is 180. 

A ray is a midray of an angle if it is between the sides of the 
angle and forms with them two congruent angles. A midray 
of an angle is said to bisect the angle; it is sometimes called 
the bisector of the angle or, briefly, the angle bisector. 
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4.14, 


4.16. 


4.17. 


4.18. 


4.19. 


4.20. 


Two coplanar angles are adjacent angles if they have one side 
in common and the intersection of their interiors is empty. 
An angle whose measure is 90 is a right angle. An angle 
whose measure is less than 90 is an acute angle. An angle 
whose measure is greater than 90 is an obtuse angle. 
If the union of two intersecting lines contains a right angle, 
then the lines are perpendicular, 
Two sets, each of which is a segment, a ray, or a line, and 
which determine two perpendicular lines are called perpen- 
dicular sets, and each is said to be perpendicular to the other. 
Let n be any integer greater than or equal to 3. Let Py, 
Po... Pot, Py be ἢ distinct coplanar points such that the n 
segments PiPs, PoFs,..., PP PP have the following 
properties: 
1. No two of these segments intersect except at their endpoints. 
2. No two of these segments with a common endpoint are 
collinear. 
Then the union of these n segments is a polygon. Each of the 
n given points is a vertex of the polygon. Each of the n seg- 
ments is a side of the polygon. 


. Two vertices of a polygon that are endpoints of the same side 


are called consecutive vertices. Two sides of a polygon that 
have a common endpoint are called consecutive sides. A diago- 
nal of a polygon is a segment whose endpoints are vertices, 
but not consecutive vertices, of the polygon. 

A polygon is a convex polygon if and only if each of its sides 
lies on the edge of a halfplane which contains all of the poly- 
gon except that one side, 

The interior of a convex polygon is the intersection of all of 
the halfplanes, each of which has a side of the polygon on its 
edge and each of which contains all of the polygon except 
that side. 

An angle determined by two consecutive sides of a convex 
polygon is called an angle of the polygon. Two angles of a 
polygon are called consecutive angles of the polygon if their 
vertices are consecutive vertices of the polygon. 

If two sides (or vertices, or angles) of a quadrilateral are not 
consecutive sides (or vertices, or angles}, then they are oppo- 
site sides (or vertices, or angles) and each is said to be opposite 
the other. 

If two noncoplanar halfplanes have the same edge, then the 


4,21. 


5.1. 


Dates 


5.3, 


5.4, 


5.5. 


6.3. 


6.4, 


Definitions 


union of these halfplanes and the line which is their common 
edge is a dihedral angle. The union of this common edge and 
either one of these two halfplanes is a face of the dihedral 
angle. 

Two dihedral angles which have a common edge and whose 


union is the union of the two intersecting planes are vertical 
dihedral angles. 


Two triangles (not necessarily distinct) are congruent if and 
only if there exists a one-to-one correspondence between 
their vertices in which the corresponding parts are congruent. 
Such a one-to-one correspondence between the vertices of 
two congruent triangles is called a congruence. 

An angle of a triangle is said to be included by two sides of 
that triangle if the angle contains these sides, A side of a tri- 
angle is said to be included by two angles of that triangle if 
the endpoints of the side are the vertices of those angles. 

An isosceles triangle is a triangle with (at least) two congruent 
sides. If two sides are congruent, then the remaining side is 
called the base. The angle opposite the base is called the 
vertex angle. The two angles that are opposite the congruent 
sides are called the base angles. 

A triangle with three congruent sides is called an equilateral 
triangle. A triangle with three congruent angles is called an 
equiangular triangle. 

A median of a triangle is a segment whose endpoints are a 
vertex of the triangle and the midpoint of the side opposite 
that vertex. 

The perpendicular bisector of a segment in a given plane is 
the line in that plane which is perpendicular to the segment 
at its midpoint. 


AB > CD if and only if AB > CD; AB < CD if and only if 
AB < CD. 

£ ABC > {DEF if and only if mZABC > m/ DEF, 
ZABC < 4 DEF if and only if m4 ABC < m/ DEF. 

If a and b are numbers, then a < b if and only if there is a 
positive number p such that b = a + p. Also a > δ if and 
only if there is a positive number p such that a = b + p. 

If ἃ and b are numbers, then a < bif and only it a < b or 
i= bh, 
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Each angle of a triangle is called an interior angle of the 

triangle. An angle which forms a linear pair with an interior 

angle of a triangle is called an exterior angle of the triangle. 

Each exterior angle is said to be adjacent to the interior angle 

with which it forms a linear pair and nonadjacent to the other 

two interior angles of the triangle. 

A right triangle is a triangle with one right angle. The hypote- 

nuse of a right triangle is the side opposite the right angle. 

The other two sides of a right triangle are called legs. 

An obtuse triangle is a triangle with one obtuse angle. 

An acute triangle is a triangle with three acute angles. 

The distance between a point and a line not containing the 

point is the length of the perpendicular segment joining the 

point to the line. The distance between a line and a point on 
the line is defined to be zero, 

1. Any side of a triangle is a base of that triangle. Given a 
base of a triangle, the segment joining the opposite vertex 
to a point of the line containing its base, and perpendicular 
to the line containing the base, is the altitude correspond- 
ing to that base. 

2. The length of any side of a triangle is a base of that 
triangle. The distance between the opposite vertex and the 
line containing that side is the corresponding altitude. 


Two distinct lines which are coplanar and nonintersecting are 
parallel lines, and each is said to be parallel to the other. 
Also, a line is parallel to itself, The lines in a set of lines are 
said to be parallel lines if each two in the set are parallel. 
Two lines which do not lie in the same plane are called skew 
lines. 

A transversal of two distinct coplanar lines is a line which 
intersects their union in exactly two distinct points. 

Two coplanar angles are alternate interior angles if their 
intersection is a segment and if their interiors do not intersect. 
Two coplanar angles are consecutive interior angles if their 
intersection is a segment, or a segment and a point, and if 
their interiors intersect. 

Two coplanar angles are corresponding angles if their inter- 
section is a ray, or a ray and a point, and if their interiors 
intersect. 
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Definitions 

If the lines which contain two segments are parallel, then the 
segments are said to be parallel segments, and each is said to 
be parallel to the other. The segments in a set of segments 
are parallel if every two of thern are parallel. 
A parallelogram is a quadrilateral each of whose sides is 
parallel to the side opposite it. 
A trapezoid is a convex quadrilateral with at least two parallel 
sides. 
A rhombus is a parallelogram with two adjacent sides 
congruent. 
A rectangle is a parallelogram with a right angle. 
A square is a rectangle with two adjacent sides congruent. 
The distance between two distinct parallel lines is the length 
of a segment which is perpendicular to both lines and whose 
endpoints lie on these lines, one endpoint on one line and the 
other endpoint on the other line. The distance between a line 
and itself is zero. 

— =—_ <= 
Two noncollinear rays AB and CD are parallel if AB and CD 
are parallel lines and if B and D lie on the same side of AC. 
Two collinear rays are parallel if one of them is a subset of 
the other. 
Two noncollinear rays EF and GH are antiparallel if EF and 
CH are parallel lines and if F and H lie on opposite sides of 
EG. Two collinear rays are antiparallel if neither is a subset 
of the other, 


A line and a plane are perpendicular if the line intersects the 
plane and is perpendicular to every line in the plane through 
the point of intersection. 

If A and B are distinct points, the unique plane that is per- 
pendicular to AB at the midpoint of AB is called the perpen- 
dicular bisecting plane of AB. 

Two planes are parallel if their intersection is not a line. 

A line and a plane are parallel if their intersection is not a 
point. 

The intersection of a dihedral angle and a plane perpendicular 
to its edge is a plane angle of the dihedral angle. 
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The measure of a dihedral angle is the measure of any one of 
its plane angles. 

Avight dihedral angle is a dihedral angle whose measure is 90, 
Two planes are perpendicular if their union is the union of 
four right dihedral angles. 

A segment, or ray, is perpendicular to a plane if the line which 
contains it is perpendicular to the plane. If a segment is per- 
pendicular to a plane and one endpoint lies in the plane, then 
that segment is a perpendicular to the plane, and its endpoint 
in the plane is called the foot of the perpendicular, 

If ἃ is a plane and § is a set of points, then the projection of 
Son « is the set of all points Q, each of which is the foot of 
the perpendicular from some point of 5. 


. The distance between a point and a plane not containing it is 


the length of the perpendicular segment joining the given 
point to the given plane. 

The distance between two distinct parallel planes is the length 
of a segment that joins a point of one of the planes to a point 
of the other plane and is perpendicular to both of them. 


A polygonal region is a triangular region, or it is the union of 

a finite number (two or more) of triangular regions such that 

the intersection of every two of them is the null set, or a 

vertex of each of them, or a side of each of them. 

1, Any side of a parallelogram is a base of that parallelogram. 
Given a base of a parallelogram, the segment whose end- 
points are on the line containing the base and the line con- 
taining the side that is opposite that base, and perpen- 
dicular to these lines, is the altitude corresponding to that 
base. 

2. The length of any side of a parallelogram is a base of that 
parallelogram. The distance between the parallel lines con- 
taining that side and the side that is opposite to it is the 
corresponding altitude, or height. 


Let a one-to-one correspondence between the real numbers 
a, b, ¢,...and the real numbers a’, b’, c’,... in which a is 
matched with a’, b is matched with b’, c is matched with c’, 
and so on, be given, Then the numbers a, 6, c,... are said to 
be proportional to the numbers a’, δ΄, οἷς ... if there is a non- 
zero number k such that ἃ = ka’, b = kb’, α = ke’,.... The 
number & is called the constant of proportionality. 


10.2, 
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13.1, 


Definitions 


If a, b, c, d are numbers such that (a, δὴ = (δ, d) is a propor- 

tionality, then that proportionality is a proportion. 

1. A one-to-one correspondence ABC... <—> A'B'C’... 
between the vertices of polygon ABC...and polygon 
A'B'C ...is a similarity between the polygons if and only 
if corresponding angles are congruent and lengths of corre- 
sponding sides are proportional. 

2. 1 ABC... <> A'B'C’...is a similarity, then polygon 
ABC... and polygon A’B’C’ .. . are similar polygons and 
each is similar to the other, 

3. lf ABC... <—> A‘B'C’...is a similarity with AB = 
ΚΑ΄ Ε΄, BC = ΚΒ, and so on, then & is the constant of 
proportionality, or the proportionality constant, for that 
similarity. 

If P is a point and | is a line, the projection of P on Lis (1) the 

point P if P is on I and (2) the foot of the perpendicular from 

P to Lif Pis not on L 

The projection of a set 5 on a line 1 is the set of all points Ὁ 

on I such that each Q is the projection on / of some P in 5. 

If a and b are positive numbers such that (a,x) = (x, b) or 

that (x. a) = (Ρ, x), then x is called a geometric mean of 

a and ἢ. 


The one-to-one correspondence between the set of all points 
in an xy-plane and the set of all ordered pairs of real numbers 
in which each point Pin the plane corresponds to the ordered 
pair (a, b), in which ἃ is the x-coordinate of P and b is the 
y-coordinate of P, is an xy-coordinate system. 

If Afx,, yr) and Bix, yo) are two distinct points and if x, += xe, 
then the slope of AB is (y2 — y1)/(¥2 — χα), 

The slope of a nonvertical line is equal to the slope of any of 
its segments. The slope of a nonvertical ray is equal to the 
slope of the line that contains the ray. 


Given an x-axis, a y-axis, and a z-axis, the one-to-one corre- 
spondence between all the points in space and all the ordered 
triples of real numbers in which each point P corresponds to 
the ordered triple (a, b, c) where a, b, c are the x-, y-, z-coordi- 
nates, respectively, of P, is the xyz-coordinate system. 


Let r be a positive number and let O be a point in a given 
plane. The set of all points P in the given plane such that 
OP = r is called a circle. The given point O is called the 
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13.4. 
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13.7. 


13.8. 


13.9. 


center of the circle, the given number r is called the radius of 
the circle, and the number 2r is called the diameter of the 
circle. 

Let r be a positive number and let O be a point in space. The 
set of all points P in space such that OP = ris called a sphere. 
The given point O is called the center of the sphere, the 
given number r is called the radius of the sphere, and the 
number 2r is called the diameter of the sphere, 

Two or more coplanar circles, or two or more spheres, with 
the same center are said to be concentric. 


A chord of a circle or a sphere is a segment whose endpoints 
are points of the circle or sphere. A secant of a circle or 
sphere is a line containing a chord of the circle or sphere. 
A diameter of a circle or sphere is a chord containing the 
center of the circle or sphere. A radius of a circle or sphere is 
a segment with one endpoint at the center and the other 
endpoint on the circle or sphere. 


Two circles (distinct or not) are congruent if their radii are 
equal. Two spheres (distinct or not) are congruent if their 
radii are equal. 

Let a circle with center O and radius r in plane ἃ be given. 
The interior of the circle is the set of all points P in plane α 
such that OP < r, The exterior of the circle is the set of all 
points P in plane αὶ such that OP => +. 

If a line in the plane of a circle intersects the circle in exactly 
one point, the line is called a tangent to the circle and the 
point is called the point of tangency, or the point of contact. 
We say that the line and the circle are tangent at this point. 
If a segment or a ray intersects a circle and if the line that 
contains that segment or ray is tangent to the circle, then the 
segment or ray is said to be tangent to the circle. 

Two circles are tangent if and only if they are coplanar and 
tangent to the same line at the same point. If the centers of 
the tangent circles are on the same side of the tangent line, 
the circles are said to be internally tangent, If their centers 
are on opposite sides of the tangent line, the circles are said 
to be externally tangent. 

Let a sphere with center O and radius r be given. The interior 
of the sphere is the set of all points P in space such that 
OP < τ The exterior of the sphere is the set of all points P in 
space such that OP > r. 
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Definitions 
If a plane intersects a sphere in exactly one point. the plane 
is called a tangent plane to the sphere. The point is called 
the point of tangency, or the point of contact, and we say that 
the plane and the sphere are tangent at this point. 
A circle that is the intersection of a sphere with a plane 
through the center of the sphere is called a great circle of the 
sphere. 
An angle which is coplanar with a circle and has its vertex at 
the center of the circle is called a central angle. 
If A and B are distinct points on a circle with center P and if 
A and B are not the endpoints of a diameter of the circle, then 
the union of A, B, and all points of the circle in the interior 
of / APB is called a minor arc of the circle. The union of 
A, B, and all points of the circle in the exterior of 4 APB is 
called a major are of the circle, If A and B are the endpoints 
ofa diameter of the circle, then the union of A, B, and all 
points of the circle in one of the two halfplanes, with edge 
AB, lying in the plane of the circle is called a semicircle. 
If AXB is any are of a circle with center P, then its degree 
measure (denoted by mA XB) is given as follows: 
1. If AXB is a minor arc, then mA XB is the measure of the 
associated central angle; that is, 


mAXB = mZ APB. 
2. If AXB is a semicircle, then 


mAXB = 180. 


3. 1 AXB is a major are and AYB is the corresponding minor 
arc, then 


mAXB = 360 -- mAYB. 


. An angle is said to be inscribed in an are of a circle and is 


called an inscribed angle if and only if both of the following 

conditions are satisfied: 

1, Each side of the angle contains an endpoint of the are, 

2. The vertex of the angle is a point, but not an endpoint, of 
the are. 

An angle is said to intercept an are of a circle and the are is 

called an intercepted are of the angle if and only if all three 

of the following conditions are satisfied: 


A-17 


Definitions 


13.17. 


13.18. 


13,19. 


14.1. 


14.2. 


14,3. 


14.4, 


1. The endpoints of the arc lie on the angle. 

2, Each side of the angle contains at least one endpoint of 
the are. 

3. Each point of the are, except its endpoints, lies in the 
interior of the angle. 

Two ares (not necessarily distinct) are congruent if and only 

if they have the same measure and are ares of congruent 

If V and T are distinct points and if the line VT is tangent to 

acircle at T, then the segment VT is called a tangent-segment 

from V to the circle. If secant PA intersects a circle in 

points A and B such that A is between P and B, then the seg- 

ment FB is called a secant-segment from P to the circle and 

the segment PA is called an external secant-segment from P 

to the circle, 

Given a circle § with center O and radius r, and a point P in 

the same plane with 5, the power of P with respect to 8 

is (OP)? — 2. 


A regular polygon is a convex polygon all of whose sides are 
congruent and all of whose angles are congruent. 

Each angle of a convex polygon is called an interior angle of 
the polygon. An angle which forms a linear pair with an 
interior angle of a convex polygon is called an exterior angle 
of the polygon, Each exterior angle is said to be adjacent to 
the interior angle with which it forms a linear pair. 

The circle which contains the three vertices of a given triangle 
is called the circumscribed circle, or circumcircle, of the tri- 
angle and we say that it circumscribes the triangle, The tri- 
angle is said to be inseribed in the circle and is called an 
inscribed triangle of the circle. 


The circumcenter of a regular polygon is the center of its cir- 
cumscribed circle. A circumradius of a regular polygon is a seg- 
ment (or its length) joining the center of the polygon to one 
of the vertices of the polygon, An inradius of a regular poly- 
gon is a segment (or its length) whose endpoints are the 
center of the polygon and the foot of the perpendicular from 
the center of the polygon to a side of the polygon. A central 
angle of a regular polygon is an angle whose vertex is at the 
eenter of the polygon and whose sides contain adjacent 
vertices of the polygon. 
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Definitions 


A circle is said to be inscribed in a polygon and is called an 
inscribed circle or incircle, of the polygon if each of the sides 
of the polygon is tangent to the circle. We also say that the 
polygon circumscribes the circle. The center of an incircle of 
a polygon is an incenter of the polygon. 

The circumference of a circle is the limit of the sequence of 
perimeters p, of the inscribed regular polygons (that is, 
C = lim pn). 

If Cis the circumference of a circle and εἶ is its diameter, then 
the number C/d, which is the same for all circles, is denoted 
by the Greek letter sv. 

A circular region is the union of a circle and its interior. 

The area of a circle is the limit of the sequence of areas of 
the inscribed regular polygons. 

The length of arc AB (denoted by (AB) is the limit of {Aj} 
where 


A, = AP; + PyPo + «++ + PaiB 


and where P;, Ps,..., P,—1 are ἢ — 1 distinct points of AB 
subtending congruent angles at the center V of the circle 
containing AB. 

In the same circle or in congruent circles, two arcs are con- 
gruent if and only if they have the same length. 


Given a circle of radius r with center P, and an arc AB of this 
circle, the union of all segments PO such that Q is a point on 


arc AB is called a sector. We call AB the arc of the sector and 
we call r the radius of the sector. 


Let a and β be distinct parallel planes. Let Q and Θ᾽ be 
points in a and 8, respectively. Let R be a polygonal region 
in a. For each point P in R let Γ΄ be the point in αὶ such that 
PP’||OQ’. The union of all such segments PP’ is a prism. 
If OQ’ is perpendicular to α and β, the prism is a right prism. 
Let R’ be the polygonal region consisting of all the points Ρ᾽ 
in 8. The polygonal regions ft and A’ are called the bases of 
the prism. Depending upon the orientation of the prism it is 
sometimes convenient to call one of the bases the lower base 
and the other base the upper base. Sometimes we call the 
lower base simply the base. A segment that is perpendicular 
to both α and καὶ and with its endpoints in these planes is an 
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altitude of the prism. Sometimes the length of an altitude is 
called the altitude of the prism. 

If a plane parallel to the plane of the base of a prism inter- 
sects the prism, the intersection is called a cross section of 
the prism. 

A lateral edge of a prism is a segment AA’ where A is a vertex 
of the base and A’ is the corresponding vertex of the upper 
base. A lateral face is the union of all segments PP’ of which 
Pisa point in an edge of one base and Ρ' is the corresponding 
point in the edge of the other base. The lateral surface of a 
prism is the union of its lateral faces. The total surface of a 
prism is the union of its lateral surface and its bases. 

A parallelepiped is a prism whose base is a parallelogram 
region. A rectangular parallelepiped is a right prism whose 
base is a rectangular region. A cube is a rectangular parallele- 
piped all of whose edges are congruent. A diagonal of a 
parallelepiped is a segment joining any two of its vertices 
which are not contained in the same lateral face or base of 
the parallelepiped. 

The lateral surface area of a prism is the sum of the areas of 
its lateral faces. The total surface area of a prism is the sum 
of the lateral surface area and the areas of the two bases. 

Let R be a polygonal region in a plane α and V a point not 
in a. For each point P of R there is a segment PV. The union 
of all such segments is called a pyramid. The polygonal 
region R is called the base and V is called the vertex of the 
pyramid. The distance VT from V to a is the altitude of the 
pyramid. 

If the center of the base circle of a cone is the foot of the 
perpendicular from the vertex V to plane a, the cone is called 
a right circular cone, 

A spherical region is the union of a sphere and its interior. 
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There are at least three distinct lines in space. 

If two distinct lines intersect, then they intersect in exactly 
one point. 

Space contains at least two distinct planes. 

If a line intersects a plane which does not contain the line, 
then the intersection is a single point. 
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If m is a line and P is a point not on m, then there is exactly 
one plane which contains m and P. 

If two distinct lines intersect, then there is exactly one plane 
that contains them, 


The intersection of two convex sets is a convex set. 

If a segment has only one endpoint on a given line, then the 
entire segment, except for that endpoint, lies in one halfplane 
whose edge is the given line. 

If the intersection of a line and a ray is the endpoint of the 
ray, then the interior of the ray is contained in one halfplane 
whose edge is the given line. 

If P is any point in the interior of 2 ABC, then the interior 
points of ray BP are points of the interior of 4 ABC. 

The intersection of the interiors of two angles of a triangle is 
the interior of the triangle. 

If a line and a triangle are coplanar, if the line does not con- 
tain a vertex of the triangle, and if the line intersects one side 
of the triangle, then it also intersects just one of the other 
two sides. 


If PO and RS are segments such that the length of RS in PQ 
units is 1, then for all points A and B it is true that AB (in RS 
units) = AB (in PQ units). 

The Origin and Unit Point Theorem. If P and QO are any two 
distinct points, then there is a unique coordinate system on 
PO with P as origin and Q as unit point. 

Congruence for segments is reflexive, symmetric, and 
transitive. 

The Length-Addition Theorem for Segments. If distinct points 
B and C are between points A and D and if AB = CD, then 
AC = BD. 

COROLLARY 3.4.1. If distinct points B and C are between 
points A and D and if AC = BD, then AB = CD. 
COROLLARY 3.4.2. If A, B, C, D, E, F are points such that 
A-B-C, D-E-F, AB = DF, BC = FEF, then AC δε DF, 
COROLLARY 3.4.3. If A, B, C, D, E, F are points such that 
A-B-C, D-E-F, AB = DE, AC = DF, then BC = EF. 
Segment Construction Theorem. Given a segment CD and a 
ray AB, there is exactly one point P on AB such that 
AP = CD. 
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LEMMA 3.6.1, Let x, and xe be the coordinates of distinct 
points X; and Xo, respectively, on a line L If x is the coordi- 
nate of a point X on /, then 

XX, t— 1] 


: if X € XX, 
XM m— mT 


anc 
XX, x—Z1. ——_ a. 
SSE — es f “ 5 
Χ ΧΙ —— if X € opp X1Xq 


The Two Coordinate Systems Theorem. If X, and Xz are two 
distinct points of a line 1, if the coordinates of X, and X» are 
x, and xs, respectively, in a coordinate system §, and x,’ and 
x2’, respectively, in a coordinate system §', then for every 
point X on L, it is true that 
χα -- χχ χα -- χι' 

where x and x’ are the coordinates of X in § and in S$’, 
respectively. 

COROLLARY 3.6.1. Let X, and Χῳ be the origin and unit 
point, respectively, in a coordinate system §, on a line ἰ. Let 
x; and xz be the coordinates of X; and Xs, respectively, in a 
coordinate system §, on L Let k and x be the coordinates of 
a point X on / in the systems $y and §,, respectively. Then 


-π-ς, mM that is, α = x + Κίας — x). 
1 


If < AVB is any angle in a plane a and if § is the ray-coordi- 
nate system in a relative to V in which cd VA = 0 and 
—=s 
ed VB = mZ AVB, then the ray-coordinate of VX is: 
— — 
2. 180 if VX = opp ΝΑ. 
3, between 0 and 180 if X is on the B-side of VA. . 
4, between 180 and 360 if X is on the not-B-side of VA. 


4.2, Angle Construction Theorem, If 2 DEF is any angle, if VA is 


4.3. 


4.4. 


4.13. 


4.18. 
4.14. 
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any ray, if Ὁ is any halfplane with edge VA, then there is one 
and only one halfline VB in 5C such that LAVB = 2 DEF. 
If a ray-coordinate system in which ed VA = 0, cd VB = ἃ, 
ed VC = cwithe < 180 is given, then VB is between VA and 
VC if and only if b is between 0 and ὁ. 
Angle Measure Addition Theorem. If distinct rays VB and VC 
are between rays VA and VD and if ZAVB = CVD, then 
f AVC = £BVD. 

COROLLARY 4.4.1. Tf distinct rays VB and VC are between 
rays VA and VD and if ZAVC = ZBVD, then 2AVB= 
é CVD. 

COROLLARY 4.4.2. If VA, VB, VC, VD are distinct coplanar 
rays such that A~V-D, B and C are on the same side of AD and 
Z£AVB = £CVD, then ZAVC & ZBVD. 

Vertical angles are congruent. 

If two angles form a linear pair of angles, then they are sup- 
plementary angles. 

Complements of congruent angles are congruent. 
Supplements of congruent angles are congruent. 

Every angle has a unique midray, 

LEMMA 4.10.1. If a point is in the interior of an angle, then 
it is an interior point of a ray between the sides of that angle. 
The interior of an angle is the union of the interiors of all 
rays between the sides of the angle. 


. If AB is a segment joining an interior point of one side of an 


angle to an interior point of the other side, then the interior 
of AB is contained in the interior of the angle. 

If the two angles in a linear pair are congruent, they are right 
Any two right angles are congruent. 

For each point on a line in a plane, there is one and only one 
line which lies in the given plane, contains the given point, 
and is perpendicular to the given line. 


The Isosceles Triangle Theorem. The base angles of an isos- 
celes triangle are congruent. 
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COROLLARY 5.1.1. If a triangle is equilateral, then it is 
equiangular. 

Converse of the Isosceles Triangle Theorem. If a triangle has 
two congruent angles, then the sides opposite these angles are 
congruent and the triangle is isosceles. 

COROLLARY 5.2.1. If a triangle is equiangular, then it is 
equilateral. 

The median to the base of an isosceles triangle bisects the 
vertex angle and is perpendicular to the base. 

The midray of the vertex angle of an isosceles triangle bisects 
the base and is perpendicular to it. 

The Perpendicular Bisector Theorem, Lf, in a given plane a, P 
is a point on the perpendicular bisector of AB, then P is equi- 
distant from the endpoints of ΑΒ, 

Converse of the Perpendicular Bisector Theorem. If, in a 
given plane a, Pis equidistant from the endpoints of AB, then P 
lies on the perpendicular bisector AB. 


If x and y are numbers, then x « y if and only if y > x. 
AB > CD if and only if CD < AB. 

f ABC > # DEF if and only if 4 DEF « Δ ABC. 

Let three distinct collinear points A, B, C be given. Then 
A-C-B if and only if AB > AC and AB > BC. 

If point Dis the interior of 4 ABC, thenm 4 ABC > m/ ABD 
and πὶ ἡ ABC > mz DBC. 

The Exterior Angle Theorem. Each exterior angle of a tri- 
angle is greater than either of its nonadjacent interior angles. 
COROLLARY 6.6.1. If one of the angles of a triangle is a 
right angle, then the other two angles of the triangle are 
acute angles. 

COROLLARY 6.6.2. If one of the angles of a triangle is an 
obtuse angle, then the other two angles of the triangle are 
acute angles. 

Given a line and a point not on the line, there is one and only 
one line which contains the given point and which is perpen- 
dicular to the given line. 

Angle-Comparison Theorem. If two sides of a triangle are not 
congruent, then the angles opposite them are not congruent 
and the greater angle lies opposite the greater side. 
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Side-Comparison Theorem. If two angles of a triangle are not 
congruent, then the sides opposite them are not congruent 
and the greater side lies opposite the greater angle. 
COROLLARY 6.9.1. The hypotenuse of a right triangle is the 
longest side of the triangle. 

COROLLARY 6.9.2. The shortest segment from a point to a 
line not containing the point is the segment perpendicular to 
the line. 

Triangle Inequality Theorem. The sum of the lengths of any 
two sides of a triangle is greater than the length of the third 
side. 

Side-Comparison Theorem for Two Triangles. If two sides of 
one triangle are congruent, respectively, to two sides of a 
second triangle, and if the angle included by the sides of the 
first triangle is greater than the angle included by the sides of 
the second triangle, then the third side of the first triangle is 
greater than the third side of the second triangle. 
Angle-Comparison Theorem for Two Triangles. If two sides 
of one triangle are congruent, respectively, to two sides of a 
second triangle, and if the third side of the first triangle is 
greater than the third side of the second triangle, then the 
angle included by the two sides of the first triangle is greater 
than the angle included by the two sides of the second triangle. 


Existence of Parallel Lines Theorem. If lis a line and P ἰδ ἃ 
point, then there is at least one line through P and parallel to I. 
If P is on J, there is exactly one line through P and parallel to lL. 
Let two distinct coplanar lines and a transversal be given. 
If the transversal is perpendicular to both lines, then the lines 
are parallel. 

Alternate Interior Angle Theorem. Uf two alternate interior 
angles determined by two distinct coplanar lines and a trans- 
versal are congruent, then the lines are parallel. 
Corresponding Angle Theorem. Lf two corresponding angles 
determined by two distinct coplanar lines and a transversal 
are congruent, then the lines are parallel. 

Consecutive Interior Angle Theorem. If two consecutive 
interior angles determined by two distinct coplanar lines and 
a transversal are supplementary, then the lines are parallel. 
Converse of Alternate Interior Angle Theorem. If two distinct 


A-25 


A-26 


Theorems 


7.4. 


1.8. 


1.5. 


7.10. 


1.11. 


1.15. 


7.13. 


lines are parallel, then any two alternate interior angles deter- 
mined by a transversal of the lines are congruent. 

Converse of Corresponding Angle Theorem. If two distinct 
lines are parallel, then any two corresponding angles deter- 
mined by a transversal of the lines are congruent. 

Converse of Consecutive Interior Angle Theorem. Lf two dis- 
tinct lines are parallel, then any two consecutive interior 
angles determined by a transversal of the lines are supple- 
mentary. 

Let a and b be two distinct coplanar lines, and let ¢ be a 
transversal of them that is perpendicular to a. If t is perpen- 
dicular to b, the lines ἃ and b are parallel. 

Let a and b be two distinet coplanar lines, and let ¢ be a 
transversal of them that is perpendicular to a. If a and b are 
parallel, then ὁ is perpendicular to b. 

Two coplanar lines parallel to the same line are parallel to 
each other. 


Let three distinct coplanar lines with two of them parallel be 
given. If the third line intersects one of the two parallel lines, 
then it intersects the other also. 

Let two sets § and 3 of parallel lines in a plane a be given. 
(This means that every two lines in § are parallel and that 
every two lines in J are parallel.) If one line in § is perpen- 
dicular to one line in T, then every line in 5 is perpendicular 
to every line in Τὶ, 


. ΠῚ ἃ convex quadrilateral is a parallelogram, then its opposite 


sides are con fruent, 


. Ifa convex quadrilateral is a parallelogram, then its opposite 


angles are congruent. 


- Ifa convex quadrilateral is a parallelogram, then its diagonals 


bisect each other. 


. If two sides of a convex quadrilateral are parallel and con- 


gruent, then the quadrilateral is a parallelogram. 


. If the diagonals of a convex quadrilateral bisect each other, 


then the quadrilateral is a parallelogram. 


. If each two opposite sides of a convex quadrilateral are con- 


gruent, then the quadrilateral is a parallelogram. 


. A rhombus is an equilateral parallelogram. 
. A rectangle is a parallelogram with four congruent angles. 
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. A square is an equilateral rectangle. 
7.23. 
7.24. 
. For every two distinct parallel lines there is a number that is 


A square is an equiangular rhombus. 
The diagonals of a rhombus are perpendicular. 


the common length of all segments perpendicular to both of 
the given lines and with one endpoint on one of the given 
lines and one endpoint on the other one. 


_If £ABC and / DEF are coplanar angles with BA and ED 


parallel and with BC and EF parallel, then “ABC = 4 DEF. 


.If £ABC and 4 DEF are coplanar angles with BA and ED 


parallel and with BC and EF antiparallel, then 4 ABC and 
/ DEF are supplementary. 
If £ABC and 4 DEF are coplanar angles with BA and ED 
antiparallel and with BC and EF antiparallel, then 2ABC = 
é DEF. 
The sum of the measures of the angles of a triangle is 150. 
The measure of an exterior angle of a triangle is equal to the 
sum of the measures of its nonadjacent interior angles. 
Let a one-to-one correspondence between the vertices of two 
triangles be given. If two angles of one triangle are congruent, 
respectively, to the corresponding angles of the other triangle, 
then the third angles of the two triangles are also congruent. 
The §.A.A. Theorem. Let a one-to-one correspondence be- 
tween the vertices of two triangles be given. If two angles and 
a side opposite one of them in one triangle are congruent, 
respectively, to the corresponding parts of the second triangle, 
then the correspondence is a congruence. 
The sum of the measures of the angles of a convex quadrilateral 
is 360. 
The acute angles of a right triangle are complementary. 
The Hypotenuse-Leg Theorem. Let there be a one-to-one 
correspondence between the vertices of two right triangles in 
which the vertices of the right angles correspond. If the 
hypotenuse and a leg of one triangle are congruent to the 
corresponding parts of the other triangle, then the corre- 
spondence is a congruence. 
If A, A’, B, C, D are distinct points with B and C each equi- 
distant from A and A’ and with D on BC, then D is equi- 
distant from A and A’. 
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If a line is perpendicular to each of two distinct intersecting 
lines at their point of intersection, then it is perpendicular to 
the plane that contains them. 

If a line and a plane are perpendicular, then the plane con- 
tains every line perpendicular to the given line at the point 
of intersection of the given line and the given plane, 

Given a line and a point, there is a unique plane perpendicular 
to the line and containing the point. 

The perpendicular bisecting plane of a segment is the set of 
all points equidistant from the endpoints of the segment. 
Given two perpendicular lines, there is a unique line that is 
perpendicular to each of the given lines at their point of 
intersection. 

If two lines are perpendicular to the same plane, they are 
parallel. 

If one of two distinct parallel lines is perpendicular to a 
plane, then the other line is also perpendicular to that plane. 
Given a plane and a point, there is a unique line containing 
the given point and perpendicular to the given plane. 

If a plane intersects one of two distinct parallel lines but does 
not contain it, then it intersects the other line and does not 
contain it. 

If a plane is parallel to one of two parallel lines, it is parallel 
to the other line also. 

If a plane intersects two distinct parallel planes, the inter- 
sections are two distinct parallel lines. 

If «, 8, y are three distinct planes such that f is parallel to y 
and such that ἃ intersects 8, then « intersects y. 

If a line intersects one of two distinct parallel planes in a 
single point, then it intersects the other plane in a single point. 
If a line is parallel to one of two distinct parallel planes, it is 
parallel to the other plane, 

There is a unique plane that contains a given point and is 
parallel to a given plane. 

Given a point and a plane, then every line containing the 
given point and parallel to the given plane lies in the plane 
containing the given point and parallel to the given plane. 
Any two plane angles of a dihedral angle are congruent. 

If a line is perpendicular to a plane, then any plane containing 
the given line is perpendicular to the given plane, 
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If a line is perpendicular to one of two parallel planes, then it 
is perpendicular to the other plane also. 

If two planes are perpendicular, then any line in one of the 
planes and perpendicular to their line intersection is perpen- 
dicular to the other plane. 

If two distinct intersecting planes are perpendicular to a third 
plane, then their line of intersection is perpendicular to the 
third plane. 

The projection of a line on a plane is either a line or a point. 
COROLLARY 8.23.1. The projection of a segment on a plane 
is either a point or a segment. 

Given a plane a and two distinct points A and B such that 
AB is parallel to ἃ, if A’B’ is the projection of AB on a, then 
A'B’ cm AB. 

Given parallel planes a and βὶ and SABC in a, if A’, BY Οἱ 
are the projections of A, B, C, respectively, on 8, then 
SABC = AA'B'C. 

The shortest segment joining a given point not in a given 
plane to a point in the given plane is the perpendicular that 
joins the given point to its projection in the given plane. 

All segments that are perpendicular to each of two distinct 
parallel planes and have their endpoints in these planes have 
the same length. 


If b is a base of a parallelogram and if h is the corresponding 
height, then the area 5. of the parallelogram is given by the 
formula 8 = bh. 

If b is a base of a triangle and if h is the corresponding alti- 
tude, then the area S of the triangle is given by the formula 
S = hbh. 

If b, and bz are the lengths of the parallel sides of a trapezoid 
and if h is the distance between the lines that contain these 
parallel sides, then the area S of the trapezoid is given by the 
formula § = 4 (bi + ba)h. 

The Pythagorean Theorem. If a, b, ¢ are the lengths of the 
sides of a right triangle ABC, with ¢ = AB the length of the 
hypotenuse, then a? + b? = οἷ, 

Converse of The Pythagorean Theorem. If a, b, ¢ are the 
lengths of the sides of a triangle and if αὐ + δ = c®, then the 
triangle is a right triangle and the right angle is opposite the 
side of length ec. 
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The proportionality relation is an equivalence relation. 
If (a, b,c) = (d, ε, f), then 
l, (a4, b, c,a + b + c) = (de, fd +e + f), 

and, if ἢ = 0), 

2. (ha, b, c)= (hd, é, [). 


Proportions iavelving nonzero numbers a, b, c, d have the 

following properties: 

1. Alternation Property: If (a, b) = (c,d), then (a, οἱ = (b, d) 
and (d, b) = (ὁ, a). 

2. Inversion Property: If (a, b) = (c, d), then (b, a) = (d, c). 

3. Product Property: (a,b) = = (ο, 41} if and only if ad = be, 

4. Ratio Property: (a,b) = (o, d) if and only if a/b = e/d. 


The relation of similarity eae polygons is reflexive, sym- 
metric, and transitive. 

The perimeters of two similar polygons are proportional to 
the lengths of any two corresponding sides. 


Triangle Proportionality Theorem. If a line parallel to one side 
of a triangle intersects a second side in an interior point, then 
it intersects the third side in an interior point, and the lengths 
of the segments formed on the second side are proportional 
to the lengths of the segments formed on the third side. 


Converse of the Triangle Proportionality Theorem. Let (ABC 
with points D and Εὶ such that A-D-B and A-E-C be given, 
If (AD, AB) = (AE, AC), then DE || BC. 


Iftwo distinct transversals cut three or more distinct lines that 
are coplanar and parallel, then the lengths of the segments 
formed on one transversal are proportional to the lengths of 
the segments formed on the other transversal. 

COROLLARY 10.8.1. If a line bisects one side of a triangle 
and is parallel to a second side, then it bisects the third side. 


If AABC is any triangle and k is any positive number, then 
there is a triangle Δ Α΄ ΒΓ such that AA‘B'C’ ~ AABC with 
constant of proportionality k. 

5.8.8. Similarity Theorem, Given AABC and ADEF, if 
(AB, BC, CA) = (DE, EF, FD), then AABC ~ ADEF, 
5.5.5, Similarity Theorem—Alternate Form. If the lengths of 
the sides of one triangle are proportional to the lengths of the 
corresponding sides of the other triangle, then the triangles 
are similar. 
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$.A.S. Similarity Theorem. Given AABC and ADEF, if 
£A = ZDand (AB, AC) = (DE, DF), then AABC ~ ADEF. 
S.A.8. Similarity Theorem—Alternate Form. If an angle of 
one triangle is congruent to an angle of another triangle and 
if the lengths of the including sides are proportional to the 
lengths of the corresponding sides in the other triangle, then 
the triangles are similar. 

COROLLARY 10.11.1. A segment which joins the midpoints 
of two sides of a triangle is parallel to the third side and its 
length is half the length of the third side. 

A.A. Similarity) Theorem. Given SABC and ADEFEF, if 
ΖΑ τὸ ZDand £B= ΣΕ, then AABC ~ ADEP. 

A.A. Similarity Theorem—Alternate Form. If two angles of 
one triangle are congruent to the corresponding angles of 
another triangle, then the triangles are similar. 

If triangles AABC and 4 DEF are such that AB || DE, BC || EP, 
CA || FD, then AABC ~ ADEF. 

If two triangles are similar, then the lengths of any two corre- 
sponding altitudes are proportional to the lengths of any two 
corresponding sides. 

If two triangles are similar, then their areas are proportional 
to the squares of the lengths of any two corresponding sides. 
In any right triangle the altitude to the hypotenuse separates 
the right triangle into two triangles each similar to the original 
triangle, and hence also to each other. 

COROLLARY 10.18.1. The square of the length of the altitude 
to the hypotenuse of a right triangle is equal to the product 
of the lengths of the projections of the legs on the hypotenuse. 
COROLLARY 10.16.2. The square of the length of a leg of 
a right triangle is equal to the product of the lengths of the 
hypotenuse and the projection of that leg on the hypotenuse. 
COROLLARY 10.16.1. Alternate Form. The length of the 
altitude to the hypotenuse of a right triangle is the geometric 
mean of the lengths of the projections of the legs on the 
hypotenuse. 

COROLLARY 10.16.2. Alternate Form. The length of a leg 
of a right triangle is the geometric mean of the lengths of the 
hypotenuse and the projection of that leg on the hypotenuse. 
The Pythagorean Theorem. In any right triangle the square 
of the length of the hypotenuse is equal to the sum of the 
squares of the lengths of the two legs. 
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Converse of the Pythagorean Theorem. If a? 4- b? = οἷ, 
where a, b, δ are the lengths of the sides of a triangle, then 
the triangle is a right triangle with ec the length of the 
hypotenuse. 
The median to the hypotenuse of a right triangle is one-half 
as long as the hypotenuse. 
The 3, 4, 5 Theorem. If x is any positive number, then every 
triangle with side lengths 3x, 4x, 5x is a right triangle, 
The 5, 12, 13 Theorem. If x is a positive number and if the 
lengths of the sides of a triangle are 5x, 12x, and 13x, then the 
triangle is a right triangle. 
The 1, 1, \/2 Theorem. If the lengths of the sides of a triangle 
are proportional to 1, 1, \/2, then the triangle is an isosceles 
right triangle. 
The 1, \/3, 2 Theorem. If the lengths of the sides of a triangle 
are proportional to 1, \/3, 2, then it is a right triangle with 
its shortest side half as long as its hypotenuse. 
A triangle is a 30, 60, 90 triangle if and only if it is a 1, \/3,2 
triangle with the shortest side opposite the 30 degree angle. 
The correspondence which matches cach point in the xy-plane 
with its xy-coordinates is a one-to-one correspondence between 
the set of all ordered pairs of real numbers and the set of all 
points in the xy-plane. 
If P(x}, yx) and Qjxz, yy) are points on the same horizontal 
line in an xy-plane, then 

ΡΟ = |x, — χα 
1 P(xy, yy) and (χὰ, 1.2} are points on the same vertical line 
in an xy-plane, then 

PO = | — ψε!. 
If P; = (αι, yi) and Pz; = (x2, y2) are any two points in an 
xy-plane, then 


PiP2 = νῖχι — x2)? + ly — ye)? 
If P = (x;, yi) and Ὁ = (%2. yz) are any two distinct points in 
an xy-plane, then the midpoint M of PQ is the point 


M = (::5. Hh). 
2 2 
If ἰ5 any nonvertical (nonhorizontal) line in an xy-plane, 
then the one-to-one correspondence between the points of I 
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and their x-coordinates (y-coordinates) is a coordinate system 
on I. 

If A(x,, yi) and Βίχο, ys) are any two distinct points, then 
AB = {(x,y) ix = x + Aire — 1), yoy: + Kye — yn), 
If a, b, c, d are real numbers, if b and d are not both zero, 
and if 5 = {(x, y): x = a + bk, y = ec + dk, kis real}, then 
5 is a line. 
The slopes of all segments of a nonvertical line are equal. 
Given a point A and a real number m, there is one and only 
one line which contains A and has slope m. 
The line | given by 
| See = fix,y)ix=euy+khy= wy + mk, k is real} or by 
2.2 = f(x,y): a2 = + sk, y = yy + rh, Kis real} 
is the line through (x, y1) with slope m = τ᾽ 
If | is the horizontal line through (χὰ, y1), then 
l= {(x,y): y = 1}. 
If | is the vertical line through (x), y:), then 
f= { (sy) : 2 = 34}. 
The Two-Point Form. lf A = (x:, ψι) and B = (xz, yz) are 
distinct points, and if AB is an oblique line, then 
AB = α y) : He Sei = | 
tg — Χὶ Ye — V1 
The Point Slope Form. If | is the line through A = (τι: y1) 
with slope m, then 
l= {(x,y) sy — yr = mix — %)}. 
Two nonvertical lines are parallel if and only if their slopes 
are equal. 
Two oblique lines are perpendicular if and only if the product 
of their slopes is — 1. 
A segment which joins the midpoints of two sides of a triangle 
is el to the third side and has half the length of the 
third side. 
The medians of a triangle are concurrent in a point (centroid) 
which is two-thirds of the distance from each vertex to the 
midpoint of the opposite side. 


Let quadrilateral ABCD with A = (0,0), Β = (2,0), D= 
(b,c) be given. ABCD is a parallelogram if and only if 
c= (a Ss i b, ὃ}, 

If the diagonals of a quadrilateral bisect each other, then the 
quadrilateral is a parallelogram, 

The diagonals of a parallelogram bisect each other. 

If the vertices of a parallelogram are A = (Ὁ, 0), B = (a, 0), 
C = (a+ b,¢), D = (b,c), then the parallelogram is a rec- 
tangle if and only if b = 0), 

The diagonals of a rectangle are congruent. 

If the diagonals of a parallelogram are congruent, then the 
parallelogram is a rectangle, 

A rectangle is a square if and only if its diagonals are 
perpendicular, 

If the vertices of a parallelogram are A = (0, 0), B = (a, 0), 
C = (a + b,c), and D = (b, c), then the parallelogram is a 
rhombus if and only if a? = b? + c?. 


. If the diagonals of a parallelogram are perpendicular, then 


the parallelogram is a rhombus. 


. The median of a trapezoid is parallel to each of the bases and 


its length is one-half the sum of the lengths of the two bases. 
A trapezoid is isosceles if its diagonals are congruent. 

If a line bisects one side of a triangle and is parallel to a 
second side, then the line bisects the third side of the triangle. 
The midpoint of the hypotenuse of a right triangle is equidis- 
tant from the vertices of the triangle. 


The lines which contain the altitudes of a triangle are con- 
current, (Their common point is called the orthocenter of the 
triangle.) 


Distance Formula Theorem. The distance between P(x,, yy, 2) 
and Olx2. ye, 22) is given by 


[χὰ — χα} + [2 — i)? + (ze — a). 


12.2. If P(xy,-y1, 21) and Q(x2, y2, 22) are any two distinct points, then 


Seid x = χχ + kixe — x), 
ΡΟ =} (x,y,z): y = ψι + Ky2 — yi), and kis real 
== 2 + Aize — %), 
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If R = (a,b, c), where a = x1 + K(xz — 1), 
b=y + Kyz — 91), 
c= % + hx — %), 
ἐ- 
is a point of PQ, then 
R is the point P if k = 0, 
τα 
R € PO and PR Ξ k- PQ if k > 0, 
R € opp PO and PR = —k- PQ ifk < 0. 
Given an xyz-coordinate system, every plane has a linear 
equation. 
Given an xyz-coordinate system, the graph of every linear 
equation 
in which a, b, c, d are real numbers and a, }, ¢ are not all 
zero, is a plane. 
If a, b, c, d are real numbers with a, b, c not all zero, then 
the plane 
at = {(x, y,z) : ax + by + cz + d= 0} 
is perpendicular to the line through O(0, 0, 0) and P(a, b, c). 
Consider the plane 
a = {(x,y,2) : ax + by + cz +d τ 0). 
If a = 0, a is parallel to the x-axis. If b = 0, a is parallel to 
the y-axis. If c = 0, ἃ is parallel to the z-axis. 
If Pixi, yi, 21) and Q(x2, yz, 22} are two distinct points with 
χὰ F Xz, {1 F Yo, τι F 55, then 
PO = {( y.2): === Ye-t 2-4 
If Pixy, yi, 21) and Q{x2, ye, 21) are distinct points with x, τὲ x2 
and y; = yo, then 
τΑ xX - Χὰ - if 
= (x,y,z): ——_ = = »S= ξι} 
6 = {te y,2): 2 = ἘΞ’, ἐπ αι] 
If Pixy, yi, #1) and Q(x, yi, 22) are distinct points with 
x) ΞΖ x2 and 2 2, then 


PO = {(x, y,2): See Saat! ee 
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If P(xy, y1, 21) and Q(x, ye, Z2) are two distinct points with 
1 = yo and 2 + 2, then 


PO = [(xy,2): $= = ==" yan} 


y2—Y1 m2 — 23 
Tf P(xi, yi, 21) and Q(x, yr, 22) are two distinct points, then 
PO = {(x, y, 2): x= αὶ andy = yy}. 
If Ρίαι, yr, 21) and (χὰ, yz, 21) are two distinct points, then 
PO = {(z,y, 2) : x = and καὶ = 2}. 
If P(xy, yi, 21) and Q(x, yi, 21) are two distinct points, then 


> 


PO = {(x, 4,2): y = yn andz = 3). 


Let an xy-plane be given and let O be the origin and let r be 
a positive number. Let C be the circle in the xy-plane with 
center © and radius r. Then 


C= {(x,y): 2 4+ y? = 9). 


Given a line [ and a circle C in the same plane, let O be the 
center of the circle and let P be the foot of the perpendicular 
from O to line L. 

1, Every point of I is outside C if and only if P is outside C. 
2. Lis tangent to C if and only if P is on C. 

3. Lis a secant of C if and only if Ρ is inside C. 

Given a circle and a line in the same plane, if the line is 
tangent to the circle, then it is perpendicular to the radius 
whose outer end is the point of tangency. 

Given a circle and a line in the same plane, if the line is per- 
pendicular to a radius at its outer end, then the line is a tan- 
gent to the circle. 

A diameter of a circle bisects a chord of the circle other than 
a diameter if and only if it is perpendicular to the chord. 

In the plane of a circle, the perpendicular bisector of a chord 
contains the center of the circle. 

Let a circle C and a line / in the plane of the circle be given. 
If | intersects the interior of C, then / intersects C in exactly 
two distinct points. 

Chords of congruent circles are congruent if and only if they 
are equidistant from the centers of the circles, 
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Let O be a point, r a positive number, and S the sphere with 
center O and radius r. Given an xyz-coordinate system with 
origin O, 


S = {(x, y, 2} : 7 + y? + 2? = 9°}. 


Given a sphere S with center O and a plane a which does not 

contain O, let P be the foot of the perpendicular from O to a. 

1. Every point of a is in the exterior of S if and only if P is 
in the exterior of 5, 

2, ἃ is tangent to 5. if and only if P is on 5. 

3. a intersects S in a circle with center P if and only if P is 
in the interior of S. 

Let a sphere 5 with center O and radius r and a plane a be 

given. If the intersection of $ with a contains the center O of 

the sphere, then the intersection is a circle whose center and 

radius are the same as those of the sphere. 

The perpendicular from the center of a sphere to a chord of 

the sphere bisects the chord. 

The segment joining the center of a sphere to the midpoint 

of a chord of the sphere is perpendicular to the chord. 

A plane is tangent to a sphere if and only if it is perpendicular 

to a radius of the sphere at its outer end. 

Arc Measure Addition Theorem. If A, B, C are distinct points 

on a circle, then 


mABC = mAB + mBC. 


COROLLARY 13.15.1. If Ay, Ag, ..., A, are n distinct points 
on a circle that partition the circle into n ares A,Aa, 
— — «--ς mals 
AgAg,...,An—1An AnAd, that intersect only at their endpoints, 
then mA,A2 > mAsA3 Ἢ... + mAg-iAny + maA,A; = 360, 
The measure of an inscribed angle is one-half the measure of 
its intercepted arc. 

COROLLARY 13.18.1. Angles inscribed in the same arc are 
congruent, 

COROLLARY 13.16.2. An angle inscribed in a semicircle is 
a right angle. 

COROLLARY 13.18.8, Congruent angles inscribed in the 
same circle or in congruent circles intercept congruent ares. 
If two distinct parallel lines in the plane of a circle intersect 
that circle, they intercept congruent arcs. 


A-37 


Theorems 


13.15, 


13,19. 


13.20. 


13.21, 


13.22. 


13.23, 


13.24. 


13.25. 


13.26. 


13.27, 


14.1, 


In the same circle, or in congruent circles, two chords that 
are not diameters are congruent if and only if their associated 
minor arcs are congruent. 

The measure of a tangent-chord angle is one-half the measure 
of its intercepted arc. 

The measure of a secant-secant angle is one-half the difference 
of the measures of the intercepted arcs. 

If an angle has its vertex in the exterior of a circle and if its 
sides consist of two secant-rays, or a secant-ray and a tangent- 
ray, or two tangent-rays to the circle, then the measure of the 
angle is [?]. 

The measure of ‘an angle whose vertex is in the interior of a 
circle and whose sides are contained in two secants is one- 
half the sum of the measures of the intercepted ares. 

If two chords of a circle intersect, the product of the lengths 
of the segments of one chord is equal to the product of the 
lengths of the segments of the other, 

The two distinct tangent-segments to a circle with center O 
from an external point P are congruent and the angle whose 
vertex is P and whose sides contain the two tangent-segments 
is bisected by the ray PO, 

The product of the length of a secant-segment from a given 
exterior point of a circle and the length of its external secant- 
segment is the same for any secant to a given circle from a 
given exterior point. 

Given a tangent-segment PC from P to a circle at C and a 
secant through P intersecting the given circle in points A and 
B, then 


PA + PB = (PC). 


Let a circle 5. with center O and radius r be given. Let P be a 
point in the plane of $ and let p be the power of F with 
respect to 5S. If a line through P intersects 5. in points A 
and B, then 


1. PA: PB = —p if P is inside 5, and 
2. PA*+ PB = pif P is on 5 or outside 5. 


The sum of the measures of the angles of a convex polygon 
of n sides is (rn — 2)180. 
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COROLLARY 14.1.1. The measure of each angle of a regular 
polygon of n sides is 


(n — 2)180 


i 


The sum of the measures of the exterior angles, one at each 

vertex, of a convex polygon of n sides is 360. 

COROLLARY 14.2.1. The measure of each exterior angle of 

a regular polygon of n sides is 360/n, 

A given triangle has exactly one cireumeirele. 

A given regular polygon has exactly one circumcircle. 

Let a regular polygon of n sides be given. Then all of the 

central triangles of the given polygon are congruent and all 

of the central angles of the given polygon are congruent. 

All the inradii of a given regular polygon are congruent. 

There is exactly one circle that is inscribed in a given 

regular polygon. 

Two regular polygons are similar if they have the same num- 

ber of sides. 

The perimeters of two regular polygons, with the same num- 

ber of sides, are proportional to the lengths of their sides, or 

their circumradii, or their inradii. 

The area of a regular polygon is equal to one-half the product 

of its inradius and perimeter, that is, § = Jap. 

The areas of two regular polygons with the same number of 

sides are proportional to the squares of their circumradii (or 

the squares of their inradii, or the squares of their side 
lengths, or the squares of their perimeters). 

Let {x,} and {y,,} be two sequences of real numbers with nth 

terms x, and y,, respectively, 

1. If the limit of x, is Ly and the limit of y, is Le, then 
the sequence whose nth term is χρη has a limit, and 
lim χρη = 14" La, 

2. If the limit of x, is Ly and the limit of y, is Le 30, 
then the sequence whose nth term is x,/t/n has a limit and 
lim Xn/Yn = £y/ Ls. 

3. If x, = yp» for every positive integer n > 1 and if {x,} and 
{y,} each has a limit, then lim x, = lim yp. 

4. If kis a real number and if x, = k, for every n > 1, then 
lim x, = &. 
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If C and C’ are the circumferences of any two circles with 
diameters d and ad’, respectively, then 
(Cc, d) Ἐ (Cc, d’). 

COROLLARY 14.13.1. If C and d are the circumference and 
diameter, respectively, of a circle, then the number “ is the 
same for all circles. 
The area § of a circle with radius r is wr*, that is, 

S$ = or, 
COROLLARY 14.14.1. The areas of two circles are propor- 
tional to the squares of their radii. 
The lengths of ares of congruent circles are proportional to 
their degree measures. 
The length L of an arc of degree measure M contained in a 
circle with radius r is (M/180\rr, that is, 


ἊΜ ) 
ai (a ee 
The area § of a sector is one-half the product of its radius r 
and the length [, of its arc, that is, 
S= HL, 


If M is the degree measure of the are of a sector with radius r, 
then the area S of the sector is {M/360)rr?, that is, 


The boundary of each cross section of a triangular prism is 
congruent to the boundary of the base of the prism. 
COROLLORY 15.1.1. The boundaries of the upper and lower 
bases of a triangular prism are congruent. 

The Prism Cross Section Theorem. All cross sections of a 
prism have the same area. 

COROLLARY 15.2.1, The two bases of a prism have the 
same area. 

The lateral faces of a prism are parallelogram regions and the 
lateral faces of a right prism are rectangular regions. 

The boundary of each cross section of a triangular pyramid is 


15.5. 


Theorems 


a triangle similar to the boundary of the base, and the areas 
of any two cross sections are proportional to the squares of 
the distances of their planes from the vertex of the pyramid. 
In any pyramid, the areas of any two cross sections are pro- 
portional to the squares of the distances of their planes from 
the vertex of the pyramid. 

The Pyramid Cross Section Theorem, If two pyramids have 
equal altitudes and if their bases have equal areas, then cross 
sections equidistant from the vertices have equal areas. 


. The volume V of any prism is the product of its altitude ἢ 


and the area § of its base, that is, V = Sh. 

The boundary of each cross section of a cylinder is a circle 
that is congruent to the boundary of the base. 

The Cylinder Cross Section Theorem. The area of a cross 
section of a cylinder is equal to the area of the base. 


. The volume of a cylinder is the product of the altitude and 


the area of the base. 


. The lateral surface area of a cylinder of base radius r and 


altitude h is 2erh, and its total surface area is 2arh + 2cr*. 


. Two pyramids with the same altitude and the same base area 


have the same volume. 


. The volume of a triangular pyramid is one-third the product 


of its base area and its altitude. 


. The volume of a pyramid is one-third the product of its base 


area and its altitude. 
The Cone Cross Section Theorem. A cross section of a cone 
of altitude h, made by a plane at a distance k from the vertex, 


is a circular region whose area and the area of the base are 
proportional to ΚΞ and h?, 


, The volume of a circular cone is one-third the product of the 


area of the base and the altitude. 

The lateral surface area of a right circular cone of slant 
height s, base radius r, and base circumference C is ἀφ 0, or 
ars, and its total surface area is wr(s + 1). 


. The surface area of a sphere is 47 times the square of the 


radius of the sphere; that is, 5 = 4ar*. 


_ If ris the radius of a sphere, the volume of the sphere is 3 mr*. 
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Glossary 


Abscissa, See Ordered Pair of Real Numbers. 
Angle. The union of two noncollinear rays that have a common endpoint. Each of 
the two rays is called a aide of the angle. The common endpoint of the two rays is 
called the vertex of the angle. 
acute angle. An angle whose measure is less than 90, 
angle pairs. 
adjacent angles. Two coplanar angles are called a pair of adjacent angles if they 
have one side in common and the intersection of their interiors is empty. 
alternate interior angles. Two coplanar angles whose intersection is a segment 
and whose interiors do not intersect. In the figure, angles 3 and 5 (or 4 and 6) 
are a pair of alternate interior angles. 


consecutive interior angles. Two coplanar angles whose intersection is a 
segment, or a segment and a point, and whose interiors intersect. In the 
figure, angles 3 and Θ (or 4 and 5) are a pair of consecutive interior angles, 
corresponding angles. ‘Two coplanar angles whose intersection is 8 ray, or a ray 
and a point, and whose interiors intersect. In the figure, angles 3 and 7 (or 
4 and 8, or 2 and 6, or 1 and 5) are ἃ pair of corresponding angles. 
complementary angles. Two angles (distinct or not) are complementary, and 
each is called a complement of the other if the sum of their measures is 90. 
linear pair of angles. Two angles that huve one side in common and whose other 
sides are opposite rays. 

supplementary angles. Two angles (distinct or not) are supplementary, and each 
is called a supplement of the other if the sum of their measures ts 180. 

vertical angles. Two angles whose sides form two pairs of opposite rays. 
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central angle. An angle that is coplanar with a circle and has its vertex at the 
center of the circle. 
chord-chord angle. An angle determined by the intersection of two distinct 
chords of a circle. The measure of a chord-chord angle is one-half the sum of the 
measures of the intercepted arcs, 
dihedral angle. If two noncoplanar halfplanes have the same edge, then the union 
of these halfplanes and the line that is their common edge is a dihedral angle. 
The union of this common edge and either one of these two halfplanes is a face 
of the dihedral angle. 

measure of a dihedral angle. The measure of any one of its plane angles. 

plane angle of a dihedral angle. The intersection of a dihedral angle and 

a plane perpendicular to its edge. 

right dihedral angle, A dihedral angle whose measure is 90. 
exterior of an angle. The set of all points in the plane of the angle except those 
points on the sides of the angle and in its interior. 
inscribed angle. An angle is said to be inscribed in an are of a circle and is called 
an inscribed angle if and only if cach side of the angle contains an endpoint of the 
arc and the vertex of the angle is a point, but not an endpoint, of the arc. The 
measure of an inscribed angle is one-half the measure of its intercepted are. 
interior of. The interior of an angle, say 4 ABC, is the intersection of two half- 
planes, the C-side of AB and the A-side of BC. 


measure of. The measure of an angle in our formal geometry is the wnique num- 
ber (between 0 and 180) associated with the angle as stated in the Angle Measure 
Existence Postulate. The formal geometry idea of angle measure grows out of the 
informal geometry idea of degree measure of an angle as the number of degree 
units between the sides of the angle. 

obtuse angle. An angle whose measure is greater than 90. 

right angle. An angle whose measure is 90. 

secant-secant angle. An angle whose sides are two secant-rays. The measure of a 
weant-secant angle is one-half the difference of the measures of the intercepted 
arca. 

secant-tangent angle. An angle whose sides are a secant-ray and a tangent-ray. 
The measure of a secant-tangent angle is one-half the difference of the measures 
of the intercepted arcs. 


Glossary 
tangent-chord angle. If AB is a chord of αὶ circle and if AC is tangent to the circle 
at A, then 4 BAC is called a tangent-chord angle. The measure of a tangent-chord 
angle is one-half the measure of its intercepted arc. 
tangent-tangent angle. An angle whose sides are two tangent rays. The measure 
of a tangent-tangent angle is one-half the difference of the measures of the 
intercepted arcs. 

Area Formulas, with § = area. 
Circle. § = vr®, where τ is the radius, 
Parallelogram. § = bh, where b is a base and ἢ is the corresponding height. 
Rectangle. § = ab, where a and ἢ are the lengths of two adjacent sides. 
Right triangle. § = 4- «ab, where a and b are the lengths of the legs. 
Trapezoid. § = 4+-h(by + by), where δὲ and bg are the lengths of two parallel 
sides and h is the distance between the parallel lines containing those sides. 
Triangle. § = 4+ bh, where b is a base and ἢ is the corresponding height. 


Bisect. To separate into two congruent parts. 


Circle. The set of all points in a plane at a fixed distance from a fixed point in the 

plane. 
arc of. A subset of a circle bounded by two distinct points of the circle. 
area of, See Area Formulas, Circle. 
center of. The point in the interior of a circle from which all paints of the circle 
central angle of a circle. An angle in the plane of the circle whose vertex is at the 
center of the circle. 
chord of a circle. A segment whose endpoints are on a circle. 
circumeirele. A circle that contains all the vertices of a polygon is called a 
circumeircle, or cireumseribed circle, of the polygon. 
circumference of, The circumference C of a circle with radius r is given by the 
formula C = 2arr. 
concentric circles. Circles that lie in the same plane and have the same center. 
congruent circles. Circles are called congruent circles if and only if their radii are 
equal. 
diameter of. A chord of a circle that contains the center of the circle. 
exterior of. The set of all points in the plane of the circle whose distance from 
the center of the circle is greater than the radius of the circle. 
incircle. A circle that is tangent to all the sides of a polygon is culled an incirele, 
or inscribed circle, of the polygon. 
inscribed angle of. See Angle, inscribed angle. 
interior of. The set of all points in the plane of a circle whose distance from the 
center of the circle is less than the radius of the circle. 
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power of a point with respect to a circle. Given a circle § with center O and 
radius τ, and a point P in the same plane with 5, the power of P with respect to 5 
is (OP)? — 1°. 

radius of a circle, A segment whose endpoints are the center of a circle and a 
point of the circle. Also the number that is the length of all radii (plural of radius} 
of the same circle. 

secant of. A line in the plane of a circle that intersects the circle in two distinct 
points. 

sector of, Given a circle of radius r with center P. and an are AB of this circle, 


the union of all segments PO such that Q is a point on are AB is called a sector. 
We call AB the arc of the sector and we call r the radius of the sector. 
segment of. Let AB be a chord of a circle and let AB be the corresponding arc. 


The union of all segments PQ such that P is a point of AB and Ὁ is a point of AB 
is called a segment of the circle, 
tangent of. A line in the plane of a circle that intersects the circle in exactly one 
point, 
Collinear. The points of a set are collinear if and only if there js ἃ line that contains 
all of them, 
Conditional. A statement of the form “if p, then q” is called a conditional. The if- 
clause {i.e., the p statement) is called the hypothesis and the then-clause (ie., the ἢ 
statement) is called the conclusion. 
Conjunction. The conjunction of two statements p, q is the statement p and g. A 
conjunction of two statements is true if and only if both of the statements are true. 
Contrapositive. If a theorem has the form “if P, then Q," then the related theorem 
of the form “if not-Q, then not-P" {s called the contrapositive of the given theorem, 
If « theorem is true, then its contrapositive is true, and conversely, 
Converse of a Statement. Each of the statements “If P, then (2" and “If Q, then ΡΠ 
is the converse of the other, 
Convex Polygon. Sce Polygon, convex. 
Convex Set of Points. A set of points is called convex if for every two points F and 
Q in the set, the entire segment PQ) is in the set. The null set and every set that 
contains only one point are also called convex sets. Ὁ 
Coordinate System on a Line, Let a unit segment and a line [ be given, A coordi- 
nate system on J relative to the given wnit segment is a one-to-one correspondence 
between the set of all points of {and the set of all real numbers such that if points 
A, B, C are matched with the real numbers a, 6, ¢ respectively, then (1) B is 
between A and C if and only if 6 is between ἐ and ¢, and (2) the distance between 
A and Β (relative to the given unit segment) is [αὶ — δ]. The origin of a line coordi- 
nate system is the point matched with O. The unit point is the point matched with 1. 
The number matched with a point fs its coordinate. 
Coplanar. The points of a set are coplanar if and only if there is a plane that con- 
tains all of them. 
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Corollary. A theorem associated with another theorem from which it follows rather 
easily. 


Decagon. A polygon with ten sides. 

Deductive Reasoning. Logical arguments by which general statements are obtained 
from previously accepted statements. 

Disjunction. The disjunction of two statements p, q is the statement p or q. A dis- 
junction of two statements is true if and only if either (or both) of the statements 
is true. 

Dodecagon, A polygon with twelve sides, 


Geometric Mean. If a and b are positive numbers such that (a, x) = (x, 5) or that 
(x, a) = (b,x), then x is called a geometric mean of ἃ and b, If (a, x) = ἰα, δὴ or if 
(x, a) = (b, x), then x? = ab and x = ΠΡ or x = — ab, We often cally/ab the 
geometric mean of a and b. 

Graph. A set of points. To draw a graph or to plot a graph is to draw a picture that 
suggests which points belong to the graph. The picture of a graph shows the axes, 
but they are not usually a part of the graph. Of course, a subset of the aves is often 


a part of the graph. 


Halfline. If A is a point on a line |, then all the points on one side of A on line I are 
called a halffine. The point A is called the endpoint of the halfline. (Note that 
a halfline does not contain its endpoint) 

Halfplane. If « is a plane and / is ἃ line in a, then the set of points on one side of ἢ 
in a is called a halfplane. The line | is called the edge of the halfplane. (Note that a 
halfplane does not contain its edge.) 

Halfspace. If a is a plane, then all points of space on one side of a is called a half- 
space. The plane ἃ is called the face or edge of the halfspace. (Note that a halfspace 
does not contain its face.) 

Heptagon. A polygon with seven sides, 

Hexagon, A polygon with six sides. 

Hypotenuse. See Right Triangle. 


Inductive Reasoning. Reasoning based on numerous examples. 


Line. An undefined term in our formal geometry. Two distinct points determine a 
line in the sense that there is exactly one line containing them. Based on the idea 
of a straight line in informal geometry associated with stretched strings, “lines” of 
sight, edges of table tops, and rays of light. 
parallel lines. Two distinct lines that are coplanar and nonintersecting are 
parallel lines, and each is said to be parallel to the other. Also, a line is parallel to 
itself, The lines in a set of lines are said to be parallel lines if each two lines in the 
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parallel to a plane. A line and « plane are parallel if their intersection is not a point. 
perpendicular lines. If the union of two intersecting lines contains a right angle, 
then the lines are perpendicular, and each is said to be perpendicular to the other. 
perpendicular to a plane, A line and a plane are perpendicular if the line inter- 
sects the plane and is perpendicular to every line in the plane through the point 
of intersection. 

skew lines. Two lines that do not lie in the same plane. 
transversal of two lines. A transversal of two distinct coplanar lines is a line that 
intersects their union in exactly two distinct points. 


Midpoint. The midpoint of a segment is the point between the endpoints of the seg- 
ment, which divides the segment into two congruent segments. 

Midray. A ray is a midray of an angle if it is between the sides of the angle and forms 
with them two congruent angles. It is sometimes called the bisector of the angle, or, 
briefly, the angle bisector, 


wgon, A polygon with n sides, where n is an integer greater than or equal to 3. 


Octagon. A polygon with eight sides. 

One-to-One Correspondence. A matching between the elements of two sets such 
that each clement of the first set is matched with exactly one element of the second 
set and each element of the second set is matched with exactly one element of the 
first set. 


— Ξ 
Opposite Rays. If A is between B and C, then rays AB and KG are called opposite 
TaYS. 

Ordered Pair of Real Numbers. A pair such as (2,5) in which the order of the two 
numbers is significant, The ordered pair (2, 5) is different from the ordered pair (5, 2). 
There is a one-to-one correspondence between the set of all points in an xy-plane 
and the set of all ordered pairs of real numbers. The first number in an ordered pair 
of numbers is called the x-coonlinate, or abscissa, of the point associated with 
it; the second number is called the y-coondinate, or ordinate, of the point. Taken 
together, the two numbers in an ordered pair of numbers are called the coordinates 
of the point associated with it. 

Ordered Triple of Real Numbers. A triple such as (2,3, 4) in which the order of the 
three numbers is significant. ‘The ordered triple (2, 3, 4) is different from the ordered 
triple (4,3, 2). There is a one-to-one correspondence between the set of all points in 
space and the set of all ordered triples of real numbers. The first number in an or- 
dered triple of numbers (x, y, 2) is called the x-coordinate, the second number is called 
the y-coordinate, and the third number is called the z-coordinate of the point asso- 
ciated with it. Taken together, the three numbers in an ordered triple of numbers 
are called the coordinates of the point associated with it. 


Ordinate. See Ordered Pair of Real Numbers. 
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Parallelogram, A parallelogram is a quadrilateral each of whose sides is parallel to 
the side opposite it. 
Pentagon. A polygon with five sides. 
Pi (7). The ratio of the circumference of a circle to the length of a diameter 
(approximately 3.1416). 
Plane. An undefined term in our formal geometry, A mathematical idea associated 
with flat surfaces such as chalkboards and table tops. Just as a line contains an un- 
limited number of points, a plane contains an unlimited number of lines. A plane is 
“Bat” in the sense that if two points of a (straight) line lie in « plane, then the entire 
line lies in the plane. 

parallel planes. Two planes are parallel if their intersection is not a line. 

parallel to a line. See Line, parallel to a plane. 

perpendicular planes. Two planes whose union is the union of four right dihedral 

angles. 

perpendicular to a line. See Line, perpendicular to a plane. 
Point. An undefined term in our formal geometry. A mathematical idea associated 
with a “position” in space. When we “mark a point” on paper or on a chalkboard, 
we are merely drawing a picture to remind us of the idea of a point. 
Polygon. Let n be an integer greater than or equal to 3. Let P;, P2, Pa. «εν Pi 
P, be n distinct coplanar points such that the n segments P\ Ps, PaPs,-- +, ἔνα 
P,P, have the following properties: 

(1) No two of these segments intersect except at their endpoints. 

(2) No two of these segments with a common endpoint are collinear. 
Then the union of these n segments is a polygon. Each of the n given points is a vertex 
of the polygon. Each of the n segments is a side of the polygon. Two vertices of a 
polygon that are endpoints of the same side are called consecutive vertices. Two sides 
of a polygon that have a common endpoint are called consecutive sides. A segment 
whose endpoints are vertices, but not consecutive vertices, of the polygon is called 
a diagonal of the polygon. 

A polygon is a concex polygon if and only if each of its sides lies on the edge of 

a halfplane that contains all of the polygon except that one side. 


2 et 


The interior of a convex polygon is the intersection of all of the halfplanes, each 
of which has a side of the polygon on its edge and each of which contains all of the 
polygon except for one side. 

An angle determined by two consecutive sides of a convex polygon is called an 
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angle of the polygon. Two angles of a polygon are called consecutive angles of the 
polygon if their vertices are consecutive vertices of the polygon. 
regular polygon. A regular polygon is a convex polygon all of whose sides are 
congruent and all of whose angles are congruent. 
center of. The center of a regular polygon is the center of the circumscribed 
for inscribed) circle. 
central angle of. An angle whose vertex is at the center of the polygon and 
whose sides contain adjacent vertices of the polygon. 
central triangle of. A triangle whose vertices are the center and the endpoints 
of a side of a regular polygon is called a central triangle of the polygon. 
eircumcircle of. The circle that contains all the vertices of a regular polygon is 
called the circumcircle or circumscribed circle of the polygon. 
circumradius of. The radius of the circumscribed circle. 
circumscribed. A regular polygon is said to be circumscribed about a circle and 
is called a circumscribed polygon if all of its sides are tangent to the circle. 
incircle of. If each of the sides of a regular polygon is tangent to a circle, the 
cirele is called an incircle, or inscribed circle, of the polygon. 
inradius of. The radius of the inscribed circle. 
inscribed. A regular polygon is said to be inscribed in a circle and is called an 
inseribed polygon if all of its vertices are on the circle. 
Postulate. A statement in our formal geometry that we accept without proof. 
Prism. Let α and § be distinct parallel planes as shown in the figure. Let Ὁ and (Ὁ 
be points in a and 4, respectively. Let A be a polygonal region in a. For each point 
P in R let P’ be the point in βὶ such that PP’ // OQ’. The union of all such seginents 
PP’ is « prism. If @Q" is perpendicular to « and £, the prism is a right prism. 


Let RK’ be the polygonal region consisting of all points Γ΄ in 8. The polygonal 
regions A and R’ are called the bases of the prism. Depending on the orientation of 
the prism, it is sometimes convenient to call one of the bases the lower base and the 
other base the upper base. Sometimes we call the lower base simply the base. 
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A segment that is perpendicular to both a and βὶ and with its endpoints in these planes 
is an altitude of the prism. Sometimes the length of an altitude is called the altitude 
of the prism. 
cross section of. The intersection of a prism and a plane parallel to the base of the 
prism, provided the intersection is not empty. 
lateral edge of. A segment AA’ where A is a vertex of the base and A’ is 
the corresponding vertex of the upper base. 
lateral face of, The union of all segments PP of which P is a point in an edge of 
one base and F is the corresponding point in the edge of the other base. 
lateral surface of. The union of the lateral faces of a prism. 
lateral surface area of. The sum of the areas of the lateral faces. 
rectangular prism. A prism whose base is a rectangular region. 
total surface of. The union of the lateral surface and the bases of a prism. 
total surface area of, ‘The sum of the lateral surface area and the areas of the two 
bases. 
triangular prism. A prism whose base is a triangular region. 
volume of. The volume V of any prism is the product of its altitude h and 
the areca 5 of its base, ic., V = 5h. 


Projection. 
on a line. If F is a point and I is a line, the projection of P on | is (1) the point P 
if P is on U and (2) the foot of the perpendicular from P to | if P is not on | The 
projection of a set $ on a line 1 is the set of all points Q on I such that each Q is 
the projection on | of some P in 5. 
on a plane. If « is a plane and S is a set of points, then the projection of Son a 
is the sot of all points Q, each of which is the foot of the perpendicular from some 
point of 5. 
Proportion, 1 a, b, δ, d are numbers such that (a, δὴ = (c, d) is a proportionality, 
then that proportionality is a proportion. 
Pyramid. Let R be ἃ polygonal region in a plane α and V be ἃ point not in a. For 
each point Ρ of R there is a segment PV. The union of all such segments is called a 
pyramid, The polygonal region R is called the base and V is called the vertex of the 
pyramid. The distance VT from V to ot is the altitude of the pyramid. 
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eross section of, The intersection of a pyramid with a plane parallel to the base 
provided the intersection contains more than one point, 


volume of. The volume V of any pyramid is one-third the product of its base area 
5. and its altitude ἢ, ie., V= 4h. 


Pythagorean Theorem. If a, b, ¢ are the lengths of the sides of a right triangle, 
with δ the length of the hypotenuse, then 


a? + ΒΒ = οἱ, 
Quadrilateral, A polygon with four sides. 


Ray. If A and B are any two distinct points, ray ABis the union of segment AB and 
all points X such that A-B-X. The point A is called the endpoint of AB. 

— —- => bed 
antiparallel rays. Two noncollinear rays EF and GH are an if EF and GH 
are parallel lines and if F and H We on opposite sides of EC. ‘Two collinear rays 
are antiparallel if neither is a subset of the other. 
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Rays EF and Gil are antiparallel 
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parallel rays. Two noncollinear rays AB and CD are parallel if AB and cD 
are parallel lines and if B and PD lie on the same side of AC, Two collinear rays 
are parallel if one of them is a subset of the other. 
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Rays AB and CD are parallel 


perpendicular rays. Two rays are perpendicular if the lines that contain them are 
perpendicular, 
perpendicular to a plane. A ray is perpendicular to a plane if the line that con- 
tains the ray is perpendicular to the plane, 
socant-ray. A ray whose endpoint is in the exterior of a cirele and which intersects 
the circle in two distinct points. 
tangent-ray. A ray whose endpoint is in the exterior of a circle and such that the 
line containing the ray is tangent to the circle. 
Ray-Coordinate System. Let V be a point in plane a. A ray-coordinate system in a 
relative to Vis a one-to-one correspondence between the set of all rays in @ with 
endpoint V and the set of all real numbers x such that 0 < x < 360 with the 
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following property: ΠῚ numbers rand # correspond to rays VR and VS in a, respec 
tively, and if r >> s, then 


méZAVS =r—s ifr — 4# < 180, 
mé AVS = 360 — ἐν -- αἱ ifr —s > 160, 
VR and VS are opposite mays ifr -- α = 180. 


The number that corresponds with a ray in a given ray-coordinate system 
is called the ray-coordinate of that ray. The ray whose ray-coordinate is zero is 
called the zero-ray of that system. 

Rectangle. A parallelogram with a right angle. 
Rhombus. A parallelogram with two adjacent sides congruent. 


Segment. A set consisting of two distinct points and all points between them. Thus 
segment AR is the union of points A, B, and all points X such that 4-X—B, Points A 
and B are called the endpoints of the segment AB. 
directed segment. The directed segment from A to B, denoted by AB, is the set 
(AB, A}; Le, it is a segment with one endpoint designated as the starting point. 
We might think of the directed segment AB as a “path” from A to B if we were 
to draw αὶ picture of the segment AB. 
parallel segments. If the lines that contain two segments are parallel, then the seg- 
ments are said to be parallel segments, and each is said to be parallel to the other. 
The segments in a set of segments are called parallel if every two of them are 
parallel. 
perpendicular bisector of, The perpendicular bisector of a segment im αὶ given 
plane is the line in that plane that is perpendicular to the segment at its midpoint. 
perpendicular bisecting plane of. If A and B are distinct points, the unique plane 
that is perpendicular to AB at the midpoint of AB is called the perpendicular bi- 
secting plane of AB. 
perpendicular to a plane. A segment is perpendicular to a plane if the line that 
contains it is perpendicular to the plane. If a segment is perpendicular to a plane 
and one endpoint lies in the plane, then that endpoint is called the foot of the 
perpendicular from the point that is the other endpoint of the segment. 

Set. A collection of objects which are called elements or members of the set. 
disjoint sets. Disjoint sets are sets whose intersection is the empty set. For 
example, the set of odd numbers and the set of even numbers are disjoint sets. 
empty set. Sec Set, null set. 
equivalent sets. Two sets are equivalent if their eloments can be placed in one- 
to-one correspondence. 
intersection of two sets, The intersection of two sets is the set whose members 
are in both the two given sets. For example, if A = {a,5, c,d} and B= [0, d,¢}, 
then the intersection of A and B (denoted by A ™ 8) is the set {¢, d}. 
null set. The set that contains no elements. For example, if A = (αν, b,c} and 


8.11 


G-12 


Glossary 


B = {d,¢, ἢ), then the intersection of A and B is the null or empty set, denoted 
by @or{ }, 

perpendicular sets. ‘Two sets, each of which is a segment, a ray, or a line, and 
which determine two perpendicular lines are called perpendicular sets, and each 
is said to be perpendicular to the other. 


subset. Set A is a subset of set B if every element of set A is also an element of 

set B. If N is the set of natural numbers and J is the set of integers, then N is a 

subset of J and we write N C J to indicate this. 

union of two sets. The union of two sets A and B is the set whose elements are 

in A, or in 8, or in both A and #, For example, if A = {a, b, c,d} and B = {e, d, e}, 

then the union of A and B (denoted by A U Β] is the set {a, b, e, d, e}. 
Set-Builder Notation. A way of indicating the elements of a particular set. For 
example, the set A whose elements are 1, 2, 3, 4, 5 may be indicated using set- 
builder notation as A = {x:x is a natural number and x « 6}, This is read “A is the 
set of all elements, x, such that x is a natural number and x is less than 6."’ Note that 
the colon (:) in the set-builder notation is used to mean “such that.” 
Similarity. Let ABC ..- «—+ A‘B’C’ ... be a one-to-one correspondence between 
the vertices of polygon ABC «-- and polygon A'B’C’ --- . This correspondence is 
called a simlarity between the polygons if corresponding angles are congruent and 
if the lengths of corresponding sides are proportional. If ABC -.. «—+ ΑΒ --- 
is a similarity, we say that the polygons are similar polygons and that each of them 
is similar to the other. If ΑΒΖ... +—+ A’RC' --- is a similarity with AB = 
k- A'B’, AC = Κ΄ A'C’, etc., then we call k the constant of proportionality, or the 
proportionality constant, for that similarity. 
Slope. 

of a line. The slope of a nonvertical line is the slope of any of its segments. The 

slope of a nenvertical ray is the slope of the line that contains the ray. 

of a segment. If A(xy, yx) and Bixg, yz) are two distinct points and if x, xy, then 

the slope of AB is given by Ye — Yi/ee — Χι. 
Sphere. The set of all points in space that are equidistant from a fixed pointin 
space. 

center of, The point in the interior of a sphere from which all points of the 

sphere are equidistant. 

chord of, A segment whose endpoints are on a sphere. 

concentric spheres. Two or more spheres that have the same center. 

congruent spheres. Two spheres are called congruent spheres if and only if their 

radii are equal. 

diameter of. A chord of a sphere which contains the center of the sphere. 

exterior of, The set of all points in space whose distance from the center of 

a sphere is greater than the radius of the sphere, 

great circle of. The intersection of a sphere and a plane that contains the center 


of the sphere, 


Glossary 
interior of. The set of all points in space whose distance from the center of 
a sphere is less than the radius of the sphere. 
radius of, A segment whose endpoints are the center of a sphere and ἃ point of 
the sphere, Also the number that is the length of all radii of the same sphere. 
secant of. A line that intresects a sphere in two distinct points. 
surface area of, The surface area S of a sphere with radius r is given by the 
formula § = 4err®. 
tangent plane of. A plane is tangent to a sphere iff it intersects the sphere in 
exactly one paint. 

—— τε volume V of a sphere with radius r is given by the formula 
Ve ; 


Square. A rectangle with two adjacent sides congruent. 


Theorem. A general statement of a mathematical principle that can be deduced, or 
proved, from other statements (postulates, theorems, definitions). 
Trapezoid, A convex quadrilateral with at least two parallel sides. 
Triangle. If A, B, C are three noncollinear points, then the union of the segments 
AB, BC, GA is « triangle. Each of the points A, B, C is called a vertex of AABC. 
Each of the segments AB, BC, CA is called a side of SABC. Each of the angles 
“ABC, ἘΒΌΑ, ὁ CAB is called an angle of AABC. 
acute triangle. A triangle with three acute angles. 
equiangular triangle. A triangle with three congruent angles. 
equilateral triangle. A triangle with three congruent sides. 
exterior angle of, An angle that forms a linear pair with an interior angle of a tri- 
angle is called an exterior angle of the triangle. 
exterior of, The set of all points in the plane of the triangle that are neither 
points of the triangle, nor points of the interior of the triangle. 
inseribed. A triangle is inscribed in a circle and is called an inscribed triangle of 
of the circle if all three of its vertices lie on the circle. 
interior angle of. Each angle of a triangle is called an interior angle of the triangle. 
interior of. The intersection of the interiors of the three angles of a triangle is the 
interior of the triangle. 


a tg 
ABC, AA, interior of LA 
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AABC, δ, interior of ἢ ABC, interior AABC 


isosceles triangle, An isosceles triangle is a triangle with (at least) two congruent 
sides. If two sides are congruent, then the remaining side is called the hase, The 
angle opposite the base is called the vertex angle. The two angles that are oppo- 
site the congruent sides are called the base angles. 

median of ἃ triangle. A segment whose endpoints are a vertex of the triangle and 
the midpoint of the side opposite that vertex. 

obtuse triangle. A triangle with one obtuse angle. 

right triangle. A triangle with one right angle. The hypotenuse of a right triangle 
ig the side that is opposite the right angle. The other two sides of a right triangle 
are called legs. 


xy-Coordinate System. Given an x-axis and a y-axis, the one-to-one correspondence 
between the set of all points in the xy-plane and the set of all ordered pairs of real 
numbers in which each point Ρ in the plane corresponds to the ordered pair (a, 5), 
where a, b are the x-, y-coordinates, respectively, of P, is the sy-coordinate system. 
xyz-Coordinate System. Given an x-axis, a y-axis, and a z-axis, the one-to-one 
correspondence between the set of all points and the set of all ordered triples 
of teal numbers in which each point P corresponds to the ordered triple (a, b, εἰ, 
where a, 5, ¢ are the x-, y-, z-coordinates, respectively, of P, is the xys-coordinate 
system. 


Index 


A. A. Similarity Theorem, 415, 419 
A-B-C Betweenness Postulate, 42 


interior angle of a triangle, 254 
interior of, 68, 168, 169 
linear pair of, 161 


measure of, 141 


midray of, 162 
nonadjacent, 254 


obtuse, 170 
opposite a side of a trinnygle, 74 


Angle Measure Addition Postulate, 146 
Angle Measure Addition Theorem, 151 


Area, 303 


Area formulas, 372, 373, 374, 385, 645, 703 


Area, of a circle, 644 
cone, 584 
cylinder, 656 
of a parallelogram, 372 
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Index 


Area, prism, 669 
rectangle, 988 
right triangle, 371 
sector, B51 
sphere, 609 
trapezoid, 374 
triangle, 373 
unil square, 24 
Area Pesholstes, 368 
ASA. Congrucnce Postulate, 210 
Associative property of addition, 82 


Base, lower, 665 
Base, of a circular cylinder, 684 
parallelogram, 373 
prism, G85 
pyramid, 673 
triangle, 265 
upper, 865 
Betweenness for points, 43 
rays, 146 
Betweenness Postulates, 4] 
Bisect, for segments, 129 
Boundary, of a region, 666 


Cavalieni’s Principle, 662 
Center, of a circle, F458 
of a regular polygon, 624, 626 
of a sphere, 548 
Central angle, of a circle, 576 
of a regular polygon, 624 
Central triangle, of a regular polygon, 625 
Chord, of a circle, 550 
of a sphere, 350 
Chord-chord angle, 595 
measure of, 595 
Circle(s}, 548 
ane of, 376 
area of, G44 


extermmally tangent, 564 
inscribed in a polygon, 626 
inscribed triangle of, 623 
interior of, 554 


Cirele/s), internally tangent, 504 
line tangent to, 555 
major anc of, S76 
minor arc of, STG 


Circular region, (43, 654 

Circumeenter, of a regular polygon, 624 

Circumference, of a circle, 634, 631 
formula, 639 

Circumvadius, of αὶ regular polygon, 624 

Cireumscribed circle, 623 

Collinear, 23 

Commutative, property of addition, 82 
property of multiplication, 42 

Complementary angles, 161 

Concentric, circles, 549 


right circular, 691 

slant height of, 693 

total surface area of, 693 

volume of, 493 
Cone Cross Section Theorem, 692 
Congruence, 189 
Congruence Postulates, for triangles, 210 
Congrucnt, angles, 14] 

arcs, 584, 627 


Conseculive interior angles, 291 
Consecutive Interior Angle Theorem, 297 
Contrapositive of a statement, 296 
Canverse of a statement, 197 
Convex quadrilateral, 4 
Convex Polygon, 179 

interior of, 180 
Convex Sets, 56 


Coordinate, 106 
(Coordinute axes, 442, 512 
Coordinate planes, 512 
in a plane, 442 
Coordinate system, on a line, 106 
origin of, 106, 442 
in » plane, 442 
in space, 51] 
unit point of, 106 
Coplanar, 25 
Corollary, 112 
Corresponding angles, 291 
Corresponding Angle Theorem, 207 
Corresponding parts, of two triangles, 191 
Cross section of a, cone, 692 


Diagonal, 178 
of a 669 
of a polygon, 178, 614 


Diameter, of a circle, 548, 550 
of a sphere, 548, 550 
Dihedral angle(s), 181 
edge of, 181 
face of, 181 
measure of, 353 
plane angle of, 352 
right, 354 
vertical, LS2 
Directel segment, 130 
Disjunclion, 19 
Distance, 98 
Distance, between a line and itself, 51 
a point and itself, 100 


Index 


Distance, a point and a line, 265 
a point and α plane, 357 
two distinct parallel lines, 418 
two distinet parallel planes, 357 
two distinet points, LOD 
Distance Betweenness Postulate, 101 
Distance Existence Postulate, 100 
Distance Formula, 454, 520 
Distance Formula Theorem, 520 
Distance function, 99, 100 
domain of, ἘΠ 
range of, 98 
Distance Postulates, 100 


eongrucnce for circles, 551 
congruence for segments, 112 
congruenoe for triangles, 196 


Equivalent equations, 86 
Existence, 90 
Existence Of Parallel Lines Theorem, 264 
Exterior of, an angle, 68 

a circle, S54 

a sphere, 565 

a triangle, 75 
Exterior angle of a triangle, 254 
Exterior Angle Theorem, 255 
External point of division, 110 
External secant-segment, 597 
Externally tangent, 564 


Index 


Face of, a dihedral angle, 181 
halfspace, 61 


Tepective view, 520 
Flat-Plane Postulate, 28 
Foot of the perpendicular, 355 
Formal geometry, 4 
Four-Point Postulate, 28 
Frastum of, a cone, 608 
pyramid, 698 


General form, of an equation of a line, 486 
General linear equation, in x and y, 480, 526 
in x, y, % 526 


Graphi{s), 447 


in a plane, 447 
Great circle of a sphere, 570 


Horizontal plane, 332 
Hypotenuse, 257 
Hypotenuse-Leg Theorem, 320 
Hypothesis, 5, 200 


“Tf-then” statements, 197 
Tncenter, of a polygon, 626 
Incidence Postilates, 23, 28 
Incident, 25 

Incirele, 626 


Inradius, of a regular polygon, G24 
Inseribed angle, 586 

measure of, 587 
Inscribed circle, 626 
Inscribed quadrilateral, 593 
Inscribed triangle, 623 
Intercepted arc, 586, 599 
Interior of, a circle, 554 

wn angle, 68, 168, 169 

a polygon, 180 

a ray, 41) 

a segment, 4 

a sphere, 588 

a triangle, 75 
Interior angle of a triangle, 254 
Interior point of division, 130 
Internally tangent, 564 
Intersection, 15 


Lateral edge, of a prism, 665 
of a pyramid, 673 
Lateral face, of a prism, 665 
of a pyramid, 673 
Lateral surface of a prism, 68% 
Luteral surface area, of a cone, 693 
of a cylinder, 656 
of u prism, 669 
Length-Addition Theorem For Segments, 112 
Length of an arc, 647 
Limit of a sequence, 631 
Lines}, 11 
horizontal, 446 
umber, 14, 97, 105 
oblique, 454 
parallel, 282, 48% 
parallel to a plane, 347 
perpendicular, 171, 489 
perpendicular to a plane, 332 
skew, 282 
slope of, 476 
tangent to a circle, 555 
transversal of, 287 


Linear pair of ungles, 161 
Line-Building Postulate, 4:3 
Line-Point Postulate, 23 

Line segment, 47 

Line Separation Postulate, 58 
Logical reasoning, 7 


Major are, 576 
measure af, 578 

Median of a triangle, 234 

Midpoint, 129 

Midpoint formula, 459 

Midray, 162 
measure of, 578 

Multiplication property, of equality, 51 
of inequality, 250 


Ordinate, 442 
Origin, LOG, 
Origin And Unit Point Theorem, LOT 


line to a plane, ΨΙΤ 
planes, H47 
rays, 314 
segments, 308 
Parallelepiped, G4 
diagonal of, 669 
reclangular, 66%) 
Parallelogram, 308 
altitudle of, S72 
area of, O72 
base of, O72 
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Parallel Postulate, 301 
Parameter, 468 
Parametric equations, 465 
for α line in space, 523 
Pentagon, 178 
Perimeter(s), 44 
of similar polygons, 404 
bisector of a segment, 235 
nes, 171, 489 
lines to planes, 332 
planes, 354 
sels, 172 
Perpendicular Bisector Theorem, 236 
Pi ὑπὸ, 630 
Plane(s}, 11 
parallel, 347 
parallel to a line, 347 
perpendicular, 354 


internal, 130 
Point Slope Form of an equation of a line, 455 
Polygon(s), 177, 614 
adjacent angles of, 614 
angle of, 160, 614 
ciroumserthed, 626 
consecutive angles of, 150 
consecutive sides of, 178, 614 
consecutive vertices of, 178, 614 
convex, 179, 514 
diagonal of, 175, 614 
exterior angle of, 615 
incenter of, 626 
interior angle of, 618 
nonadjacent vertices of, 614 
regular, 615 
vide of, 178 
sinillar, 401, G27 
vertex of, 118 
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Power of a point with respect to a cirche, 600 
Prism, 665 

altitude of, 665 

oruss section of, 666 

lateral edge of, 663 

lateral face of, 665 

lateral surface area of, 689 

lateral surface οἱ, 665 

lower base of, B65 

rectangular, G65 

right, 665 

total surface of, 658 

triungular, 665 

upper base of, 665 

volume of, 683 
Prism Cross Section Theorem, 687 
Product property of a proportion, 399 
Projection, 355, 424 

of a point on a line, 424 

of a set on a line, 424 

of a sct on a plane, 355 
Properties of equality, 80 


inversion property of, 399 
product property of, 399 
ratio property of, 399 
Proportional, 492 
Proportionality, 92 
constant of, 392, 401 


luteral edge of, 673 

lateral face of, G73 

regular, 679 

Vertex of, G73 

volume of, 690 
Pyramid Cross Section Theorem, 677 
Pythagoras, 379 
Pythagorean Theorem, 379, 426 

converse af, 350, 427 


Pythagorean triangle, 436 


Pythagorean triple, 436 
prmitive, £365 


Quadrantis}, 445 
Quadrilateral, 77, 178 
convex, 4 
Inseribed, 593 
opposite sides of, 180 
side of, TT 
vertex of, TT 


Radius, of a circle, 545, 550 
of a polygon, 624 
of a sector, 60 
of a sphere, 545, 
ouber cod of, 550 
Ratio of division, 130 
Ratio property of a proportion, 399 
Rays}, 47 
antiparallel, $14 
endpoint of, 47 
interior af, 45) 


Reflexive property, of congruenos for angles, 
145 
of congruence for circles, 551 
of congruence far segments, 112 
of congruence for triangles, LOW 
of equality, 31 
of proportionalities, 396 
of similarity, 403 
Regular polygon, 618 
area of, 
center of, G24, 626 


inradius of, G24 
perimeter of, 625 
similar, G27 
Regular pyramid, 679 
Rhombus, 410 
Right angle, 170 
Right circular cone, 691 
Right circular cylinder, (84 


SAA. Theorem, 319 


S.A.5. Similarity Theorem, 417, 419 
Scalene triangle, 190 
Secant, of a circle, 554) 
of a sphere, 5) 
Secant-tay, 353 
Secant-secant angle, 593 
measure of, SES 
Secant-segment, S97 
Sccant-tangent angle, 504 
measure of, ὅθ 


Segment(s}, parallel, 306 
perpendicular, 172 
perpendicular bisector of, 235 
perpendicular to a plane, 355 
slope of, 476 
tangent to a circle, 555 
unit, 100, 105 

Segment Construction Theorem, 114 

Semdcirele, ΤῊ 
measure of, STS 

Separation Postulates, 56 

Sequence, 630 
infinite, 630 
limit of, 88] 

Set(s), 14 


intersection of, 15 
member of, 14 
ἐμ}, 15 
sulution set of an equation, 56 
subset of, 18 
union of, 11 
Set-buikder notation, 14 


Side Comparison Theorem, 24 
Side Comparison Theorem for Two Triangles, 
bln] 
Similarity, 401 
hetween polygons, 401 
equivulence properties of, 403 
in right triangles, 422 
Similar polygons, 401, 627 
Simplest radical form, 381 
Skew lines, 33, 282 
Slant height of a cone, 695 
Slope, 474 
of a nonvertical line, 476 
of a nonvertical ray, 476 
of a nonvertical segment, 474 
Slope y-intercept form of an equation of a 
Solution set of an equation, 86 
Space, 23 
Space Postulates of Incidence, 25 
Space Separation Postulate, 61 
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Sphere(s), 545 

center of, 548 

chord of, 550 

conountric, 54H 

congruent, 551 

diameter of, 548, 550 

exterior of, 565 

great circle of, 570 

interior of, 568 

plane tangent to, 569 

radius of, 548, 550 

secant of, 550 

surface area of, GH 

volume of, TOL 
Spherical region, 697 
Square, 310 

area of, Ot 

unit, Hi 
5.5.5, Congruence Postulate, 210 
5.5.5. Similarity Thearem, 416, 419 
Statement(s), 19 

conjunction of, 19 

contrapositive of, 296 

conwerse of, 187 

disjunction af, 18 
Straight angle, 53 
Subset, 18 
Substitution property of equality, 50 
Subtraction property of equality, 84 
Supplementary angles, 181 
Surface area of a sphere, 699 
Symmetrhe equations for a line, 530 
Symmetric property, of congruence for 


externally, 54 


Tangent-segment, 57 
Tangent-langent angle, 594 


measure of, Soe 


Theorem, 8 

Three-Point Belweenness Postulate, 42 
Three-Point Postulate, 23 

Total surface of a prism, 608 

Total surface area, of a come, 653 


af congruence for circles, 351 
of congruence for segments, 112 
of congruence for triangles, 106 
of equality, 41 
of inequality, 250 
of propertionalities, 396 
of similarity, 404 

Transversal, 257 

Trapezoid, 310 
area of, 374 

Triangle{s), &, 73, 178 
acute, 257 
altitude of, 205 
angle of, Ta 
area of, 373 
base of, 265 
congruence of, 190 
coresponding parts of, 191 
equiangular, 225 
equilateral, 225 
exterior of, 75 
inscribed, 623 
interior of, 75 
isosceles, 227 
median of, 24 
obtuse, 257 


primitive | 
right, 257 
stalenc, 19) 
side of, 74 
verlex of, 74 
1,1, «5 or 45, 45, 00, 431 
1, 1/3, 2 or 30, 60, 0, 431 
Triangle Inequality Postulate, 10] 
Triangle Inequality Theorem, 268 


438 


Triangular region, 385 

Trichotomy Property, 250 

Triection points, 129 

‘Two coordinate systems ona line, 116 

Two Coordinate Systems Theorem, 118 
Two-Point Form, of an equation of a line, 482 
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